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Erratum
On page 13, lines 1 and 7, for "shear strength" 
read "angle of shearing resistance".
TO MY MOTHER AND
THE MEMORY OF MY FATHER
SUMMARY
The object of this work is to investigate the behaviour 
of surface strip footings resting on an elastic-perfectly 
plastic or strain-softening soil (clay). The mathematical 
theory of plasticity as applied to soil mechanics and both 
the factors that affect strain-softening behaviour and past 
design are considered in a literature review. For the purpose 
of the study, a simple elastic-plastic model based on the 
Tresca criterion in conjunction with the finite element method 
using constant strain triangular elements has been adopted 
throughout the investigation. A plane strain finite element 
program, developed during the course of the work, is described.
A new approach calTed "displacement control method" has 
been developed to solve the elasto-plastic problem. A feature 
o f .considerable importance is that the "displacement control 
method" seems to provide a complete picture of the load-settle- 
ment behaviour and a rather accurate determination of the col­
lapse load of the footing bearing on either an elastic-perfectly 
plastic or strain-softening soil.
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NOTATION
Symbols not given here are defined as they appear 
in the text. Some symbols have different meanings in contexts 
these are clearly defined in the appropriate place.
General Symbols
{ }, { }T curly brackets denote column and row vectors
[ ], [ ]T square brackets denote rectangular matrices
In both cases T over the bracket denotes the 
transpose and - 1  over the square matrices 
denotes the inverse.
List of other Symbols
A Strain hardening constant (Section 4.5.1)
c Cohesion intercept on Mohr-Coulomb plot
DITD Value of controlled displacement increment,
equal to the element ITD of{($Q} divided by 
a factor m
E Young’s modulas of elasticity
Et Tangent modulus of elasticity
\
e Voids ratio
e^j Deviatoric strain tensor component =
£ij “ ^/3 <$ij t i/ j = 1/2,3
G Shear modulus
H 1 Hardening/softening parameter, da/deP
I^, I2 / I3 First, second and third invariants of stress
tensor respectively
Brittleness Index
Element number of {<5q} which is to be controlled 
{6 0  } being the elastic displacement vector for 
a load which would cause yield in one element
First, second and third invariants of deviatoric 
stress tensor respectively
Bulk modulus
At rest earth pressure coefficient 
Factor o
Conventional bearing capacity number 
Total octahedral normal stress = I/ 3  1^
Effective octahedral normal stress 
Generalized shear stress = V 3 J ^
Deviatoric stress (suffices as for e )
Undrained shear strength
Undrained peak shear strength when is
horizontal, (for definition of see below)
Undrained peak shear strength when is vertical
Peak, undrained shear strength in a strain- 
softening clay
Residual undrained shear strength in a strain- 
softening clay
Pore pressure
W Work
x,y,z Cartesian coordinates
y Total unit weight
Engineer’s shear strain, m, n = x, y or z
6 ij Kronecker symbol
A ~ Change in
e Strain, suffix ij Cif j = l/2 or 3) : strain
tensor; suffix x, y or z; direct strain 
component; suffix 1, 2 or 3 principal strains
£ - Equivalent (effective) strain
£v .Volumetric strain
v Poisson’s ratio
v Tangent Poisson’s ratio
a Stress, suffixes as for e
•n Effective normal stress
\
If
Major principal total stress at failure
q Equivalent (effective) stress
t Shear stress
T T T Cartesian shear stresses
xy'Lyz'Lzx
^ Coulomb angle of shearing resistance
{DDISP} Incremental displacement vector whose element
No. ITD is maintained constant and equal 
to DITD at each stage.
{DISP} Displacement vector for loading which would
cause yield in one element ={5q }
{DDISPl} Displacement vector to correct {DDISP}
{dR} "Initial stress" incremental load vector
{&Q} "Out of balance forces" incremental load
vector
{d<5} Incremental displacement vector
{de} Incremental strain vector
£de}e Incremental elastic strain vector
{ds}P Incremental pLastic strain vector
{dr} Incremental stress vector
{dj’} Incremental elastic stress vector
{da1'} Incremental "initial stress" vector
{P } Starting^ total load vector
{Q} Total "out of balance forces" load vector
{6 } Displacement vector
{Sq } Elastic displacement vector for a load which
would cause yield in one element
{e} Strain vector
{e'»} - Initial strain vector
Strain-displacement matrix 
Elasticity matrix 
Elasto-plastic matrix 
Overall elastic stiffness matrix
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1CHAPTER 1
THE USE OF ANALYTICAL MODELS IN THE PREDICTION OF FIELD
STABILITY
Most of the classical soil mechanics is based upon the 
assumptions of either ideal plasticity or ideal elasticity, 
despite the fact that neither of the assumptions strictly 
applies to soil behaviour. In fact, experimental evidence 
demonstrates that the stress-strain relationship for normally 
and lightly overconsolidated soils is highly-hon-linear giving 
permanent deformation on unloading. This phenomenon clearly 
invalidates the assumption of ideal elasticity or plasticity 
for these common soils.
Soil stability problems are usually solved by equilibrium 
methods of analysis where idealized material is assumed in 
which only the rigid/plastic collapse mode is studied. Most 
of the theories which form the basis of the majority of slope 
stability and bearing capacity calculations (Terzaghi, 1943) 
idealize soil as a rigid plastic material and provide a simple 
method of evaluating the likelihood of soil failure. These 
methods.do not, however, provide any indication of the true 
state of stress or strain within the soil mass and to obtain 
this information resort has to be made to the theory of elasti­
city (Boussinesq, 1883; Mindlin, 1936). It became increasingly 
clear that the behaviour of soil was not adequately described 
by such simplified methods of analysis and in the past 25 
years new methods of analysis have been sought which are better 
equipped to cope with real soil behaviour.
Most naturally occuring soils are strain - softening. 
Irrespective of whether the soils are drained or undrained, 
they possess a shear stress-deformation relationship which 
is characterized by a peak followed by a reduction in strength
2to an ultimate or 'residual strength*. Strain-softening beha­
viour of real soils is directly linked with the phenomenon of 
progressive-, failure.
Progressive failure due to strain-softening usually 
refers to the non-uniform mobilization of shear strength along 
a potential slip surface. Along a potential slip surface shear 
stresses tangential to the slip surface have exceeded the local 
soil strength generated by the local normal effective stresses.
The strength in these failed regions reduces according to the 
strain-softening behaviour. In the pre-failure regions, however, 
the shear stresses increased by the load shedding of the strain 
softening zones will not have exceeded the soil strength available
A state of limiting equilibrium is attained when the 
reduction in strength of the elements of the slip surface in 
the failure zone just begins to exceed the increase in stress 
taken by those elements in the pre-failure zone. Some of the 
failed elements may have reduced in strength to the residual 
value but this is not strictly necessary for limiting equili­
brium in a strain softening material (Menzies and Simons, 1 978 ) . 
Indeed, the large displacements necessary to reach ultimate 
residual strength in heavily overconsolidated clays as found 
in the ring shear apparatus (Bishop et al., 1971 ) would suggest 
that failure conditions in such a material, in the sense of a 
factor of safety of unity, might obtain without any element of 
the slip surface reaching the residual strength.
The net result of the progressive failure phenomenon 
is that the average shear strength available at failure is less 
than the peak shear strength. Progressive failure is not model­
led by conventional stability analyses which assume a rigid-plas­
tic shear stress-displacement relationship. To take the peak 
strength as acting on all elements simultaneously around the 
slip surface overestimates the factor of safety. On the other 
hand to take the residual shear strength as acting simultaneously
3around the slip surface underestimates the factor of safety 
ard is clearly inappropriate in any event as the residual shear 
strength holds on an established shear surface, i.e. after 
failure has occured .
The problem of progressive failure was known for 
some time (Taylor, 1 948) but it was really Skempton's (1 964) 
contribution which marks the focussing of attention on this 
problem. The general problem of progressive failure arises 
in problems of bearing capasity and earth pressures as well 
as slope stability and is equally of concern when dealing 
with dense sands, overconsolidated clays or sensitive clays.
Many problems of progressive failure are solved in 
practice in an empirical manner. In the case of slope stabi­
lity this is an explicit consideration in the choice of the 
allowable factor of safety. In the case of earth pressure 
problems the earth pressure coefficients can be adjusted in 
a suitable manner to allow for progressive failure (Morgen- 
stern, 1975). Since the neglect of strain-softening effects 
is on the unsafe side it is important to develop constitutive 
relations to model strain-softening behaviour and methods of 
analysis to implement their use in practice.
While the experimental determination of soil parame­
ters lags behind the analytical models ,nevertheless the ana­
lytical elasto-plastic models are significantly deficient in 
that.strain-softening is ignored, certainly for the usual ri­
gid-plastic limiting equilibrium analysis employed in design 
offices. Accordingly, while experimental data conflicts often 
widely with data back-analysed from failures the back analyses 
themselves are incorrect.
Factors of safety compensate generally for all factors 
causing a disparity between the field strength and the test
4strength including of course progressive failure. However,ana­
lyses which incorporate the effects of progressive failure on 
both the analytical and experimental models will enable the 
use of lower factors of safety with corresponding economy in 
design.
It is now generally acknowledged that progressive fai­
lure arising from strain-softening has a significant effect 
on many problems such as slope stability, earth pressures, 
bearing capacity, even on the strength measured in a test like 
the shear vane test (Bjerrum, 1972). Therefore, a realistic 
appraisal of such problems should include the effect of prog­
ressive failure. It can be said that concepts of progressive 
failure have provided useful answers to otherwise puzzling prob­
lems posed by many soil failures.
Any design procedure implies similitude between the ana­
lytical model, the experimental model and the field prototype 
(Menzies, 1 976a). Considerable advances have been made towards 
achieving solutions on the general analytical problems of soil 
anisotropy, soil non-hemogeneity, soil elasto-viscoplastic beha­
viour by adopting numerical methods of solution such as the fi­
nite element method. By using such methods the use of non-linear 
stress-strain relationships became possible, as did the use of 
more elaborate plasticity models. All of these contributions 
helped to progress towards a better understanding of the true 
behaviour of soil.
It is well known that the analytical treatment of strain 
softening behaviour presents considerable numerical difficulties 
Attempts to incorporate strain-softening behaviour have been 
connected with the use of rather sophisticated models which ren­
der them unsatisfactory, for the design office. It is generally 
true to say that the more sophisticated the method of solution
5the more data is required to define the problem, and in ma­
ny cases the required data is not always available.
The main objective of this thesis is to seek to pro­
vide simple solutions to a problem of considerable practical 
importance, namely the problem of bearing capacity of a strip 
footing resting on an elastic-perfectly plastic or strain- 
softening soil. A simple elastic-plastic model in conjunction 
with the finite element method is utilized for this purpose- 
The model employed in this thesis is based on the Tresca cri­
terion which can be considered sufficiently appropriate to a 
total stress analysis. A new approach called 'displacement 
control method' has been proposed to solve the elasto-plastic 
problem. A feature of considerable importance is that the 
'displacement control method' seons to provide a complete pic­
ture of the load-displacement behaviour and a rather accurate 
determination of the collapse load of the footing bearing on 
either an elastic-perfectly plastic or strain-softening soil.
6CHAPTER 2
THE NATURE AND MEASUREMENT OF RESIDUAL STRENGTH
2.1 INTRODUCTION
If a specimen of clay is placed in a shearing appara­
tus and subjected to displacement at a very slow rate (drai­
ned conditions) it will show increasing resistance with inc­
reasing displacement. Under a given effective pressure, how­
ever, there is a limit to the resistance the clay can offer, 
ard this is the 'peak strength', s^. With further displace­
ment the resistance or strength of clay decreases. This pro­
cess, which Skempton (1 964) refers to as "strain softening", 
is not without limit because ultimately a constant resistance 
persists regardless of the magnitude of displacement. This
value of resistance is termed 'residual strength* s^ .
If several similar tests are conducted under different 
effective pressures, the peak and residual strengths when . 
plotted against the effective normal pressure will show a re­
lationship approximately in accordance with the Coulomb- 
Terzaghi law (Fig. 2.1). Peak strength can therefore be exp­
ressed by
s^ = c*. + a'tan<f)' (2 .1 )
and the residual shear strength by
s„ = c' + a'tantf)' (2 .2 )r a r
Since test results available have shown that c' is nor-r
mally very small and in many cases zero, it can be assumed 
that the residual shear strength can be determined from
sr = o'tantj)^ (2.3)
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8Thus, in moving frcm the peak to residual, the cohesion 
intercept approaches zero. During the same process the angle 
of shearing resistance also decreases. During the shearing 
process, overconsolidated clays tend to expand especially af­
ter passing the peak. Thus, the loss of strength in passing 
frcm peak to residual is partly due to an increase in water 
content (Figure 2.2). A second factor that contributes equal­
ly in the post-peak reduction of the strength is the develop­
ment of thin bands or domains in which the clay particles are 
orientated in the direction of shear (Skempton,1 964).
In general, the difference between peak and residual 
strength depends on soil type and stress history and is most 
marked for heavily overconsolidated clays. For normally con­
solidated clays this difference is generally small. Thus, the 
concept of residual strength is of. real importance only in 
the case of overconsolidated clays.
2.2 FACTORS INFLUENCING DRAINED RESIDUAL STRENGTH
Soft silty clays may show little difference between 
the peak and residual strength. As the plasticity index of 
the clay increases, the difference becomes more pronounced, 
even for normally consolidated clays; the decrease in strength 
is associated with re-orientation of clay particles along the 
slip surface. Most stiff (i.e. overconsolidated) clays show 
a marked difference in strength frcm peak to residual. This 
difference increases with clay content and the degree of over­
consolidation.
Skempton (1964) has shown that the residual strength 
decreases with clay fraction (percent by weight smaller than 
2\m) and that at a given effective stress the residual strength 
is practically independent of the past stress history. Studies 
on the Vienna clay performed by Borowicka (1965) have shown
9peak
shear
strength
residual
displacement
increase
water
content
FIG 2 .2  SHEAR CHARACTERISTICS OF OVER-CONSOLIDATED CLAY
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that the residual friction angle decreased as the colloidal 
content (i.e. particles < 2]im) increased and remained constant 
above a certain percent (43%) which was in accordance with 
Skempton's conclusion. Kenney (1 967), Bishop et al (1971) and 
Townsend and Gilbert (1 973) have shown that fully remoulded 
samples gave essentially the same residual strength as undis­
turbed samples of the same soil at the same normal stress. Fur­
thermore, the residual shear strength has been found to be inde­
pendent of the loading sequence (stress history) in multistage 
tests, because the same value of has been shown to exist, 
no matter if is increased or decreased. Consequently, the 
residual strength envelope has been often determined by ' sta­
ge testing1, that is frcm a single specimen tested under various 
normal stresses (Cullen and Donald, 1971/ -Townsend and Gilbert, 
1976).
Kenney (1967) has investigated the influence of minera­
logy on the residual strength and shown that it is the type of 
clay mineral present the governing factor, whereas it was gene­
rally believed that the amount of clay in the material controls 
the magnitude of the residual strength. With the same ion con­
centration in the pore fluidythe residual friction angles repor­
ted by Kenney were about 4° for sodium montmorillonite, 10° for 
calcium montmorillonite, about 15° for kaolinite and from 16° 
to 24° for hydrous mica or illite.
The value of c}>^ has also been found by Kenney to depend 
on ion concentration in the pore fluid and increased as salt 
concentration increased. In the case of sodium montmorillonite 
the residual friction angle increased from about 4° for negli­
gible salt dissolved in the pore fluid to 10° with 30 g/£ so­
dium chlorite in the pore fluid . From his investigations on 
several natural soils, pure minerals and mineral mixtures Ken­
ney concluded that the residual shear strength is primarily 
dependent on mineral composition and to a lesser degree on the 
system chemistry and the effective normal stress and that it
11
is not related to plasticity or grain size of the soil. In 
general, according to Kenney, massive minerals such as quartz, 
feldspar and calcite exhibit high values of ^  (<{)^. >30°) .
For micaceous minerals (e.g. hydrous mica, illite) 15°< (J)'r< 26° 
Soils with montmorillonite content exhibit low values of <j>'
( ^  <10) . The influence of chemicals on the residual shear 
strength has been also studied by Ramiah et al. (1970). By 
adding a flocculant (calcium hydroxide) or a dispersant (so­
dium hexametaphosphate), they observed a marked difference in
the d)' values of the soil. The soil with a flocculant exhibi- r
ted a higher value of <f>* 'due to more interparticle contacts 
in the flocculate state than the dispersed. Thus, different 
cation valency and ion concentration of pore fluid, which in 
turn resulted in the different structures, greatly influenced 
the value of <J>' . The added percentage of a particular chemi­
cal was found to have practically no influence on the residual 
strength.
Although <f>' and plasticity index (I ) may not be rela- r p
ted directly, subsequent investigations by Voight (1973) and
De and Furdas^ (1973) have indicated that there is a definite
statistical relationship between cj)1 and I , the general trendr p
being that <f>'r decreases with increasing 1^. Based on his test 
results and the results published by several authors, Kanji 
(1974) found that a good correlation between drained residual 
friction angle and plasticity index can be obtained for clay 
soils by the following expression:
<f>' =  jAr.fi  (2 4)
^r (I .0.446 K }
p
Silty soils possess lower values of I and exhibit higher
values of residual strength than predicted by equation (2.4)
Generally, an increase in the amount of the silt or sand
content in a clay soil decreases the value of I and the
1 P
12
interference of granural particles prohibits to some extent
the orientation of clay particles with the result of higher
values of . Other correlations of residual shear friction r
angle with liquid limit have also been observed (Mitchell,
1 976).
Vaughan and Walbancke (197 5) and Vaughan et al. (1978) 
summarized experimental data published by various authors 
and showed that there is a discontinuity in the relationship 
between residual drained strength (as determined in the ring 
shear apparatus) and plasticity index. For typical British 
clays, this residual streng'th showed a marked drop at a plas­
ticity index of about 27% and occurred approximately at the 
boundary between clays of medium and high plasticity on the 
standard classification chart. The peak shear strength versus 
plasticity index plot showed no such drop (discontinuity) , but 
a gradual decrease in <f>' with increasing plasticity. It is 
evident that the abrupt transition from high to low residual 
strengths with increasing plasticity coincides when the pro­
portion of plately, low friction clay minerals to coarser sub- 
angular particles in the soil rises to a critical value. At 
that critical value, it is possible for a highly orientated 
failure zone to form within the clay mineral fraction of the 
soil without being continuously disrupted by the coarser par­
ticles.
The initial moisture content has been found by many 
investigators to have no influence on the residual strength 
at a given normal effective stress. Cho\vdhury and Bertoldi 
(1977) conducted direct shear tests on alluvium from two slip 
sites, and measured the water content on the shear plane after 
the residual shear strength has been reached. They noted that 
the values of moisture content in the shear zone at the resi­
dual state were independent of the initial moisture content 
at a given effective normal stress. An approximate linear
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relationship was also found between residual shear strength 
and moisture content in the shear zone at the residual state 
irrespective of the value of the effective normal stress.
The moisture content in the shear zone decreased as the re­
sidual strength increased and Chowdhury and Bertoldi confir­
med this trend by examining published data by other workers.
The residual shear strength may also exhibit a varia­
tion with the- effective normal stress. For the brown London 
Clay tested by Bishop et al (1971) <j>^ varied from 14° at
o' = 6.9 kPa down to 8 ° at o' = 248.2 kPa , the increase in n n
residual strength below about 7 0 kPa being very marked. The 
general trend is that <J>^, decreases with increasing <j^ . This 
may be attributed to the increased pressure at the interpar­
ticle contact points and the increased number of interpartic­
le contacts per unit area on the slip surface as a^ increases. 
Mitchell (197 6 ) also discussed the stress-dependency of the re­
sidual strength of some clays.
Non-linear Mohr-Coulomb envelopes have been observed 
with curvature more marked at low pressures. The cohesion in­
tercept obtained by some investigators can be due to this cur­
vature. Skempton and Petley (1 967) have shown that in many ca­
ses above a certain value of the normal stress (e.g. 196.2 kPa 
for Atherfield Clay) the residual strength can be considered 
independent of normal stress and a linear envelope can be fit­
ted. Similar observations have been made by Townsend and Gil­
bert (1973) for some clay shales.
Not all clays show a variation in residual strength as 
the normal pressure is altered. Bishop et al. (1971) found that 
in the Blue London Clay and Stud enterlunden Clay was inde­
pendent of the effective normal stress. According to Kenney 
(1967), highly montmorillonitic clays exhibit markedly curved 
residual strength envelopes, whereas soils composed of heavy 
non-clay minerals do not.
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The residual shear strength has been found to decrease 
very slightly with decreasing rates of shear. For most prac­
tical purposes it can be considered independent of the rate 
of shearing (Skempton, 1 965; Kenney, 1 967 ; La Gatta, 1970; 
Garga, 1 970) .
*
2.3 DETERMINATION OF RESIDUAL STRENGTH
The residual shear strength is not only of practical im­
portance in relation to the analysis of long term stability 
of slopes, natural or man-made, but it may be considered a fun­
damental property of the soil being substantially independent 
of stress history, original structure, initial moisture content 
and other factors which control the stress-path dependent pro­
perties of soils. It is important, therefore, to accurately 
measure the residual strength in the laboratory. The residual 
shear strength is commonly measured in the laboratory by car­
rying out one of the following three types of tests: reversing 
shear tests, triaxial tests, or the ring shear test.
2.3.1 Reversing Shear. Tests
In the case where a pre-existing shear surface is to be 
tested large displacements have already reduced the strength 
to the residual value and testing can be conveniently accomp­
lished by employing either the shear box or the triaxial appa­
ratus. During the past few years the direct shear box has been 
widely used and numerous data of values of residual strength 
have been reported (Skempton, 1 964 ; Herrmann and Wolf skill, 
1966; Bishop and Little, 1967; Kenney, 1967; Cullen and Donald, 
1971).
Skempton (19 64) determined the residual shear strength 
of soils by repeatedly shearing a specimen in conventional di­
rect shear. After completing the first traverse with a displa-
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cement of about 7.62 mm, the upper half of the shear box was 
pushed back to its original position and then pulled forward 
again, this process being repeated until the strength of the 
clay had dropped to a steady or residual value.
Kenney (1 967) performed reversed direct shear tests on 
remoulded soil but followed a somewhat different procedure.
The specimen with a moisture content exceeding the liquid 
limit was placed within a confining ring and between two cir­
cular carborundum plates to consolidate. The specimen had an 
initial thickness of about 2.5 mm and a diameter of 80 mm.
"When consolidation was complete, the confining ring was remo­
ved Land the sample with a thickness of about 1 mm was sheared 
forwards and backwards with a travel of 2 to 2.5 mm each side 
of the centre.
The most serious drawback of the direct shear test in 
the measurement of the residual strength is that the labora­
tory conditions do not simulate the field conditions of a lar­
ge relative displacement uninterrupted by changes in direction. 
Successive back and forth displacements may not be equivalent 
to a total displacement of the same amount in one direction. 
Although the effect of reversals is not known exactly in the 
direct shear test, it is believed to be accompanied by some 
degree of lack of perfect reorientation or disturbance of the 
previously orientated particles. Bishop et al (1 971 ) noticed 
from direct shear tests on slip surfaces in Blue London Clay 
that <f>^ at the second forward travel is greater than that 
during and at the end of the first forward travel. Similarly, 
Cullen and Donald (1971) have found that the residual strength 
for sane of the soils tested is about 1 0 % lower in the first 
forward travel compared with subsequent reversals. In such 
cases the lower value of the residual strength at the end of 
the first travel has been accepted .Area correction problems may
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also arise, especially if the shear box travel is large and 
not in either side of the central position.
Accordingly, the values of residual strength obtained 
in the direct shear box may be high compared with the corres­
ponding values in the ring shear apparatus. It does not fol­
low, however, that the estimation of the residual strength 
in the direct shear box leads always to significant errors.
Skempton (1964) and Skempton and Petley (19 67) have 
shown that the measured residual strength in the reversing 
shear box correlates closely with the average mobilized 
strength calculated for a number of field failures in overcon­
solidated clays where movement has occurred along existing slip 
surfaces. Noble (1973) has also measured residual strengths in 
the reversing shear box which were compatible with the observed 
behaviour of three landslides in the United States. In addition 
Skempton and Petley (1967) have demonstrated that in reversing 
shear tests performed on initially unsheared clays the residual 
strength was in good agreement with both shear box and triaxial 
tests on natural slip surfaces.
The residual strength obtained for Curaracha Shale by 
Bishop et al. (1971) in the direct shear box and the ring shear 
apparatus was practically identical and they suggested that pre 
cut samples in the direct shear 'box on hard materials, such as 
shales, give better estimate of <J>^ than for softer materials, 
such as clays, since the two halves of the box can be well se­
parated and 20 or 30 reversals can be imposed with less squee­
zing.
A series of tests on clay shales were conducted by Town­
send and Gilbert (1973) in the ring shear apparatus, the rota­
tion shear apparatus and direct shear box (pre-cut samples) .
The results showed close agreement and Townsend and Gilbert con 
eluded that the direct shear test can be conveniently used for 
hard overconsolidated shales.
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The preparation of undisturbed samples for the direct 
shear test is easier than in any other type of test. The pre­
cut samples also considerably reduce the test time. Testing 
along discontinuities such as principal slip surfaces and 
joints may not lead to any errors due to reversal effects be­
cause the residual strength may be reached before the end of 
the first traverse. In such cases, due to the overall test 
simplicity, the direct shear test is preferable.
A most promising technique for the determination of the 
residual strength has been developed by Kanji (1974) and Kanji 
and Wolle (1977) by using the conventional direct shear device 
and composite specimens of clay and polished rock or other hard 
surface. They have conducted electron microscopy studies which 
show that the hard surface has a great effect in the rapid orien­
tation of the clay particles in the vicinity of contact. In their 
tests a constant residual shear strength was reached at a very 
small displacement in the first traverse, so that the influence 
of a peak strength at each reversal was avoided.
2.3.2 Triaxial Tests
The conventional triaxial cell has also been used for the 
measurement of the residual strength by a number of investiga­
tors. Chardl-er (1966) measured the residual strength of Keuper 
Marl by cutting a shear plane in the sample at an angle of ap­
proximately (45° = $^/2) to the horizontal and testing in the 
triaxial apparatus as suggested by Skempton (1 964). Leussink 
and Muller-Kirchenbauer (1967), Skempton and Petley (1 967) and 
Webb (1969) among others have published data of values of the 
residual strength obtained in the triaxial apparatus.
When employing the triaxial apparatus for the determination 
of the residual strength special techniques and analysis must be 
used .to allow for effects of horizontal thrust on the loading
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ram, restraint of the rubber membrane, and change of the 
cross-sectional area.
After the peak strength has been reached in a triaxial 
test specimen the post peak deformation is generally localized 
to a thin zone between the sliding blocks. The shear and normal 
stress to this zone are functions of the vertical and horizon­
tal loads on the end of the ram and the cell pressure. In the 
end faces of the sample horizontal frictional forces can be 
mobilized owing to frictional end restraints, and the test spe­
cimen is so no longer axially loaded. This could lead to erro­
neous results especially for the deformation beyond the peak 
which will be generally reached at relatively small strains.
In order to maintain an even pressure along the failure 
plane, Chandler (1 966) employed a modified form of a triaxial 
cell with a loading cap free to move laterally without tilting. 
This was done by inserting a layer of ball bearings between 
the top cap and a special plate on the loading ram. Leussink 
and Muller-Kirchenbauer (1967) minimized the horizontal load 
on the loading ram using a triaxial apparatus with a free mo­
ving pedestal. Bishop et al. (1 965) and Webb (1 969) considered 
the effects of the horizontal components of load.
In triaxial tests the apparent increase in strength due 
to membrane restraint where failure occurs on a single plane 
has also been considered . The restraint provided by the mem­
brane has been examined by using dummy specimens of plasticine 
(Chandler, 1966) or perspex (Blight, 1967).
The change in cross-sectional area resulting from move­
ment along the shear plane has also been detemined and incor­
porated in the analysis.
Polishing of the inclined cut-plane in triaxial tests 
by a flat spatula or plate glass produces quite a strong 
orientation of particles and the residual strength obtained
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by testing polished cut-plane triaxial samples has always 
been found to be lower than the values of residual strength 
measured in direct shear tests (Garga, 1970).
2.3.3 The Ring Shear Tests
Among the difficulties of obtaining the residual 
strength in the triaxial apparatus is that sufficient move­
ment may not be obtained to achieve the residual stage on other 
than existing discontinuities or pre-cut planes. Hermann and 
Wolfskill (1966) who also used triaxial tests which were con­
tinued to large strains and triaxial tests on specimens with 
a pre-cut inclined plane, concluded from their results that 
neither type of triaxial test was able to even begin to app­
roach the residual state.
Skempton and Hutchinson (1 969) have claimed that with 
some clays a true residual state is reached only after large 
displacement of the order of one metre and the residual strength 
obtained in reversal or cut-plane tests is considerably higher 
than this Ultimate* residual strength obtained in the ring 
shear apparatus. La Gatta (1970) using data of previous inves- 
■ tigators obtained from repeated reversal direct shear tests, 
has replotted the stress ratio versus the logarithm of
the displacement and shown clearly that in many cases a constant 
residual strength was not reached and further displacement was 
necessary to establish the residual strength.
The ring and rotational shear tests are the only tests 
in which very large and uniform deformations can be obtained 
in the laboratory and have been used in soil mechanics for many 
years to investigate the shear strength of clays at large dis­
placements (Hvorslev, 1936, 1939; Tiedeman, 1937; Haefeli,
1 938):*. Several, designs of the apparatus and various results
* Quoted by La Gatta (1 97 0)
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have also been reported more recently by De Beer (1967), Sem- 
belli and Ramirez (1 969), La Gatta (1970) and Bishop et al 
(1971).
The ring shear apparatus described by Bishop et al (1971) 
may be used to determine the full shear strength-displacement 
of an.annular soil specimen subjected to a constant normal 
stress and confined laterally and ultimately caused to rupture 
on a horizontal plane of relative motion. The apparatus may be 
considered as a conventional shear box extended round into a 
ring. Each revolution of one half of the ring relative to the 
other represents a displacement of 2tu: where r is the average 
test specimen radius. Consequently, large actual displacements 
may be obtained in the one direction, for example, the dispa- 
cement necessary to reach the residual state may be as large 
as 1 m as quoted by Bishop et al (1971) for the Weald Clay.
Tests in the ring shear apparatus give values of <J£ gene­
rally lower than those obtained in the direct shear test or the 
triaxial test. The slip surface obtained after completing a ring 
shear test is generally more smooth and polished due to more com­
plete orientation of particles.
Independent tests on blue London Clay in the Harvard ro­
tational apparatus by La Gatta (1970) and in the ring shear ap­
paratus by Bishop et al (1971) gave essentially the same value 
of = 9.3° (c^ I = 0), whereas the average value of obtained 
in the direct shear test was 3-4° higher.
2.4 A NOTE ON THE UNDRAINED RESIDUAL SHEAR STRENGTH
In this chapter, the term residual strength has been 
generally•r'eferring implicitly to drained strength. Residual 
strength of clays in undrained deformations has received com-
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para tively little attention to date - The term 'undrained re­
sidual shear strength' was first used by Skempton and La Roc­
helle (1965) when discussing progressive failure in the Brad- 
well slip. However, the concept of residual shear strength 
may apply equally well to undrained stress-strain characte­
ristics of soils. Sensitive clays and cemented soils show 
brittle behaviour in undrained shear and a fairly constant 
value of strength past the peak is reached at relatively small 
strains. For example, La Rochelle et al (1974)found that con­
stant residual strengths were obtained at strains even lower 
than 1 0 % in unconsolidated-undrained tests on good quality 
samples of the sensitive and cenented clay of Saint-Alban,
Quebec. These values were subsequently used in the analysis 
of stability of embankments on soft sensitive clay foundations.
In contrast to the peak undrained strength, the. residual strength 
values were not much influenced by the disturbance resulting 
from sampling.
Although the ring shear apparatus can be used to obtain 
both drained and undrained parameters (Bishop et al. , 1 973), 
for most practical purposes values of the undrained residual 
shear strength are obtained by several authors from triaxial 
tests and do not in general correspond to the residual strength 
found at very large deformations as defined by Bishop et al 
(1971).
2.5 CHAPTER SUMMARY
The two main advantages in determining the residual 
shear strength in a torsion or ring shear apparatus are that 
the cross-sectional area of the test specimen remains cons­
tant during testing and that the sample can be sudjected to 
any uninterrupted displacement in one direction. Thus, the 
ring shear apparatus is generally most suitable for the mea-
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surement of the residual strength.
The reversal direct shear test may considerably overe­
stimate the residual shear strength and generally give values 
of 4^ higher than those determined in the ring shear tests. 
This is due to the disturbance of particle orientation and the 
change in direction of principal stresses in each reversal, 
so that attainment of the residual state as the minimum ulti­
mate shear strength is not achieved. Polished cut-plane tria­
xial tests give values of residual strength lower than the 
values measured in the direct shear box and may approach the 
values obtained in the ring shear tests. In general, the test 
to be preferred for the measurement of the residual shear 
strength may also depend on factors such as the type of clay 
or clay shale to be tested (soft or hard), and if the residual 
strength is going to be determined along existing discontinui­
ties where the strength is near the residual value.
It appears that an accurate determination of residual 
shear strength can be made only by plotting the stress ratio 
x/o^ against logarithm of displacement and taking as residual 
strength that value of T/a^ which corresponds to the zero 
slope of the curve (La Gatta, 1970; Garga, 1970).
CHAPTER 3
A REVIEW OF THE FINITE ELEMENT METHOD 
IN GEOTECHNICAL ENGINEERING
3.1 INTRODUCTION
The finite element method of stress analysis pro­
vides perhaps the most general and most useful procedure 
available at the present time in soil engineering for the 
analysis of stresses and deformations in dams, embankments, 
open excavations, slopes, pavonents, foundations, retaining 
walls, braced excavations and underground structures. It 
has also shown considerable potential for the analysis of 
problems in which consolidation, seepage, or frost penet­
ration are involved. Its real power lies in its simplici­
ty in handling nonhomogeneous, discontinuous and non-li­
near media with irregular shape and cross section, which 
are typical of natural geologic and soil formations. It 
can also account for a number of important factors in 
geotechnical studies such as insitu stresses, sequential 
construction and loading, interface behaviour and arching. 
An advantage of the finite element method over the more 
conventional methods is its ability to provide a complete 
picture and information on the distribution of stresses 
and deformations throughout the domain under consideration 
because stresses and displacements are computed at many 
points all at the same time.
Although improvements in analytical techniques 
are continuing and the applications of the finite element 
method to practical problems are expanding, its accuracy 
still depends primarily on the proper incorporation of the 
appropriate parameters to describe the stress-strain be­
haviour of soil. Research on the representation of the
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stress-strain characteristics of soil has not kept pace 
with the fast developing techniques of the finite element 
method. Therefore a considerable amount of research ef­
fort has been devoted to the accurate modelling of the 
most important aspects of the soil stress-strain behaviour.
In the following pages the topics of linear and 
non-linear elastic finite element analyses in soil enginee­
ring will be briefly reviewed, whereas elasto-plastic ana­
lysis will be discussed in chapter four and five. Descrip­
tions .and applications of the linear and non-linear elastic 
models will be given but no attempt will be made to cover 
all the huge relevant literature, the papers having been 
selected so as to try to demonstrate and assess the use 
and the type of problems to which each model has been applied.
3 .2 LINEAR ELASTIC ANALYSIS
In the early stages of the use of the finite element 
method in geotechnical engineering a limited number of soil 
deformation problems were solved by assuming a simple linear 
elastic model. Such solutions included the computation of 
stress distributions in a semi-infinite elastic solid sub­
jected to a concentrated point load at the surface and com­
parison of the results with Boussinesq's closed frcm solu­
tion (Clough and Rashid, 1965). Extension also of the analy­
sis was made by Duncan et al (1968) who computed the stress 
distributions in multilayered systems and compared the re­
sults with Burmister's (1943, 1956) closed form solutions.
Brown and King (1966) employed a linear elastic fini­
te element program for the analysis of built-up and cut- 
down embankments. Their computer program accounted for the 
different sequences of construction of excavation and emban­
king processes. Final results were obtained as the summation
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of incremental results arrived at by linear elastic ana- 
lysis;^The condition of stability of slopes was based 
on a Coulomb failure criterion. The difference between 
built-up and cut-down embankments was illustrated with 
reference to.possible slip lines. The effect of the ini­
tial state of stress prior to the commencement of cons­
truction was found by Brown and King to be pertinent to 
the final conditions. From the potential slip surfaces 
examined Taylor's stability numbers were found to be 
generally conservative. From the results of the analysis 
for both cut-down and built-mp onbankments the authors 
demonstrated the important influence of the construction 
procedure.
Using the finite element technique Duncan and Dun­
lop (1969) investigated the effect of the initial lateral 
stresses in excavated slopes. The soil was treated as homo­
geneous isotropic elastic material. The process of exca­
vation was simulated analytically in one step and the dis­
tribution of shear stress was calculated. Two different 
soils were examined; a soil with K = 0.81 representative 
of a normally consolidated clay and a soil with K = 1 .6 
(overconsolidated clay), where K was a total stress late­
ral earth pressure coefficient. The value of K was found 
to influence greatly the magnitudes of the post-excava- 
tion shear stresses, which were much greater in the over- 
consolidated soil The maximum shear stress in the region 
of the toe of the slope frcm which progressive failure 
was most likely to initiate, was about 1 0 times greater 
for the overconsolidated soil. The higher stresses were 
found to be large enough so that failure could be expec­
ted and Duncan and Dunlop concluded that the high initial 
horizontal stresses in heavily overconsolidated clays 
and shales increase the likelihood of progressive failure
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in these materials.
Morgenstern and Eisenstein (1970) described 
the results of linear elastic finite element analysis 
of earth pressure distribution on retaining walls. The 
effect of foundation deformations and boundary condi­
tions on the wall behaviour considered in this inves­
tigation was studied by varying the thickness of the 
foundation layer underlying the wall and assuming the 
interface between the foundation layer and the rigid 
base to be either rough or smooth. .
In the first set of analyses performed the earth 
in front of the wall was excavated to a depth equal to the 
height of wall, which was assumed rigid, unyielding and 
perfectly smooth. The results showed that the pressure 
distribution on a wall may differ frcm the at'-rest dist­
ribution even if the wall does not move because of the 
ability of the soil to flow beneath the wall. Relative
to a normal linear K distribution, the earth pressureo
near the bottom of the wall was increased and at the top 
decreased, in some cases going into tension. The movement 
of the foundation soil towards the excavated area and the 
settl orient of the soil supported by the wall were more 
significant for a smooth rigid base, and increased with 
increasing depth to the rigid base. In a second series 
of analyses, the wall was translated in both the active 
and passive sense by an amount 0.0025 of the wall height. 
The boundary condition along the rigid base was found by 
Morgdnstern and Eisenstein to have in this case an impor­
tant effect on the earth pressures, the pressure distri­
bution becoming strongly non-linear when zero thickness 
of foundation and rough base boundary were assumed.
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In order to employ a linear elastic finite element 
analysis to study the deformations of a rockfill dam during 
construction, Penman et al. (1971) developed a simple proce­
dure of selecting for various parts of the dam constant va­
lues of both elastic moduli. It was first recognized that 
in the dam under consideration the deformations approximated 
the condition of confined compression and therefore the re­
sults of large oedometer tests for obtaining the elastic mo­
duli could be appropriate. Penman et al demonstrated by a sim­
ple one-dimensional analysis, that the internal vertical dis- 
placenent during construction in a layer of material posse­
ssing self-weight and non-linear characteristics can be pre­
dicted with little error by the use of a constant equivalent 
compressibility. Furthermore, the analysis showed that this 
constant value of the equivalent compressibility must be cho­
sen to give the correct final displacement of a point half 
way up the complete layer.
The 'equivalent compressibility' approach greatly sim­
plified the finite element analysis because the dam was idea­
lized as vertical columns of elements with each column having 
an equivalent compressibility constant with depth. Thus, each 
element was assigned a particular value of Young's modulus 
(the compressibility measures its inverse) which did not chan­
ge in the successive’ stages of the analysis and was only de­
pendent on the final vertical height of the rockfill column 
of which the element formed a part.
This method termed the 'equivalent compressibility* 
method has been applied with excellent results by Penman et 
al, (1971) and Penman and Charles (1973) to predict the defor­
mations during .construction of major rockfill dams built in 
Great Britain (Scammonden Dam, Llyn Brianne Dam) . The method 
applies only for the analysis of the rockfill dam deformations 
during construction and its effectiveness depends on how clo-
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sely the approximation of constrained one-dimensional comp­
ression involved in the method is satisfied in the field.
It is therefore to be expected that near the edges of rock­
fill dams were the conditions differ significantly from 
that of confined compression the predicted displacements 
with that method may not be satisfactory. It must be noted 
that Eisenstein (1974) in his State-of-the-Art report con­
cluded that this simple method of predicting constructional 
rockfill behaviour yielded far better overall results than 
more sophisticated non-linearity simulation techniques.
A practical application of linear elastic finite ele­
ment analysis was demonstrated by Cole and Burland (1 97 2). 
They back-analysed the observed retaining wall movements as­
sociated with a deep excavation in London clay and adjusted 
the values of Young's modulus until satisfactory agreement 
between calculated and measured displacements obtained . By 
this procedure values of the equivalent E were determined and 
these values were subsequently used to predict movements in 
the same job or around excavations at other locations in the 
London area.
A similar approach has been adopted by Burland et al. 
(1973) for deriving the distribution of soil stiffness with 
depth frcm data on a tank-loading test that behaved in a li­
near elastic manner. A finite element analysis with a trial 
and error procedure was performed until the predicted cent­
ral line displacements were matched to those observed. The 
deduced variation of Young's modulus with depth was applied 
to calculate the displacements at several other points be­
neath and around the tank and an excellent agreement between 
analytical and experimental values was achieved.
Linear elastic finite element analyses have been con­
ducted by Narita and Ohne (1978) in order to study the prob­
lem :of transverse cracks caused by the post-construction dif-
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ferential settlements in the longitudinal section of fill dams. 
The results of the analyses on hypothetical dams showed that 
the tensile strain which developed after construction in the 
crest part of dams mainly depended on the configuration of the 
abutment surfaces, and especially on the inclination of the 
abutment slopes. Good agreement between analytical and obser­
ved results with scxne constructed dams were obtained and the 
authors stressed the effectiveness of simple elastic finite 
element solutions for the prediction of the cracking potential 
in actual dams. Based on the finite element solutions Navita 
and Ohne also proposed a practical method of assessing the pos­
sibility of crack generation which was found to be useful in 
predicting and controlling transverse cracks in practical de­
sign of fill-type dams.
It is well established that the undrained stress-strain 
behaviour of a heavily overconsolidated clay, such as London 
clay, is approximately linear elastic over a significant stress 
range of practical interest (Henkel, 1972; Wroth, 1972). Nume­
rous triaxial tests analysed by Gibson (1 974) indicated that 
London clay is also anisotropic. Using a linear elastic, cross- 
anisotropic model Creed (1 979) studied the short-term behaviour 
of an excavation, supported by an anchored diaphragm wall, in 
London clay. The construction sequence was taken into account in 
the analysis by simulating the successive steps of excavation, 
anchor installation and prestressing. The displaconents and st­
resses obtained frcm a cross-anisotropic elastic analysis, using 
the degree of anisotropy suggested by Gibson (1974), were compa­
red with those from an isotropic elastic analysis. Taking cross­
anisotropy into account was found to reduce the displacements 
without significantly altering the stresses.
As can be seen from the foregoing studies, linear elas­
tic finite element analyses can still be of value if soil pro­
perties and such factors as non-homogeneity, initial in situ 
stresses and construction history are accurately determined and 
rationally introduced in the analyses. A valuable application of 
the linear elastic^finite element^method is in the * back-analysis* 
of results.: of . tie Id and laboratory measurements, to evaluate in 
situ properties'of the ground . The method • can-also be useful
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in assessing the effects of relatively rigid or of rela­
tively soft inclusions in an otherwise homogeneous struc­
ture (Smith and Kay, 1 971 ) .
3.3 NON-LINEAR ELASTIC ANALYSIS
Since soils usually exhibit nonlinear stress-strain 
behaviour they are best represented by using nonlinear 
material laws. The need for a nonlinear stress-strain rep­
resentation of soil behaviour was first recognized and 
demonstrated by Clough and Woodward (1967) in their analy­
sis of the construction deformations at Otter Brook Dam.
Clough and Woodward employed an incremental loading 
procedure that approximated the actual construction better 
than the sudden gravity-turn-on load approach. In their 
study the soil was assumed to behave linearly during each 
increment of construction with stiffness properties in 
each element defined according to the state of stress which 
existed at the beginning of the increment. For this purpose 
a series of undrained triaxial tests under different values 
of cell pressure were carried out to establish the stress- 
strain relationship of the fill material. Instead of adop­
ting the more conventional Young*s modulus and Poisson*s 
ratio, they used bulk modulus, M^, and a distortional modu­
lus, M^, to relate stress and strain. The bulk modulus and 
deformation modulus were determined by the following equa­
tions:
M - E
b 2 (1 +v) (1 -2 v)
and
« E
d 2 (1 +v)
(3.1)
(3.2)
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The nonlinearity effects were allowed for by varying only 
the deformation modulus while the bulk modulus was assumed 
to remain constant at its initial value throughout the ana­
lysis. By computing an initial value of Young's modulus 
from the slope of the triaxial curve at zero deviator stress 
and cell pressure and assuming an initial value of Poisson's 
ratio of 0.4 4 values of and were computed from equa­
tions (3.1) and (3.2). Using these values of and the 
first increment of construction was applied, the stresses 
were calculated and a new Young's modulus was computed 
from the input triaxial stress-strain data. The Poisson's 
ratio was calculated again frcm equation (3.1) and its 
new value was used to determine from equation (3 .2) .
New elemental stiffnesses were next evaluated and another
construction increment was applied. This process was
carried out for Otter Brook Dam in 14 construction increments.
The results of the analysis showed that a one-step 
linear elastic gravity-turn-on analysis compared with the 
most accurate incremental loading procedure will produce 
reasonably accurate final stresses in the dam, gross errors 
in the vertical displacements and small errors in the hori­
zontal displacements. These findings are of considerable 
"importance because in most of the cases where only stresses 
in earth dams are concerned a simple linear elastic finite 
element analysis will give quite satisfactory results even 
for complicated nonhcmogeneous conditions (Lee and Idriss, 
1971).
Since a real dam is built in a large number of rela­
tively thin layers it would be quite impractical to simu­
late such a construction exactly. Clough arri Woodward 
indicated by varying the number of lifts from 7 to 1 4 that 
a 7-lift analysis yielded acceptable values of stresses and
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displacements which do not change significantly by simula­
ting construction in more layers.
The analytical values of deformations obtained by 
Clough and Woodward showed quite good agreement with tho­
se observed during construction. The principle of the inc­
remental method introduced by Clough and Woodward into 
finite element analysis is illustrated in Fig.3.1a where 
it can be seen that the nonlinear stress-strain curve is 
approximated by a series of straight lines. This method 
has been subsequently used in many soil finite elonent 
analyses and has become known as the successive increments, 
incremental variable elasticity method, or tangential stif­
fness method.
The load-settlement characteristics of a rigid circular 
footing resting on a saturated clay were considered by 
Girijarallabhan and Reese (1968) using an axisymmetric fi­
nite element program. In contrast to the incroriental elas­
ticity method used by Clough and Woodward, they employed 
for the nonlinear analysis a direct iterative approach.
The procedure adopted was to make use of a pseudoelastic 
constantT-ET ‘a term tetter known in elasticity as secant 
modulus* Starting from an initial value of E, the strains 
in an element were calculated under the entire load and, 
depending upon the values of the strain and frcm the input 
stress-strain data, a new value of the pseudoelastic cons­
tant was obtained. This process was repeated until the 
real stress-strain relationship was satisfied (new and 
previous value of E differ less than a small specified 
quantity). In fact, the stress-strain data were first 
converted into a relationship between octahedral stress,
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x . , and octahedral shear strain, y . . which allowed oct' ' oct'
the calculation of the pseudoelastic constant. Poisson's 
ratio was assumed fixed at 0.48. The analytical and 
measured values were found to be in very good agree­
ment for the major part of the load-settlement curve.
In addition to the study of a footing on clay, 
Girijavallabhan and Reese first used the finite ele­
ment technique to solve a retaining wall problem.
They analysed two tests of passive translation of a 
model wall into both loose (v = 0.3) and dense (v = 0.49) 
sands assuming that the interface between the wall and 
backfill was perfectly smooth. Although triaxial test 
data were used to define the pseudoelastic modulus 
E in a plane strain analysis close agreement between 
predicted and observed results was obtained, especially 
in the case of dense sand.
An iterative approach was also used by Huang 
(1969) in his finite element analysis to__oompu-te_
stresses and displacements in nonlinear elastic soil 
media under a circular footing load. The Young's modu­
lus was taken to be dependent on the state of stress 
expressed in terms of the stress invariants. For gra- 
nu.lar compressible soils of Poisson's ratio v = 0.3, 
he assumed that the Young's modulus varies with the first 
stress invariant 1 ^, as
E = E 0 (1 + eit) (3.3)
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and that for an almost incompressible clay with v = 0.45,
E changes with the second deviatoric stress invariant 
by
E = E0 (1 - a /J~2) (3.4)
where Eq is the initial elastic modulus and a and 3  are 
nonlinear coefficients of soil. By. assuming soil as linear 
( 3 and a equals 0 ) the stresses at each element were deter­
mined and based on these stresses a new set of moduli from 
equations (3.3) or (3.4) was found. Using these new moduli, 
a new set of stresses was computed and the procedure conti­
nued until moduli or stresses converged to a specific tole­
rance. His results demonstrated that soil non-linearity has 
a strong influence on displacements, a moderate influence 
on radial stresses and negligible on the vertical and shear 
stresses and the author suggested that this could explain 
why Boussinesq's solution of stresses based on linear elas­
tic theory has been successfully applied in the past in 
soils, behaving in a non-linear manner.
The iterative techniques applied by Girijarallabhan 
and Reese (1968) and Huang (1969) can be summarized in Fig. 
3.1b which i 1 1 ustrates__that—the—same—lo ad—i-s—anaiy se d—r e- 
peatedly and the final stress and strain state (c*n , sn ) re­
mains. This method is commonly referred to as successive 
approximations or iterative secant modulus approach.
Although variations, improvements, mixed methods 
exist and have been used in non-linear soil analyses, the 
incremental procedure together with the iterative secant 
modulus approach form the essential ways with which the 
finite element method has been applied to soil mechanics. 
Each method has advantages and disadvantages. The succes­
sive approximations procedure has the advantage that strain
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softening, or reduction in shear resistance beyond the 
peak, can be approximated. The shortcoming of the method 
is that it is very difficult to take into account non­
zero initial stresses, which have an important effect in 
many soil mechanics problems. The successive increments 
procedure has the advantage that initial stresses may 
be readily accounted for. The shortcoming of the incre­
mental procedure is that strain softening behaviour can­
not easily be simulated, since this would require use of 
a negative value of modulus. On the other hand, with the 
incremental method, a load-deformation curve is obtained 
as the load is applied in increments while the iterative 
secant modulus approach can become very expensive when 
several points on the load-deformation curve are required. 
Furthermore, the incremental procedure is ideally suited 
to the sequential construction method of analysis and has 
been more widely used than any other method in the finite 
element studies of embankments and excavations.
Radhakrishan and Reese (1969) considered the prob­
lem of a strip footing resting on homogeneous and layered 
clays. The plane strain finite element analysis was based 
on a piecewise linear approach similar to that of Clough 
and—Woodward (1967). In this study the Poisson"s ratio 
was assigned a fixed value of 0.48 throughout the entire 
deformation process, and only the Young"s modulus was varied 
depending upon the state of stress computed in each element. 
The stress-straih curves for the non-linear analysis were 
obtained from undrained triaxial tests under different con­
fining pressures, whereas in the analysis the confinement 
in an element was taken as the average of the magnitude 
of the intermediate and minor principal stresses. Model 
footing tests for a single soil layer and two soil layers 
were analysed. The finite element analysis yielded loads
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that were always higher than the experimental values at lar­
ge deformations, whereas the contact pressure distribution 
obtained from the analysis showed a satisfactory agreement 
with the theoretical results.
The behaviour of circular footings bearing on and 
below the surface of single and two-layered undrained clay 
was studied by Desai and Reese (1970). An incremental load 
procedure was utilized for the non-linear analysis and the 
constitutive law was derived from undrained triaxial tests 
under various cell pressures. At each step of load increment 
the instantaneous stiffness of the clay element was calcu­
lated assuming a constant Poisson's ratio of 0.485 and a 
tangent value of Young's modulus defined by the following 
equation:
(a . - a ) . - (a - a 
E = z r i-1 (3.5)
(e ) • - (e )• /z l v z i-1
where i is the stage of incremental loading and a , ez , ar 
denote axial stress, axial strain and radial stress, respec­
tively. The bearing capacities obtained from the finite ele­
ment analysis indicated good, correlation with the experimen­
tal and conventional values. The authors also demonstrated 
the application of the finite element method__tO—-ca_ses_whe=--
re the footing rested below the soil surface.
The need to use a three-dimensional finite element 
analysis was demonstrated by Eisenstein et al. (1972) in their 
study of transverse cracking of Duncan Dam which was built on 
an extremely compressible foundation. The stresses which resul­
ted in the dam during construction due to gravity load , and the 
foundation settlements,were computed by the three-dimensional 
program which also considered incremental loading,non-linear 
material properties and non-homogeneity of section.The stress- 
strain curves for both core and shell materials were obtained
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fran triaxial compression tests and introduced directly 
into the computer in digital form by providing as input 
a number of closely spaced points on a triaxial test stress- 
strain curve. The effect of the intermediate principal stress 
was allowed for by assuming the confining pressure to -be the 
average of the minor and intermediate principal stresses 
computed in each element. The area computed to be in ten­
sion was in good agreement with the position of the cracks 
observed in the dam. Incremental analysis computations indi­
cated good correlation with both the location of the cracks 
and their propagation during construction.
In finite element analyses it is more convenient 
to use analytical expressions for the stress-strain proper­
ties of the soil, whereby these properties are made functions 
of all major independent variables than it is to input mas­
ses of experimental data and attempt to interpolate. An 
advantage of the use of the mathematical functions is that, 
in contrast to the tabular form in which a number of data 
points are^ input, only a few parameters are necessary to 
describe the nonlinear stress-strain curves of the soil.
A number of different analytical expressions have been pro­
posed, including simple polynomial and exponential functions, 
but the most common ones used for soils are hyperbolic fun­
ctions and certain parabolic forms of a hyperbola.
3 .3 .1 Bilinear Model
The simplest way to approximate the nonlinear stress- 
strain curve of the actual soil is by means of two straight 
lines as shown in Fig. 3.2a. In this case there are two pos­
sible values of modulus that the soil could obtain. A rela­
tively large initial value is taken for the modulus E until 
the stress reaches a yield value after which a greatly redu-
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ced value (=0) is assigned to the modulus to simulate 
failure.
An inherent disadvantage of the bilinear approxima­
tion is that after yield reducing E by a large amount 
reduces the bulk modulus as much as the shear modulus. 
Therefore the material becomes very compressible as well 
as very deformable, and this often leads to significant 
errors. This problem can be partly overcame by using a 
stiffness relation in terms of shear modulus G, and bulk 
modulus K, and reducing only G while the value of bulk 
modulus is fixed.
D'Appolonia and Lambe (1 97 0) used a bilinear model to 
study the undrained settlement of a strip footing bearing 
on Boston Blue clay. The analysis was based on an incremen­
tal load technique; plane strain and triaxial tests were 
used to define the Young’s modulus before and after yield, 
as well as the yield stress and its variation with rotation 
of principal planes during shear. In the finite element prog­
ram both the elastic parameters were modified after yield, 
the Young1 s modulus reduced to 0.0001 times its unyielded 
value and Poisson's ratio was also modified in such a way 
as to maintain a constant bulk modulus. The study included 
such factors as initial Young's modulus, anisotropic ini- 
tial insitu stresses, undrained shear strength anisotropy 
and foundation rigidity. The influence and relative signi­
ficance of each one on the load-settlement behaviour was 
investigated. It must be emphasized that the effect of the­
se parameters on the initial settlement could not have been 
easily appreciated using the conventional methods, unless 
local yielding was simulated in a finite element analysis 
enploying a simple bilinear approximation.
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Bilinear finite element analyses were also used by 
Dunlop and Duncan (197 0) to investigate the development of 
local failure around excavated slopes in normally consoli­
dated and overconsolidated clay under undrained conditions. 
The excavation procedure was simulated in successive steps 
and at each step the computed maximum shear stress in each 
element was compared with the undrained shear strength.
When the shear stress was equal or greater than the shear 
strength, the modulus of the element was reduced to a small 
value to simulate failure. The authors noted that during 
a modelled step of excavation the value of shear stress in 
some elements had inevitably increased from a value less 
than the undrained shear strength to a value which appre­
ciably exceeded the undrained shear strength before the 
modulus value was reduced. This 'overshoot* which influen­
ced the results was reduced by increasing the number of 
steps employed in the analysis. The analytical results showed 
that the initiation of local failure as well as the mode in 
which the failure zone enlarges depends on the initial stress 
conditions before excavation and the manner in which the 
shear strength of the clay varies with depth.
The stress and displacement fields due to gravity 
around an unlined tunnel in soft clay were studied by
Hoyaux and Ladanyi (1 97 0) using_Jbilinear— str-ess^stra-i-n-------
behaviour. The calculations were performed for tunnels of 
varying diameter and depth from the ground surface under 
plane strain conditions. In addition, the authors obtained 
solutions assuming the clay as linear elastic material 
and as strain softening material with abrupt drop in 
strength from peak to residual. In the finite element 
analyses Poisson's ratio was assigned a fixed value, whe­
reas the undrained peak and residual shear strength were 
assumed to vary linearly with depth. For the cases of 
bilinear elastic behaviour, modelling elastic-perfec- 
tly plastic or strain-softening clay, the literative 
secant modulus approach was employed for the solu-
42
tion, and it was found for both the bilinear idealizations 
that a limiting depth existed for which convergence of so­
lution could be obtained. For tunnels shallower than this 
depth, the solution was divergent and led to a continuous 
plastic flow of the clay located above the tunnel.
Parametric studies of braced walls in weak clay have 
been performed by Palmer and Kenney (1 97 2) using a bilinear 
finite element model. During the analysis the value of Pois- 
son's ratio was kept constant at 0.49 and the value of Yeung's 
modulus after yield was reduced to 0.01 times its unyielded 
value. Some of the results of the analysis were checked satis­
factorily against the field measurements obtained at strut­
ted excavations in Norway which were used as a model for the 
parametric investigation. The studies showed that the braced 
wall performance can be strongly affected by the wall and 
strut stiffness and the soil deformation modulus.
3 .3.2 Hyperbolic Model
Kondner (1963) and Kondner and Zelasko (1 963) have 
shown that the stress-strain curves (in compression) of many 
soils, sands or clays, can be approximated by a hyperbola.
The proposed equation was expressed as
in which a^  and b^ are constants whose values may be found 
experimentally. The hyperbolic model represents the stress- 
strain curve with an hyperbola in the initial portion, and 
with a straight line for the second portion (See Figure 3.2b).
As has been shown by Kondner and can be seen in Fig.
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3.3, a^  is the reciprocal of the initial tangent modulus 
and is the reciprocal of the asymptotic value of stress 
difference which the stress-strain curve approaches at infi­
nite strain, (o^  ”a3 ) • This hyperbolic stress-strain rep­
resentation has been found by many investigators to be ina­
dequate in the small strain range. The values of a^ and b,j 
are easily determined graphically if the values of e^/o^-o^ 
are plotted against as shown in'Fig. 3.4. Since equation
(3.6) can be rewritten as:
a^ is the intercept and b^ is the slope of the resulting 
straight line.
Hansen (1963) proposed two additional functional rep­
resentations
bolic variation of stress with strain at small strains and 
equation (3.9) is an alternative form to account for the 
parabolic variation which possesses the property of giving 
a maximum value of (c^-o^) for a finite strain, i.e. it is 
suitable when the curve shows a decrease after a peak value 
has been reached. Although Hansen's equations, in some cases, 
may give better fit to the experimental data than equation
(3.7)
(3.8)
and l
13_._9_X
Equation (3.8) accounts for the possibility of para-
asymptote
■o
axial strain, 8-j
FIG. 3.3 HYPERBOLIC REPRESENTATION OF 
STRESS-STRAIN CURVE
co
axial strain, £*|
FIG. 3.4 HYPERBOLIC MODEL WITH TRANSFORMED AXES
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(3.6), the latter is favoured by the majority of 
the researchers due to its mathematical simplicity 
and has been widely used in the nonlinear finite 
element analysis.
Duncan and Chang (1970) employed equation (3.6) 
for nonlinear deviator stress-axial strain curves in 
finite element analysis and derived the following,strain 
independent,expression for the tangent modulus of elas- 
ricity
E, = (1 - Rp m ) E .  (3.10)t r l
where E^ = the tangent modulus of elasticity at a par­
ticular stress level
= the "failure ratio" defined as the ratio of 
the deviator stress at failure to the asym- 
totic or ultimate deviatoric stress. Its 
value has been found empirically to be between
0.75 and 1 .00 and is practica 11 v_JLndependent--
of confining pressure. It is expressed as
(°1  o3 ) f  -  Rf ( o 1 a 3 ) u l t  ( 3 . 1 1 )
a 1 "  a 3m = -----  , a parameter termed by Palmerton (1 972)
1 - V f
the "mobilization factor” defined as the ratio 
of the deviatoric stress mobilized within an 
element to the failure deviatoric stress
E. = initial modulus of elasticity for a parti­
cular confining pressure. Janbu (1963) has 
suggested and Duncan and Chang have employed 
that the relationship between the initial 
tangent modulus E^ and confining pressure 
may be expressed for a variety of soils as
where k and n are dimensionless parameters and p& is 
the atmospheric pressure expressed in the same units 
as E^ and o^ «. Values of parameters k and n may be rea­
dily determined frcm the results of a series of tests 
by plotting the values of E^ against o^ on log-log sca­
les and fitting a straight line to the data.
For a Mohr-Coulomb material at failure the fol­
lowing equation is valid
1
n
(3.12)
(3.13)
1 - sin<J>
where c and are the Mohr-Coulcmb strength parameters. 
Substituting equations (3.12) and (3.13) in equation (3.11), 
the following equation for the tangent modulus becomes
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Expression (3.14) was used by Duncan and Chang in 
an incroriental finite element analysis of footings testing 
on sand and clay. Poisson1 s ratio, v, was assigned a fixed 
value. For the analysis of a circular footing on clay, v 
was taken as 0.48, while in the case of a strip footing 
embedded in sand v was taken as 0.3 5, although the tria­
xial tests showed that* v changed from 0.1 to 0.65. Their 
results showed good agreement with the experimental and 
theoretical values.
Kulhawy and Duncan (1 97 2) examined variations of 
Poisson"s ratio during shear for several soils and conclu­
ded that a hyperbola could be fitted to experimental plots 
of radial strain versus axial strain e^  in the following 
way:
e3
e, = --   (3.15)
f + a e3
in which f = the value of tangent Poisson" s ratio at zero 
strain or the initial tangent Poisson*s ratio, v^; and d= 
the parameter expressing the rate of change of with 
strain. Kulhawy and Duncan analysed published stress-strain 
data for numerous soils and found that the value of v.. gene­
ra fly decreased with increasing confining pressure according 
to the expression
v. = G - F log (3.16)
where G = the value of at one atmosphere; F = the rate
of change of v. with o_ ; and p = atmospheric pressure in r j a
the same units as o^ . They also showed that the tangent 
Poisson* s ratio can be calculated using
a  • -  a 3 
where e1 = E. (T ~ - R fm ) (3.18)
Using equations (3.14) and (3.17) for the tangent 
modulus and tangent Poisson's ratio, Kulhawy and Duncan 
performed an incremental finite element analysis of the 
stresses and deformations in Oroville Dam during construc­
tion. The required stress-strain and strength parameters 
were determined from the results of drained triaxial tests 
on the shell material, and unconsolidated undrained tests 
on the core material. The calculated settlements were foind 
to be about 70-8 0% of the measured values. The calculated 
horizontal movements also showed a reasonable overall agree­
ment with the observed values. Kulhawy and Duncan also re­
ported that an appreciable load transfer from the relati­
vely softer core to the stiffer transition ard shell took 
place and that the calculated stresses although not in good 
agreement with the measured values, were consistent with 
the observed load transfer and the strength characteristics 
of the embankment soils. The study also included the deter­
mination of -the—tensile—stresses—i-n—the—concrete—core—block—  
to investigate if the calculated stresses were consistent 
with the development of the cracks observed in the core 
block during construction of the dam. Both the calculated 
magnitudes and the orientations of the tensile stresses 
were in excellent agreement with the observations of the 
location and size of the cracks.
As can be seen from equations (3.14) and (3.17) 
there are eight parameters involved in the hyperbolic modu­
lus and.Poisson*s ratio relationships. In each increment
(step) of the analysis the soil is treated as linear and 
the ralationship between stress and strain is assumed to 
obey the Generalized Hooke*s Law of elastic deformations 
which for the important case of plane strain can be exp­
ressed in incronental form as
Aox
Ao \ =
At . xy'
(1 +vt) (1 -2 vt )
0 (1-2vt )/2
As.
As.
V AYxy 
(3.19)
where A a , Aa and At are the increments of stress during x ' y xy
a step of analysis; & ex r ^ ey * A0xy are corresPon(^ ^n^ 
incranents of strain; E^ . and are the tangent values of 
Young's modulus and Poisson* s ratio respectively, given by 
equations (3,14) and (3.17) . The values of E^ . and vt in each 
element are adjusted during each step of- the analysis accor­
ding to the state of stress existing in that element. Usual­
ly each step is analysed twice, the first time taking values 
of Et and which are based on the stresses existing befo­
re the start of the increment, and the second time using 
values of Et and based on the average stress during the 
i ncr on ent. If the c ompu ted__clianQes—in—stne ss—indicate—that:--
an element is undergoing unloading or reloading, it is assig­
ned a value of unloading-reloading modulus, E^ , the second
time the step is analysed. The variation of E^r with confi­
ning pressure has been represented as
n
E._„ = kur pa | — ■ l (3.20)ur
in which k^r = unloading-reloading modulus number,n: = the 
same value modulus exponent as for primary loading. There­
fore, in the general case there are nine parameters involved
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in the hyperbolic model.
The hyperbolic functional form (3.6) has been alter
natively expressed in terms of octahedral shear stress,
t . , and octahedral shear strain as oct ’
x ---_oct— v —  (3.21)
oct , ,a. + b. y .4 4 oct
where a. and b. were evaluated as follows; 4 4
G. = —  (3.22)
1  a4
and t (3.23)ult b^
where G . = the initial shear modulus and t , . = the asym- 
1 u±t
ptotic value of octahedral shear stress. Relations similar 
to (3.14) but in terms of shear modulus, G, have also been 
established and introduced into incremental finite element 
analysis (Al-Eussaini and Radhakrishnan, 1972). Extension 
also of the hyperbolic model was made by Fernandez and
^Christian (1971) who used a large strain formulation with 
the hyperbolic stress-strain relations.
Until 1971-, finite element analyses of soil-struc- 
ture interaction problems such as pile foundations, retai­
ning walls, temporary excavation bracing systems, under­
ground structures, etc., had been performed on the assum­
ption that either the soil-structure interface was perfec­
tly rough so that no slip between the structure and the 
soil could take place or the interface was perfectly smooth 
with no possibility of shear stress developing. Clough and
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Duncan (1971) employed the one-dimensional slip element 
developed by Goodman et al (1 968) to simulate the inter­
face between wall and. backfill in a finite element ana­
lysis of wall "behaviour. The properties of the interface 
element normal and shear stiffness, were derived by con­
ducting direct shear tests on composite specimens consis­
ting of concrete and backfill material The use of slip 
(joint) elements to simulate the interface behaviour 
allowed for relative movement between the wass and back­
fill. The backfill behaviour was described in terms of 
bulk and deviatoric moduli and the expression between 
tangent modulus and calculated stress conditions, equa­
tion (3.14), was used to derive appropriate moduli values. 
Similar hyperbolic equations were used to define the non­
linear behaviour of the interface. The series of analyses 
included rotation and translation of a wall in both the 
. active and passive sense as well as an analytical model­
ling of the construction sequence of a gravity wall. In 
the latter case the foundation deformation was taken in­
to account, the construction of the wall being simulated 
in two steps and placement of backfill in front and be­
hind the wall in another six steps. In most of the cases 
analysed the activ~e~and~passive~pr~esgux~es~a~5~wel~i~a~s"t.he 
amount of displacement required to reach each state, were 
found to be in good agreement with the results of classical 
earth pressure theories and the classical model wall expe­
riments of Terzaghi.
The load-deformation behaviour of axially loaded piles 
in sand was studied by Desai (1974). He employed the quadri­
lateral isoparametric element for the soil and pile elements 
and modified the joint element of Goodman et al. (1 968) to 
account for axisymmetric conditions. The non-linear stress-
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strain relationship of sand and interface was simulated by 
using the hyperbolic formulation proposed by Duncan and 
Chang (197 0) . The necessary data for the hyperbolic desc­
ription of the sand and interface were provided from drai­
ned triaxial tests under different confining pressures and 
drained direct shear tests at different normal loads respec­
tively. Comparison between minerical solutions and field 
load test data on driven piles was found satisfactory. Some 
discrepancies in the results were mainly attributed to the 
effect of the (residual) stresses that remain in the pile 
during driving, not included in the analysis. Furthermore, 
for a particular set of pile and soil properties the author 
prepared a series of curves which permit evaluation of bea­
ring capacities for different lengths of embedment and sizes 
of piles.
The importance of the wall movements and backfill 
, stiffness in the design of high gravity retaining walls was 
clearly demonstrated by Kulhawy (1974). Because of the size 
of the wall (31 .7m) it was anticipated that the wall may 
not displace sufficiently enough to develop Minimum 1 acti­
ve earth pressure against the wall. To describe the non­
linear backfill material, he used the hyperbolic model pro- 
—posed— by-Duncan—and—Chang— (-1-97-0-)— and— to—aTi-ow for possirbl-e 
relative movements in the wall-backfill interface one-dimen­
sional slip elements were employed. The actual construction 
procedure and foundation deformation was modelled in the fi­
nite element program by first assuming the rock foundation 
under Kq = 1 conditions. Placement of the wall was simulated 
in one step by applying gravity forces into all wall elements 
and determining stresses and displacements in the foundation. 
The backfill placement was simulated in eight steps and after 
each step the response of the wall, foundation and previously 
placed layers was computed. The study indeed showed very small
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movements and earth pressures on the wall little reduced 
frcm Kq or at-rest conditions and so much larger than tho­
se predicted by conventional earth pressure theories which 
are assumed to develop with full displacement conditions.
The effect of the backfill on the earth pressures was also 
found to be important, the pressures increasing by about 
50% when the backfill material varied from stiff to soft.
The behaviour of tied back and braced walls in var- 
ved clay has been investigated by Murphy et al. (1 975) . For 
the tied-back wall, a plane strain approximation was proper­
ly taken into account and one-dimensional slip elements were 
used on either side of the wall to represent the relative 
movorient of the wall and soil. Adhesion on the interface was 
assumed equal to one-half the soil shear strength. Tie backs 
were modelled as inclined spring supports at the face of the 
wall with axial stiffness equal to that of the actual tie 
divided by the horizontal tie spacing. The construction his­
tory of the wall was modelled in the analysis by procedures 
representing the successive steps of excavation, installation 
and prestressing of anchors. Each spring was installed after 
the application of the prestfessing force and before the next 
excavation step. The soil model employed was the non-linear 
elastic model similar_^to__that^suggested_by Duncan and—Chang—
(1970). The soil modelling consisted of non-linear loading 
behaviour and linear unloading-reloading response. For the 
braced wall system, the program allowed for the accurate 
simulation of the actual construction history consisting of 
alternating steps of excavations and brace installations.
The braces were simulated by the use of one-dimensional bar 
elements connecting two opposing walls. In addition, verti­
cal constraints were added to the bars to prevent buckling 
of the bar elements. For both wall systems the utility of 
the finite element analysis in handling these complex field
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problems was demonstrated and the computed displacements in 
the case of the tied-back wall were in close agreement with 
those observed.
Sharma et al. (1976) used a plane strain finite ele­
ment program to compute stresses and deformations in a 260.5 
metre high rockfill dam proposed for construction. In order 
to take into account the influence of differential displace­
ments due to heterogeneity at the interfaces between core and 
filter and filter and shell, joint isoparametric elements with 
non-linear propertiew were used to simulate these interfaces.
The material behaviour of the joints was described by an hyper­
bolic relation with parameters determined from direct shear 
tests. Hyperbolic stress-strain relations, equations (3.14) 
and (3.17), were also adopted to model the shell, transition 
and core material. Simulation of construction was made in se­
ven lifts, using linear isoparametric elements for shells and 
parabolic isoparametric elements for the core and transitions.
The analysis was performed for both vertical and inclined cores, 
and with and without provision of joint elements. The main con­
clusion which can be drawn from these studies was that the pro­
vision of joint elements had' a marked influence on the load 
transfer between the core, transitions and shells and resulted
in an improved distribution of stresses between the different____
materials of the composite dam section.
The combination of the hyperbolic model with the tan­
gential stiffness procedure has also been successfully employed 
in a number of other types of geotechnical engineering problems. 
The parameters of the model can be easily derived from the re­
sults of conventional triaxial tests and employed for either ef­
fective or total stress analyses-.with data from-drained or uncon­
solidated-undr a ined tests respectively .Furthermore, .parameters 
for many different, types *of soils and* rocks* have .been calculated
and are now available. Such useful information on the 
parameters of the hyperbolic model for rock materials 
can be found in the work of Kulhawy '(1975) . However, 
this polular model, along with all other nonlinear elas­
tic models has a number of limitations. These are discus­
sed in section 3.4.
3 .3 .3 Spline Functions
An alternative form of functional representation 
of the nonlinear stress-strain behaviour was proposed by 
Desai and Holloway (1 970) who suggested the use of spline 
functions. A spline function approximates a given curve by 
a number of polynomials of a preselected degree connecting 
a number of data points and the resulting curve is similar 
to the one obtained by a French curve. Using spline func­
tions an experimental stress-strain relationship can be 
represented by as many pairs of data points as desired. 
Intermediate values , or values of the slope of the curve 
can be easily determined by simple numerical calculations. 
The spline function compared with the hyperbolic represen- 
■tarttomc^ii^rovide-better fit to tne actual experimental 
data and give any required degree of accuracy. Desai (1971) 
used a cubic spline to incorporate the nonlinear behaviour 
of soil. Interpolated values of stresses, S(a), can be exp­
ressed as
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where S(a) = the spline representing strain; (f>= second 
derivative of S(o) ; and = data points and X^ - 
o^—o^_^. The spline function provides continuous first 
and second derivatives and when the condition of slope 
continuity at the data points is imposed, a set of simul­
taneous equations results. Solution of these equations 
with the proper boundary conditions for the second deri­
vatives defines the spline function. It can also be 
shown that the tangent modulus is the inverse of the first 
derivative S* (a) ,
Et = s H ^  ( 3 - 2 5 )
The cubic spline representation was introduced by Desai
(1971) in a finite element analysis to predict the load- 
deformation behaviour of a model circular footing resting 
on a cohesive subsoil. The predicted load-displacement cur­
ve was found to be in good agreement with the experimental 
results. Comparison of the numerical results obtained using 
spline functions and the hyperbolic representation showed 
good correlation as far as the ultimate behaviour is con­
cerned, but for the major portion of the load settlement 
curve better agreonent with the experimental data was obtai- 
_ned_with_the^cubic_spline_so_lutlon D_espjLte_jthese_encoura-__
ging results, little further work has been done and little 
experience has been gained regarding the application of spli 
ne functions in nonlinear soil finite element analysis,the 
hyperbolic model remaining more popular and more widely used 
Examples of the use of spline functions in conjunction with 
the finite element analysis can be found in the works of 
McNeice and Hartley (1975) and Rao and Dasgumta (1974) .
3.3.4 Models Using Directly Variable Elastic Moduli 
(D iff erential Models)
The mathematical description of a variable elastic
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model can be made in terms of the incremental stress- 
strain relations for an elastic isotropic material:
and
dp = K d = 3 K de (3.26)
ds. . - 2 Gde. . (3.27)
13 13
where s. . and e. . are the deviatoric stress and strain 
13 13
tensor components, and p and e are the mean stress and 
strain (e = respectively. If both K an G are taken
as functions of stress and/or strain invariants, nonli­
near material behaviour can be incorporated. To ensure 
hysteretic behaviour of the material different functions 
for K and G may be used during initial loading, unloading 
and subsequent reloading. Considering different functions 
of K and G in equations (3.26) and (3.27) various variable 
elastic moduli models can be constructed.
Nelson and Baron (1971) proposed a model for primary
-loading— i-n-which—K-^was^defiTred as a quadratic tunction of"
strain tensor invariant and G as a function of stress inva­
riants in the form
K = K -+ K. e + K 0 e2 (3.28)O 1 2
G = Gq + P + y / J j (3.29)
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where Kq, , K^t Gq , y^, y^ were material parameters
1
determined from laboratory tests and = 2 sijsij
was the second invariant of the deviatoric stress 
tensor. The model was applied (with a preliminary 
attempt at modelling unloading-reloading behaviour) 
to reproduce laboratory data from uniaxial strain 
and triaxial compression tests. Nelson and Baron 
demonstrated the conditions which must be imposed on 
some of the material parameters as well as the la­
boratory procedures for deriving them. This parti­
cular model was found to reproduce well some of the 
important features of the stress-strain curves in 
uniaxial strain and triaxial tests.
There exist now many improved versions of 
this model which have been extensively used with 
finite element methods to study ground shock effects 
from explosive sources (Nelson, 1977).
------- A—version of the-modeT-developed by Nelson
and Baron was used in a finite element analysis by 
Radhakrishnan (1972) to study the end-restaint ef­
fect on triaxial compression tests. The functional 
representations for K were given for primary loading 
as
K ld = Ko + K 1 6  + V 2 d p > 0  and p>pmax
(3.30 )
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and for reloading
K = K  = K  + K  p dp< 0 or dp> 0,p< p (3.31 ) un re ou eir * rmax
where K , , K_, K and K were material para-o 1 2 ou eu c
meters, and p was the maximum previous mean ' max r
normal stress. Two different shear moduli were 
used in loading (initial) and unloading, as fun­
ctions of both pressure (p) and the second de- 
viatoric stress invariant, i.e.
dJ_ > 0 and dJ0 > J 0 (3.32 )
2 2 2 max
G = Gre = Gun dV  0 3113 J 2 < J 2max (3*33)-
where J 2max was t 1^ 0 max:*-muil[l Prev:*-ous value of
Equations (3.32) and (3.33) involved another 
eight material constants and the model altogether 
thirteen constants. These were obtained from labo­
ratory data based on uniaxial strain and triaxial 
compression tests. No explicit yield condition was 
specified in the model. From equations (3.30) and 
(3.31), it can be seen that there was no coupling 
between volumetric strain and deviatoric stress
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components. The- incremental analysis showed that in the 
sand specimen studied nonuniform distribution of stress 
and strain-was largely concetrated in the upper and lower 
sixths of the specimen. Furthermore, overall stress- 
strain curves were predicted very well by the model.
Two other variable isotropic elastic models were 
introduced by Naylor (1975). In these models the tangen­
tial elastic moduli were related directly only to the 
invariants of effective stresses. The first, the "E-v" 
model, related the tangential Young's modulus, E, by
-and—the—second^— the— ,-R-GI,"modedr, remitted”!!nearly the 
tangential bulk modulus, K, and the tangential shear 
modulus, G, to.the invariants of effective stresses as 
follow7s
E = E -I- a_ p 1 + Bw q o E E ^ (3.34)
constant (3.35)
K (3.36)
G Go + aGp ' + 3Gq (3.37)
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It can be seen from equations (3.34) to (3.37) that
the "E-v" model required four empirical constants (E , aE ,
v) and the "K-G" five (k ,G ,cl ,a.^ ,3^ ,) to define them. Ji O O JC (a vj.
p T and q were given as
q was reduced in the case of triaxial compression test 
(<xj > 0 2  - o^) to ct^ -cj^ . 3 e and (3^  were always negative. 
The constants of the models were assigned values from the 
results of isotropic consolidation (or oedometer) tests 
and consolidated-drained triaxial compression tests.
Naylor also discussed some of the important requi­
rements for a numerical model as applied—to—soi-ls— The---
"E-v" and "K-G" models can satisfy such desired require­
ments as that the stiffness of the soil increases with 
increasing mean effective stress and reduces with increa­
sing deviatoric stress, whereas bilinear models do not. 
Furthermore, by a proper choice of constants both models 
can reduce stiffness to zero (E = G = 0) and incorporate 
a failure criterion.
(3.38)
and
(3.39)
The two models were introduced by Naylor (1975) into 
finite element analyses to study some problems in bearing
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capacity and dam engineering. Generally, the "E-v" 
model was found to behave badly when failure condi­
tions were approached because, having a constant 
value of Poisson's ratio, the bulk modulus as well 
as the shear modulus reduced to a low value when 
yielding occured. The "K-G" model was found more 
satisfactory mainly because of its capacity to re­
tain bulk stiffness under collapse conditions.
Under undrained conditions in saturated clay, both 
models showed almost similar behaviour.
3.4 COMMENTS ON NONLINEAR ELASTIC MODELLING
Nonlinear elastic analysis as applied to soils 
still remains within the framework of continuum ela­
sticity as the Generalized Hooke's Law is retained 
in the piecewise linear approximation to the non­
linear behaviour of soils and rocks. Since nonlinear 
elastic models in functional or tabular form are 
based on this law, they suffer some limitations. 
Furthermore, the models presented in the preceding 
sections have shortcomings due to the fact that 
being simplified models, they can only account for 
some specific patterns of the complex soil stress- 
strain behaviour. Some of the important shortcomings 
are discussed below.
Shearing of many soils is known to be accompa­
nied by dilation which forms an important stress-strain
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characteristic. Isotropic nonlinear elastic models 
cannot reproduce dilatancy, because it is inherent 
in the solutions that there is no coupling between 
volume changes and shear stresses. Dilatant mate­
rials can be treated with Poisson*s ratios greater 
than 0.5, but this violates the positive definite 
condition of the stiffness matrix used in the ana­
lysis. In this respect, an interesting nonlinear 
elastic finite element analysis in which any dila­
tant behaviour may be represented has been recently 
described by Kukusho (1978). It mainly consists 
of dividing the volume change into components cor­
responding to consolidation and dilatancy, the 
parameters for which are calculated independently 
from isotropic consolidation and other constant 
mean stress triaxial tests.
All nonlinear elastic models show shortcomings 
in their ability to model adequately the behaviour 
of soils at and after failure when plastic deforma­
tions play the main role. Reduced resistance to de­
formation after failure is simulated by assigning —  
to the shear modulus, or to both the shear and bulk 
modulus, a very low value. When only the shear mo­
dulus is reduced, the "soil" becomes after failure 
very deformable and behaves like a liquid with ne­
gligible resistance to shear deformation. When both 
moduli are reduced the "soil" after failure behaves 
like a gas exhibiting essentially no resistance to 
shear and volume deformation. However, real soils, 
are capable of resisting at and after failure any
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type of deformation, except the one which has 
brought the soil to failure. Consequently, nonlinear 
models cannot represent satisfactorily the real 
soil behaviour if significant rotation of principal 
stress direction or plastic flow takes place.
The parameters which describe the models 
are usually obtained from the results of triaxial 
compression tests where two of the three principal 
stresses are equal. Consequently, their applica­
bility may be limited at best to boundary problems 
where axisymmetric conditions exist and it is 
clearly incorrect to assume that they can be applied 
to all deformation conditions. Some of the parame­
ters are not fundamental soil properties, but depend 
on the density of the soil, water content, interme­
diate principal stress, the range of pressure used 
in the testing and the drainage conditions among 
other factors. They may also be sensitive to sample 
disturbance. Parameters for a particular field de­
formation condition must be found under laboratory 
conditions—s-imu-l-a ting—those—in-^bhc—fieTdT
The models discussed so far cannot reproduce 
strain softening. One possible exception is the use 
of a nonlinear model together with an iterative se­
cant modulus technique as was done by Hoyaux and 
Ladanyi (1970). However, generally this procedure 
may not converge to a unique solution.
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Another limitation of nearly all the nonlinear elas­
tic models is associated with the treatment of load rever­
sals, in which a marked increase of stiffness in unloading 
occurs. In order to define a likely pattern of loading or 
unloading, a two stage process is usually needed in the 
computer program, which uses an increased stiffness in the 
second stage. Elasto-plastic models can account automati­
cally for unloading-reloading cycles, and are better in 
this respect. Sophisticated nonlinear models like those 
described by Nelson and Baron (1971) suffer also a serious 
problem. Because of the absence of a yield surface in these 
models, loading or unloading is defined by the conditions 
dJ 2 > 0  or d ^ <  0 respectively. But, they do not satisfy the 
continuity requirement (Handelman et al, 1947) that there 
should not be a finite difference in response for loading 
and unloading paths infinitesimally close to neutral loading 
(dJ2 =0).
Despite their limitations, nonlinear elastic models 
sometimes provide a useful compromise between accuracy 
and .simplicity and can closely duplicate the prefailure 
behaviour of many soils under monotonically increasing 
loading conditions. Finally, it must be noted that expe­
rimental evidence of stress-strain behaviour can be direc­
tly introduced into most of them. In this respect, they 
may simulate prefailure deformation states better than 
the common elasto-plastic models which may be criticized 
on the basis that up to the point of yielding they assume 
linear elasticity.
3.5 THE EFFECTIVE STRESS APPROACH
Considering the "two phase" nature of the soil it
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is now generally recognized that soil under drained or und­
rained conditions can be completely described by characteris­
tics of the soil skeleton and of the pore fluid. Consequen­
tly, if the behavioural model of the soil skeleton can be 
defined, complete solution can be obtained frcm effective 
stress concepts. An effective stress .method which separates 
soil stiffness into "effective" and "pore fluid” components 
has been proposed by Naylor (1974) . It has been used for the 
computation of excess pore pressures in soil media, and it 
is equally well applied in undrained and drained analysis 
with the finite element method.
The method assumed that for loading under undrained
conditions there is negligible relative movement between
pore fluid and soil skeleton. Consequently, strains in the 
macroscopic sense are the same in each phase. Consider the 
application of load which results in local changes in total 
stress{Ao }and strain {Ae}* Supposing that the conditions are 
undrained, the load also causes the development of an excess 
pore pressure change, Au. Invoking the principle of effecti­
ve stress, it is required that
A{ct}—=— A-fcr*-}— rnktcy}- T3TWJ
in which
•T
(3.41)
and the prime denotes effective stress and
T
A{of}= [a u , Au , Au , 0, 0, Oj (3.42)
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The constitutive equations for each phase may be written 
as '
A {a} = [D] A {e } 
A{a'}= [D']A{e} 
A{af }= [Df] A {e }
(3.43)
(3.44)
(3.45)
where [d],[d'], [Df] are 6x 6 matrices representing the stif 
fnesses of the composite material, soil skeleton and pore 
fluid respectively. Substituting the last three equations 
in equation (3.40) yields
[D]- [D']+ [Df] (3.46)
Since the fluid has no shear strength, |D^|can be 
expressed in the form
-PV]=-K;
,°3
 (3^ 4-7-)
in which Kg= equivalent bulk modulus of the pore fluid 
' I^= 3x3 matrix all elements of which are unity 
0^= 3x3 null matrix
Denoting by Kg the bulk modulus of the solid mate­
rial in the skeleton, the actual bulk modulus of the pore 
fluid an approximate relation between the bulk moduli may 
be expressed as
11 + i = £  (3.48)K K K
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where n is the porosity. In the case of saturated 
soils a further simplification can be made in equa­
tion (3.48) because both Kg and will commonly 
be much greater than the soil skeleton bulk modulus 
(the bulk modulus without pore fluid). It is then 
reasonable to assume = Kg and from equation
C3.48) K = K T h e  exact value of K was found by e f e
Naylor to have little effect in the undrained ana­
lysis of saturated clays, provided it was given a 
value of some orders of magnitude greater than the 
bulk modulus of the soil skeleton.
The above theory can be easily introduced 
into a finite element program. The components of 
[D'J and are read in as input data and combined 
in the program by equation (3.46) to give [dJ .
The total stress modulus matrix [d] is then sub­
sequently used in the analysis to obtain the displa­
cement field and strains. Equation (3.44) allows 
the calculation of the effective stress changes.
Pore water pressure changes are obtained by the 
-foil-owing—equation----------
Au = K As = K (As + Ae + As ) (3.49)e v e x y z
in which Ae^ is the volumetrix strain change.
For isotropic elastic (linear or nonlinear) 
analysis in saturated clays the excess pore pressure
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is approximately equal to the change in the mean 
total stress, and can be calculated from a total 
stress analysis. Therefore, there is no need to 
resort to an effective stress formulation. However, 
when the soil obeys any other anisotropic or non­
linear law, or the pore fluid exhibits large compres­
sibility (provided can be estimated) such an 
effective stress approach may be necessary for 
the explicit determination of pore water pressures. 
Numerical inaccuracies, which sometimes arise in 
the calculation of stresses and pore pressures with 
a large value of K^, can be avoided with isopa­
rametric elements using reduced integration provi­
ded the stresses and pore pressures are computed 
at the Gauss integrating points (Naylor, 1975).
3.6 CHAPTER SUMMARY
----- — I-n—recent-years—many— attempts—have—beeTTTna'de- to
solve the stress-deformation problems in soil with the 
finite element analysis. Until recently, proposed for­
mulations used in conjuction with the finite element 
method of analysis have been mainly based on an incre­
mental use of elasticity theory. Nonlinear stress-de­
formation analysis, in which soil properties are as­
sumed nonlinear elastic and experimentally obtained 
stress-strain curves are directly employed, has increa­
singly drawn attention because of its effectiveness 
and simplicity.
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It is possible that the role of linear elasticity 
for predicting soil deformations has been rather under­
estimated. If the factor of safety is high linear elastic 
models can be very useful for many deformation problems 
provided that care is taken to establish the appropriate 
elastic constants. Many overconsolidated soils can be 
considered as elastic for predicting settlements of struc­
tures at normals factors of safety and Butler (1975) cites 
several case studies of settlements of foundations on hea­
vily overconsolidated clays that support this view.
Various techniques have been evolved to include the 
nonlinear stress-strain behaviour of soil in the analysis, 
e.g. the iterative secant modulus approach, incremental 
elasticity method, etc. In some of the analyses, Poisson's 
ratio v was kept constant, while in others, v was varied 
with the stress-strain modulus, E, in order to keep the 
bulk modulus constant. Many formulations of the nonlinear 
elastic models have been based on the use of the combination 
of shear modulus and one-dimensional compression modulus 
(or shear modulus and bulk modulus) rather than on the 
equivalent combination of Young * s modulus and Poisson's 
ratio.
Although existing analytical models based on linear and 
nonlinear elasticity theory have been recognized to have many 
shortcomings, they have been applied with success in explai­
ning observed behaviour in several cases and quide design 
decisions in others. The success depends largely on the 
appropriate testing procedure to determine the nonlinear 
characterics of soil behaviour. If the conventional triaxial 
compression test are used for problems involving stress paths 
different frcm those in the test, the results are bound to 
be inaccurate to some degree. The inaccuracy will probably
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be more pronounced in movements rather than in stresses 
which seem to be less sensitive to imperfections of stress- 
strain modelling.
Models based entirely on assumed incremental elastic 
behaviour have shortcomings for prediction of soil response 
at high stress levels. Generally, these models have been 
found to be inadequate for accurate modelling of such ef­
fects as influence of the intermediate principal stress, 
volume increases due to shear, and stress path dependency. 
The use of such models is generally justified by their ap­
plication to problems in which only monotonic loading is 
considered; the absence of unloading curtails the need for 
consideration of the irreversible strains characterizing 
plastic behaviour.
Construction procedure can be of considerable impor­
tance. Embankments and excavations are constructed sequen­
tially and for realistic solutions to these problems incre­
mental analyses which simulate the real process of excava­
tion and embankment placement should be employed. Analyses 
based on sequential construction may yield values of stres­
ses and displacements which differ significantly from those 
obtained by 1 single-stage 1 analyses. The only exception 
is for an excavation in homogeneous linearly elastic soil.
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CHAPTER 4
THE MATHEMATICAL THEORY OF PLASTICITY APPLIED TO SOIL
MECHANICS
The development of the finite element method 
has reached a high level of sophistication and versa­
tility and further progress in expanding analytical ca­
pabilities in soil mechanics depends upon consistent 
mathematical formulations of realistic constitutive re­
lationships. It has been observed experimentally in the 
laboratory and in the field that:
1. Most soils undergo both elastic and plastic
4.1 INTRODUCTION
deformations simultaneously upon shearing. 
Plastic effects are often present from the 
very beginning of the deformation process.
2 There is a coupling between volume changes
and changes in shear stress. Dense or loose 
sands expand or contract in volume during 
pure shear.
3. The deformations are stress path dependent. 
That is, it is not possible to relate final 
stress state to final strain state without 
knowledge of the loading/unloading stress
path (stress-history dependence, stress path 
dependence).
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4. In real soils at low stress levels the prin­
cipal axes of strain increment may coincide 
closely with the principal axes of stress 
increment. At high stress levels, however, 
the strain increment axes tend rather to 
coincide with the principal axes of stress 
(and not of stress increment).
5. The straining of. soil elements approaching 
failure is clearly anisotopic (stress-induced 
anisotopy during yielding).
6 . Many soils, under drained or undrained condi­
tions, display a decrease in strength with 
increasing strain from peak values to the 
ultimate or residual value.
Clearly, models based on first order elasti­
city or extensions thereof cannot be expected to account - 
properly for soil behaviour which frequently exhibits stress- 
path dependence, dilation and strain-softening, although as 
indicated in the previous chapter, in many types of practical 
problems such models may suffice. On the other hand, there
~irs considerable theoretica± and experimental evidence which 
indicates that the concepts of plasticity would provide an 
improved basis for modeling soil stress-strain behaviour.
Over the last thirty years, there has been 
increasing application of plasticity to soil engineering 
problems. With the earlier attempts by Drucker and Prager 
(1952) and Drucker et al. (1957) the state of the art has been 
greatly improved through the work of Roscoe and his co-workers 
(Roscoe and Burland, 1968; Schofield and Wroth, 1968).
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Recent work by many researchers has brought out the 
potential of the plasticity analysis of soil behaviour.
A number of finite element applications in soil mecha­
nics have been obtained by using various schemes in the 
theory of plasticity. The incremental theory of plasti­
city is preferred to the deformation theory because it 
is more general and can account for such factors as path 
dependency, dilative behaviour and perhaps work-softening.
At the early stage of its development the mathe­
matical theory of plasticity was mainly concerned with 
an ideal metal which is a material with zero angle of 
internal friction, deforms plastically at constant vo­
lume and which, in soil mechanics terms, is purely cohe­
sive. Soil is less amenable to simple modelling than is 
metal. It is the basically frictional behaviour of soils 
as compared to the idealized perfectly 'cohesive' be­
haviour of metals which must be taken into account when 
applying plasticity theory to soils. However, in one 
important special situation in geotechnical engineering 
soil behaves in a manner close to the ideal material of 
the theory of metal plasticity which is then directly 
applicable to such a soil. This is the case of saturated 
-eTays— loaded— Cor—unToaded)— under ~rmdrairLed conditions.
Under such circumstances '<f)-o' and the behaviour of soil 
can be considered completely 'cohesive'.
The three basic ingredients of any stress-strain 
law based on plasticity theory are a yield surface, a * 
flow rule defining the plastic potential and a work- 
hardening law (Roscoe, 1970). In order to obtain a solution 
using an elasto-plastic model the following general re­
lations between stress and strain must be specified.
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1. Elastic stress-strain relations.
2. The stress conditions which indicate the 
onset of plastic flow and the end of the elastic beha­
viour (yield condition).
3. A relationship to determine the plastic strain.
4.2 ELASTIC STRESS-STRAIN RELATIONS
The stress-strain behaviour of an isotopic elastic 
material is described by the generalized form of Hooke*s 
law. The stress-strain relations in the usual xyz notation 
are
Ee = a -v(a +a ) x x y z
Ee = a -v(a +a ) y y z x
Eez = az~v(ax+ay) (4-1)
2 Exy=Yxy= QV
2e = Y
yz yz G
2 e =y =- ZXzx zx G
where E is the Young's modulus, v is the Poisson's ratio,
Eand G = —  ^^  ^+v  ^ is the shear modulus. It is sometimes conve­
nient to use the hydrostatic and deviatoric forms of the 
stress components where the hydrostatic stress given by
a +a +a
°m ~ P ~ I Z (4.2)
is responsible for volume changes only and the deviatoric 
stress given by
is responsible for changes in shape. In terms of these 
components egs. (4.1) can be written as
e = !*_ + (1-2V) ■ a
x 2G E m
S^
2G ' E ~m
e = + ilr|vL_ a
Ez -  f t -  + S1=T L - °ra <4 *4>
T
e = _ZZ • 
yz 2G
x
e = —  zx 2G
Equations (4.1) can be defined in tensor notation as
j = g[(1+v)a. , - v o ^ J  (4>5)ee 
iD
where 6 ^^ is the kronecker delta, zero for i^j, unity for
The superscript "e"as usual identifies the elastic strains. 
Similarly, the complete elastic stress-strain relations of 
equations (4.5) can be stated in tensor notation as
- 3 *  ^ - w H i  < * • «
where s. . = a. — 6 .'.a,, , i=l,2,3 denotes the deviatoric 
ij ij 3 i] k r
stress tensor component.
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Written in matrix form equation (4.6) becomes
{ = [d]-1{o} (4.7)
where[d]is a symmetric matrix of the elastic constants 
and( e)e and( o)are column vectors of the six strain and 
stress components respectively.
For conditions of plane strain the elasticity 
matrix [d] may • be written as
[D] = E______(1 +v)(l-2 v)
1 -v V 0 4K+IG K-§G 0
V 1 -v 0 - 2K-jG K+|g 0
0 0
l-2v
2
0 .0 G
- - _
(4.8)
where K = E3 (l-2v) 
stresses and strains are
is the bulk modulus. The relevant
a
-----\— ( e } = I ex I 1 X
y | ( 4 , 9 )  , < e 1 Y ( 4 . 1 0 )I
4.3 PLASTIC STRESS-STRAIN RELATIONS
4.3/1 Yield Criterion
A yield criterion is a hypothesis concerning 
the limits of elasticity under any possible combination
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of stresses. When written in terms of the stress compo­
nents this is usually called a yield function. It is 
convenient and customary to picture the yield function 
as a surface in stress space and to refer to it as a 
yield surface. At any stage of loading, the yield 
surface defines the boundary between states of stress 
causing only elastic strains (inside the yield surface) 
and states of stress causing both elastic and plastic 
strains (outside the yield surface). As the material 
is loaded and hardens,the yield surface expands, so that 
as the stress level increases, the current state of stress 
is always on the current yield surface. The position 
and size of the surface is dependent upon the initial 
yield surface and the hardening rule which specifies 
the manner in which the surface changes during plastic 
flow.
The yield criterion for a virgin material is 
essentially the extension of the single yield point of 
the uniaxial tensile (compression) test. For a material 
loaded to the initial yield, it can be expressed by the 
relationship
f (a. .) = C (4.11)
ij
such that whenever the function f becomes equal to the 
constant C, yielding begins;C then represents an initial 
yield surface in the stress space. For an assumed elastic-per- 
fectly plastic material the yield surface remains fixed during 
plastic deformation and the initial yield condition (4.1) 
remains valid throughout. For a material that strain- 
hardens, however, plastic deformation (loading) is gene­
rally accompanied by changes in the yield surface. In order
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to take account of such changes the yield function (4.11) 
must be generalized to include subsequent yield surfaces 
beyond the initial one. A generalization is effected by int­
roducing the 'loading function*
f(aij' eij' K) = 0 (4-12)
where in addition to a work-hardening parameter ic, which it­
self depends on the history of plastic deformation, the cur­
rent plastic-deformation components appear explicitly in the 
loading (or yield) function. The equation f=0 represents a 
closed surface in the stress space. The yielding is charac­
terized as follows:
f < 0 : no change in plastic deformation occurs
f = 0 : change in plastic deformation occurs
f > 0 : This condition being outside the yield surfa­
ces, has no meaning
Differentiating equation (4.12) by the chain rule of calculus
df = ^ —  da. . + — —  de?. + —  die (4.13)
da.. 19 3eP 19 a,K
J -*-J
Three cases can-be di stinguished f or—a—s train-hard ening ma te~-~
"F
rial (Naghdi, 1960) . Thus, with f=0 and r— —  da. . < 0, *un-
3f -^3
loading1 is said to occur; with f = 0  and r da.. = 0 , 'neut-
o°ii x3 
■ - df
ral loading' occurs; 'and with f = 0  and r  da. . > 0 'loading
9°ij ^occurs* „ J
Although the correct form of the work-hardening para­
meter k is not yet known, it is generally assumed to be a fun­
ction of the stresses and plastic strains. Thus, it can be writ­
ten without loss of generality and as an alternative to equation 
(4.12)
f(aij, efj) = 0  (4.14)
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4.3.2 Plastic Potential
In plasticity the inelastic strains are uniquely de­
termined from the state of stress by what has come to be known 
as the flow rule. The flow rule fixes the proportions of the 
components of the plastic strain increments (rates) „ The plas­
tic strain incrorient vector is assumed to be a function of the 
current state (i.e. current stress, strain, and void ratio 
conditions) of the material,and not of the stress incrorient.
In the case of a perfectly plastic material, in which no strain- 
hardening occurs, this applies absolutely, while for a strain- 
hardening plastic material, the magnitude of the strain incre­
ment may also depend on the stress increment, although its 
direction is a function only of the state of the material. This 
assumption leads to the assumption of coaxiality between prin­
cipal axes of strain increment and stress, rather than of stress 
increment and strain increment as in the case of elastic mate­
rial. There is controversy about the extent to which the assum­
ption of coaxiality is valid in soils.
In order to determine the plastic strains classical 
plasticity theory introduced the concept of a Plastic Potential 
(Hill, 1950) which was a scalar function of stress, plastic 
strains and a hardening parameter. From the plastic potential
function the ratios of the components of the plastic strain 
increments can be evaluated by partially differentiating with 
respect to stresses. In stress space representation, this fun­
ction describes a surface which is called the plastic potential 
surface, and is everywhere perpendicular to the direction of 
the principal plastic strain increment vector when the princi­
pal strain increments are plotted in the same space as the prin­
cipal stresses. From the plastic potential defined by
Q(a. ., e. .p , k ) = o (4.15)lj '
plasticity theory determined the components of the plastic st­
rain increment as
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(4.16)
or
{de}P = 9Q A (4.17)
8 {a}
where A is positive constant of proportionality. This defi­
ned the direction of plastic straining as being directed 
along the outward normal to the plastic potential, and was 
known generally as the normality principle.
Much of the classical plasticity theory is based upon 
the assumption that the material complies with Drucker* s defi­
nition of a stable inelastic material (Drucker, 1959). The con­
vexity of the yield surface and the normality of the increment 
of plastic strain vector to the yield surface are consequences 
of this initial postulate. Therefore Drucker * s postulate is 
satisfied if f=Q (see also section 4.4)
The usual assumption of the classical plasticity theory 
that the plastic potential function takes the same form as the 
yield function is not necessary, and there is much evidence to 
show that the yield surface ard the plastic potential surface 
are not idential for soils. The existence of a plastic poten­
tial for granular material which contradicts the normality_____
requirements has now been verified by several investigators. 
Poorooshasb, Holubec and Sherbourne (1966, 1967) studied the 
yielding and flow of a coarse Ottawa sand in triaxial compres­
sion. They verified the existence of a potential function but 
found that the plastic potential could be expressed as a fun­
ction of the state of stress and the voids ratio, whereas the 
yield surfaces were found to be independent of the voids ratio 
and were only functions of the ratio of the second invariant 
of the stress deviator to the first stress invariant. They de­
duced a family of geometrically similar plastic potential cur­
ves which were very different from the yield locus family. 
Clearly, the yield and the plastic potential surfaces were
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not coincidental which defied the normality condition. Similar 
results were obtained by Barden and Khayatt (1966) who deve­
loped a plastic strain-hardening idealization for sands on the 
basis of Rowe's (196 2) stress dilatancy theory.
Frydman, Zeitler and Alpan (1973) considered the yiel­
ding behaviour of particulate media under the action of pure 
deviatoric loading (i.e. constant mean principal stress). On 
the basis of tests performed in the hollow cylinder apparatus 
they suggested that the yield function f, could be expressed 
as
where x . = octahedral shear stress. n . = octahedral ef- oct ' °oct
fective normal stress, and significant yielding was conside­
red to just occur when the value of f becomes equal to tan<f> , 
(where <f> =the true friction angle of the particles) . A flow 
rule for pure deviatoric loading was found, of the form
(4.19) expresses quantitatively the lack of normality of the 
plastic strain increment vector to the yield surface. Further­
more, it suggests that this departure from normality will be
material conditions (e.g. density).
Several investigators have suggested the use of non­
associated (f Q) theory of plasticity in soil mechanics. 
When the plastic potential surface is assumed to differ from 
the yield surface much better correlation between theory and 
experiment can be obtained. The choice of the plastic poten-
(4.18)
. T
a
oct
oct (4.19)
where = octahedral normal plastic strain increment and
dSoct = ocbshedral shear plastic strain increment. Equation
constant, and equal to tancf) , regardless of stress level or■ fl
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tial surface can be made purely from experimental observations.
The flow rule is then derived from the requirement that the 
plastic strain increment vector should be normal to the plas­
tic potential surface. Such an application of non-associated 
plasticity can be found in the work of Wong and Mitchell (1975) 
who showed quite clearly that for a sensitive cemented Champlain 
Sea clay the plastic strain increment vector deviates from the 
outward normal to the yield surface. They described the post­
yield stress-strain behaviour of the clay by adopting a plasticity 
theory which was based on an experimentally defined non-associated 
flow rule.
On the other hand, many theoried are based on the assum­
ption of the validity of normality and in some cases this assum­
ption is nearer the truth than the others. One of the key assum­
ption of the critical state theory, for example, is that the flow 
rule follows the normality condition. Certainly for conventional 
yield surfaces such as Mohr-Coulomb or Drucker-Prager and associa­
ted flow rules excessive dilation is predicted and in order to 
overcome this non-associated flow rules have to be adopted as 
discussed later in this chapter.
4.3.3 Hardening Law
The third basic requirement of any stress-strain law 
based on plasticity theory is the work-hardening law. The har­
dening law specifies the change of the yield surface and of ma­
terial proporties during the plastic flow. The hardening law 
relates the magnitude of a plastic strain to the magnitude of 
an increment of stress as the state of stress traverses the 
yield surface and the material hardens. For metals the work- 
hardening law usually relates an equivalent stress, a, to the 
equivalent plastic strain, e^, through a hardening parameter H'. 
This parameter is assumed to be obtained from a uniaiial tensi­
le stress-strain curve by plotting a against e^, the slope of
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this curve being H* . Pending the development of a generalized
stress-strain law, a similar procedure has been undertaken for
soils. Poorooshasb et al.(1966, 1967) used constant mean nor­
m a l  stress triaxial tests to determine the hardening parame­
ter, whereas Roscoe (1970) suggested using the results of a 
simple shear test for the work-hardening law; Snith and Kay 
(1971) and Fraser (1971) using Rowe's (1962) concept of stress- 
dilatancy developed incremental stress-strain relationships 
for dilatant sand under plane strain conditions. On the basis
of plane strain tests they obtained the hardening parameter H'
ol . .
as the slope of the curve of R=-JL- versus the major principal
plastic strain, e?;(Hr=— — ). ^
1 \ a eP /
4.3.3.1 I so tr op ic Bardeni ng
From a mathematical standpoint, the assumption of 
ispotropic hardening is the simplest. This theory assumes that 
the loading surface expands uniformly about the origin in stress 
space maintaining the same shape, center and orientation as the 
yield surface. Thus, in the it-plane, o^ + o ^ + o ^ O, the yield cur­
ves for the von Mises^and Tresca criteria will be represented 
by concentric circles and regular hexagons respectively. Figu­
re 4.1a illustrates, on the basis of a two-dimensional plot, the 
yield and the subsequent yield surface (usually referred to as 
loading surface) when the stress point moves past the initial 
yield surface at point 1 to point 2. Unloading and subsequent 
reloading in the reverse direction will result in yielding at 
the stress state represented by point 3. The path 2-3 will be 
elastic (or rigid) and 0-2=0-3.
Perhaps the greatest shortcoming of this theory is 
that it does not permit the possibility of a Bauschinger ef­
fect . exhibited by most structural materials. In fact, contra­
ry to observations, isotropic hardening predicts that the mate-
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rial will exhibit a negative Bauschinger effect since an inc­
rease in the compressive yield stress is equal to the increa­
se in the tensile yield stress. The Bauschinger effect would 
tend to reduce the size of the locus on one side as that on 
the other side is increased.
Isotropic hardening (so termed, since it implies 
that no anisotropy is introduced during plastic flow) will 
not lead to good results when complex loading paths involving 
change in directions of stress are considered. When dealing, 
for example, with cyclic loading conditions the Bauschinger 
effect is strongly'pronounced and the concept of isotropic 
hardening may induce considerable errors. However, for mono­
tonic loading conditions, isotropic hardening usually provides 
satisfactory results and is commonly used.
In order to describe mathematically the uniform expan 
sion of the initial yield surface f(o^j)=C, the work hardening 
function has to be introduced. There are two well known propo­
sitions for computing the current yield stress under isotropic 
hardening plastic flow. One known as the *work hardening* is 
based on the assumption that the current yield surface depends 
only on the total plastic work, may be expressed as
f (cj. .) = F (A.) where So. .de?. (4.20)
ij i] lj
An alternative hypothesis, known as the * strain-har­
dening* hypothesis is to relate f (a^J. to the "equivalent plas 
tic strain” eP, i.e.
f (a . )-H(e^) where /(de?.de?.) (4.21)iD 113 1 3 1 3
It has been shown by Hill (1950), that for materials 
obeying the von Mises yield criterion the hypothesis (4.20) 
and(4.21)are equivalent. Bland (1957) pointed out that this
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is true for any linear or quadratic in the principal compo­
nents of stress function, subject to sane restrictions on 
the coefficients in the case of a quadratic function.
With regard to the mathematical formulation of har­
dening rules it has been found useful to define ‘equivalent 
stress' o and 'equivalent plastic strain increment' de^. The­
se are usually introduced as
dWp=odeP (4.22)
and
o=f ) (4 .23)
where dW^=a^jde?j is the increment of plastic work. Usually 
a is defined such that it assumes the value which is equal 
to that of the yield function f evaluated from the current 
stress. The equivalent (effective) stress o for the von Mises 
material (see section 4.4) is thus defined as
a = J L  {(a1 -a2 )2+(a2 -a3 )2 +(o3 -a1)2}1/2= '/3 J^=v|sijsij
(4.24)
Similarly, the equivalent plastic strain increment is defined as 
d eP=\l 3de? .de? . (4.25)
j i j ij
and for a material obeying the Prandtl-Reuss equations which 
imply the von Mises criterion the plastic work increment becomes
dWp=odeP (4.26)
Furthermore, for a uniaxial compression (or tensile) 
test in the x direction a and ds^ reduce to
and
o=o (4.27)
de^=dE^ (4.28)
X
and as just yielding begins
a = Oq (4.29)
where Oq is the yield stress in simple compression (tension) . 
The relation between effective stress and effective strain can 
be^ established by a uniaxial test.
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Following the above definitions a yield function can 
also be written in the form
f (ck j , o)=0 (4 .30)
where a is an 1 equivalent* stress which is related to an 
‘effective1 plastic strain through a hardening parame­
ter H r given by
H'=£2_ (4.31)
d
4.3 .3.2 Kinematic Hardening
In order to take account of the Bauschinger effect, 
Prager (1956) introduced the kinematic models and hence the 
type of hardening called kinanatic hardening. The theory of 
kinematic hardening assumes that during plastic deformation 
the loading surface undergoes a translation as a rigid body 
in stress space without changing the size, shape and orien­
tation of the yield surface.
Figure 4.1b shows the initial and subsequent yield 
surfaces when the stress point moves from 1 to 2. Denoting 
the translation of the center of the yield surface by cu j , 
the rule of kinematic hardening results in the following 
form of the modified yield locus
f (a .-a. .) =C (4 .32)
i3
Kinematic hardening predicts an ideal Bauschinger 
effect for complete reversed loading conditions. That is, 
the magnitude of the increase of yield stress in one direc­
tion will result in. a decrease of yield stress of the same 
magnitude in the reverse direction.
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The rate of translation of the yield surface was 
assumed by Prager to take place in the direction of 
the normal to the surface in the stress point. If cu ^ 
are the nine coordinates of the new center of the yield 
surface then,
where c -is a parameter characterising the hardening be-
gives (since at zero plastic strain there is no trans­
lation)
The condition that the stress point a..+da.. remains
(4.33)
haviour of the material. Integrating equation (4.33)
(4.34)
13 13
on the yield surface results in
d a . . = 0  
13
(4.35)
Since equation (4.32) satisfies the condition 
the following relation must hold during loading
a-f
(4.36)
and by virtue of (4.33) and (4.3 6 )
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(4.37)
Shield and Ziegler (1958) studied the motions in 
various subspaces implied by complete kinematic harden­
ing in nine space. Since Prager's assumption that the 
center moved in the direction of the outer normal to the 
yield surface sometimes led to complications in applica­
tions, Ziegler (1959) proposed to substitute for equation
(4.33) the equation
which can be applied in the subspaces as well as in nine 
space. The yield surface still moves in a translation, 
but in the direction of the vector O'P connecting the 
center of the yield surface with the stress point 
(Figure 4.2a). The factor du can be determined from the 
condition
da. .= (a. .-a. .)d]i, du> 0
ij ij i;f
(4.38)
(4 .36bis)
Substituting equation (4.38) into equation (4.36)
du =
kl
(4.39)
To complete the flow rule,
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0f (o±, ra± .)
de?. = X  iJ— i-L. , . X > 0 (4.40)
13 do..
ID
the quantity X is computed from the assumption (Ziegler, 1959) 
that the plastic strain vector cde?.. shown in figure 4.2b is 
the projection of d o ^  (and thus of dcu^) on the exterior nor 
mal to the loading surface at the instantaneous stress state. 
Thus,
t* A P X df n (4.41)(do. .-cdef.)  ---- = 0
13 13 do.'.
ij
and from (4.40)
Of/ao..). do± .
X = -  — ---- ±3--------------------------------- (4.42)c
and the flow rule becomes
1.(-df/ao..).(&f/3o. 1.)dok.1 ' 
def. = ■! — H --------  —  (4.43)
(H-) (H-)\ mn / \ mn /
As an illustration of seme of the concepts of isotopic 
and kinematic hardening the von Mises initial yield condition 
(section 4.4) is adopted in the form
F = f-Cp = 0 (4.44)
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where Cg represents, for initial yielding, Og//T, with O q 
equal the yield stress in uniaxial tensile test. The form 
of the function f varies depending on the work-hardening 
rule considered.
..Assuming the associated flow rule to be valid, the 
general equations tor-determining the plastic stress-strain 
relations for any yield criterion can be written in the 
following form (Drucker, 1950; 1952)
de?. = G I?—  ^ — do., (4.45)
1 3  3oij d°kl kl
where the loading function f and the scalar G may depend
upon stress, strain and history of loading. Equation (4.45)
also follows (for isotopic plastic deformation) from equation
(1), p. 50, of Hill's book, by substituting df = —  da, ,
^ VI
(Naghdi, 1960).
For isotropic hardening and initial yielding
f=J2=l  sijsij (4-46)
where s^ . is the stress deviator given by
s. ,=o. ~  s • • (4.47)
1 3  1 3  3 kk 1 3
Equation (4.44) renains valid for subsequent yield
2surfaces, except that-tCg represents the maximum value of 
J2 attained at the yield during the previous loading his­
tory. Noting that
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9f _ c ,T _ 9f . ■
-» S i • Cl U r\ *“ Q Q* *idot . 1] 2 3akl kl
we obtain from equation (4.45)
d e ^  = G(J2 )si;jdJ 2 (4.48)
Applying equation (4.48) to the uniaxial test, where
a11_ax_a' sx_3°' sy 3°' sz 3°
P P t t 2 2_j 2J2da ^
ex=e ' J2=3° ' 2=3°t^a= a ' H = J ^  (4‘49)ae
leads to the following relation
G(J2)=4iTj^ (4-50)
By substituting equation (4.50) into equation (4.48) one gets
deij= sijd J 2  (4-51)
which is identical to the classical Prandtl-Reuss equations 
(Hill, 1950) .
For kinematic hardening, following Ziegler* s (1959) m o ­
dification of the Prager*s kinematic hardening rule, the sub­
sequent yield surface (load surface) can be expressed in the 
following form
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F=f—C? = 0  (4.52)
where
and
£4 sijsij (4-53>
Sij=(oij-aij)- J (Okk'Vn^ij (4.54)
and a . . is the yield surface shift tensor in total stress 
13 2
space. In accordance with Ziegler1s modification of Prager*s 
rule the load surface translates in the direction of the ra­
dius vector connecting the center of the load surface of 
the previous state to the stress point on the previous load 
surface. This results in equation (4.38)
da. . = (a. .-a. .) du (4.38bis)
1 J J- J -L J
where du is a positive scalar determined from the condition
that the stress point must remain on the load surface during
plastic flow.
Quantity G is computed from equation (4.41). Substi­
tuting equation (4.45) into equation (4.41) yields
G = 1 / { c i § -  f f r ^ )  <4 - 55>\ mn mn / 
and again equation (4.43)
(df/9a. ..) (df/9a..) da..
de?. =  v.v-rjP— t— —  (4.43bis)
c(df/dam n ) Wf/d°m D )
Constant c is evaluated by applying equation (4.43) to the 
uniaxial tensile test. Equation (4.43) for the uniaxial case 
gives
c=| h ' (4.56)
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Substituting equation (4.56) into equation (4.43) and
' 0 f
noting that =;---  = S. . one obtains the plastic strain inc-
rements
dei i = — ^ —  siiskidaki (4-57)4 (C A) H* -1
4;. 3.3.3 Work-Hard ening Moduli
In addition to the isotropic and kinematic hardening 
rules, other hardening rules have been advanced. A more rea­
listic model of hardening is obtained if the rules of isot­
ropic and kinematic hardening are combined. A model of com­
bined kinematic and isotropic hardening in which the subse­
quent yield surfaces expand and translate simultaneously was 
presented by Hodge (1957) in a discussion of Prager1 s (1956) 
paper. With this rule of combined hardening different degrees 
of Bauschinger effect can be simulated. A theory that combines 
isotropic and kinematic hardening can be expressed by the fol­
lowing relation
f (a. .-a. .) = F (X) (4.58)ij ij
where a. . denotes the translation of the initial yield sur- 
face and F(A) is a measure of its expansion; X is here a sca­
lar parameter monotonically increasing during plastic defor­
mation. The general form of the yield surface of equation 
(4.58) allows the treatment of both isotropic and kinematic 
hardening. When F(A) constant the case of kinematic hardening, 
equation (4.32), is obtained; if there is no translation, 
a^j=0, and.F(l) is a monotonically increasing function, isot­
ropic hardening occurs.
V *
In order to describe better the behaviour of metals 
under cyclic loading conditions, Mroz (1967,1969) introduced 
the notion of a ’’field of work-hardening moduli" and the va-
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riation of this field in the course of plastic deformation.
According to Mroz the non-linear uniaxial stress-strain curve
of an initially isotropic material is approximated by n
linear segments of constant tangent moduli E 2 '  En
(or constant plastic moduli E^, E^,..... when elastic terms
are subtracted) as shown in figure 4.3. In stress space this
approximation can be represented by n hyper surf aces fQjf ^ • • -fn
where fn is the initial yield surface and f„,f-..-. .f define 
0 J 1 ' 2 n
regions of constant work-hardening moduli. Figure 4.4a illus­
trates this hypersurfaces in the o^,o^ plane for an initially 
isotropic material. Each segment of figure 4.3 is related in 
the stress space to a separate yield surface which for simp­
licity is schematically represented by a cicle. In the ini­
tial stage, all circles are concentric and enclose the origin 
as in figure 4.4a. However, for representing materials with 
different tension-compression properties, not all circles 
should be concentric.
Considering proportional loading in the a^ direction, 
corresponding to a in figure 4.3, and assuming that all surfa­
ces are allowed to translate in the stress space without chan-• 
ging their size or orientation, then when the stress state 
reaches point A on figure 4.3 the circle fg will translate un­
til it contacts the circle f^ at the stress corresponding to 
B. All other circles remain fixed during this period. The cir­
cles fg and f^ translate together until point C in now reached, 
where now fg, f^ and f^ are attached at a common point of con­
tract. The condition of the yield surfaces after reaching point 
C is shown in figure 4.4b. Beyond elastic unloading the reverse 
plastic flow starts when the stress point reaches E and the cir­
cle fg translates downwards along the a^ axis until it reaches 
the circle f^ at F. Mroz further proposed that the curve of 
reverse loading in figure 4.3 joins the curve OA'B'G that is 
obtained by symmetry with respect to the origin from OABC. If 
o=f(e) denotes the equation of the curve for primary loading, 
then the corresponding equation of the curve CEFG at a new
oFIG. 4.3 REPRESENTATION OF TYPICAL CYCLIC STRESS-STRAIN
CURVE BY CONSTANT TANGENT MODULI
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coordinate system (a,e) with the origin at C will be given 
by
\ o  = f (1/2 e) (4.59)
Thus, for cyclic steady state the Bauschinger effect of the 
so-called Masing type exists, and the material cyclic beha­
viour is uniguely defined by the experimental data of mono- 
tonic uniaxial loading condition.
In the generalization of this model to non-propotio-
nal loading it is assumed that the surfaces .... do
not intersect but consecutively contact and push each other.
The further generalization of the theory of work-hardening 
moduli is associated by assuming that, besides a translation, 
the surfaces of constant work-hardening moduli are allowed 
to expand or contract. Thus the hyper surf aces f are not con­
stants but functions of a scalar parameter monotonically inc­
reasing in the course of plastic flow. One suggestion for the 
scalar is presented by Mroz (1969) .
4.4 SIMPLE ELASTIC-PERFECTLY PLASTIC NONFRTCTIONAL MODELS
According to Tresca theory, yielding will occur when the •
maximum shear stress redeyes the value of the maximum shear stress
occuring under simple tension. The maximum shear stress is given
1 -1
by the maximum of ±2 a^i“a 3 '^ ±2 "^ a2 "”a3 '^ ±(<^-0 ^), i.e. half the 
difference between the maximum and minimum principal stresses. 
Therefore, for simple tension, since a^=o^r o2 =o3 =0, the maximum 
shear stress at yield . is where Oq denotes the yield stress
in simple tension. Consequently, yielding will occur when anyone 
of the following relations is satisfied
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a 1 - ° 2 = ± a 0
°2-a3 = ±a 0 (4.60)
°3-°1 = ±aQ
If a w e r e  known to be the. largest and the smallest prin­
cipal stress and k as usually denotes the yield stress in pure 
shear (a,j=+k, a ^ - k ^ t h e  Tresca criterion predicts yielding
to occur when
J  (O/j—o 2 ) = \  (k+k) = k = ~aQ (4.61)
or
k = (4.62)
i.e. the yield stress in pure shear is a half of the yield stress 
in pure tension.
The major difficulty associated with the Tresca criterion lies 
in the need to know beforehand which are the maximum and minimum 
principal stresses. Only in cases we do know the relative magni­
tude of the principal stresses it can be put in the simple form
<Xj -a^ = " s 3 ~ (4.63)
More generally, yielding is ensured when one of. the differences 
(S.J-S2 ), , (s-j-s^  ) has the absolute value 2k. This can be
expressed mathematically as
[<s2 -s3 )2 -4k2] [(s3-Sl )2 -4k2] j^ (Sl-s2 )2 -4k2l = 0 (4.64)
In terms of the invariants of the stress deviator J 2 rJ3 
equation (4.64) can be written as
F=4J2“27j|-36k2J2+96k4J 2-64k6=0 (4.65)
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after a considerable amount of algebraic manipulation.
Undrained loading processes are of paramount importance in 
the analysis of foundations on clay. The assumption of no dissi­
pation of: excess pore pressures at the end of construction is 
usually accepted as a basis for safe design of structures, 
regarding both deformations under predicted loads and an adequate 
factor of safety to the failure of the ground. For the second 
point, short-term conditions are normally critical. Failure of 
undrained clay is more usually expressed in terms of the maximum 
shearing stress that the clay can support, that is clay strength 
is assumed to be controlled by the Tresca yield criterion, well 
known in metal plasticity. The Tresca yield criterion is valid only 
for saturated undrained soils, and it is thus applicable primarily 
to undrained loading of clays.
Such a simple elastic-perfectly plastic nonfrictional Tresca 
model and a finite difference technique was first applied by Hoeg 
et al. (1968) to analyse the undrained load-settlement relationship 
and bearing capacity for a strip footing on homogeneous saturated 
clay. The numerical analysis illustrated how the yielding under 
the footing was initiated, how the contained yielded zone expanded 
and the settlements accrued, and how the load-settlement curve 
asymptomatically approached the Prandtl ultimate load. Hoeg et 
al. further demonstrated that for such a situation, the initial 
state of stress in the ground does not affect the ultimate bearing 
capacity, but clearly, the load required to initiate first yield 
and the shape of the load-settlement curve depend on the initial 
stress conditions' in the soil. Fernandez and Christian (1971) 
employed the elastic-plastic Tresca model and the finite element 
method to study the behaviour of a strip footing,bearing on 
undrained clay where both material and geometric non-linearities 
were included in the formulation. D'Appolonia et al. (1971) used 
finite element analyses and an elastic-perfectly plastic soil 
yielding according to the Tresca criterion to investigate the 
influence of local yielding on undrained settlements and developed
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chart solutions for incorporating its effect.
An alternative yield function often utilized in metal plasti­
city is the so-called Von Mises nonfrictional yield criterion 
which in some cases more readily lends itself to mathematical 
manipulation than does the Tresca criterion. Von Mises originally 
proposed this criterion because of mathematical convenience.
Hencky later reinterpreted it in terms of the distortion or shear 
strain energy; namely, yielding begins when the distortion energy 
equals the distortion energy in simple tension. It is also 
equivalent to assuming that yielding will occur when the octahedral 
shear stress reaches the octahedral shear stress at yield in simple 
tension. Usually, the criterion is expressed by stating that 
yielding will take place when the second invariant of the stress 
deviator, reaches a critical value C, that is
J 2- = I (o1 -o2 )2 +(a2 -a3 )2 +(a3 -al ) 2
= c 2 (4.66)
where C is a constant. As the yield criterion must obviously be 
valid for any stess system this constant can be easily found in 
terms of the yield stress in simple tension, Oq, or' in terms of 
the yield stress in simple shear, k. Considering the case of 
simple tension at the yield point (0 ^=0 ^, 0 2 =0 2 = 0 ), equation 
(4.66) gives
J 2 = I ° 0 = C 2  (4’67)
or
C = —  an (4.68)
✓3 0
In the case of pure shear (o^=k, 0 ^=^, o^-k) the value of C is 
found as
J2 = \ r(k-0)2+(-k)2+(-2k)^l = k2 = C 2 (4.69)
That is, the yield stress in pure shear is —  times the yield
/3
1 U/S
stress in simple tension. Thus, the Von Mises criterion predicts 
a pure shear yield, stress which is about 15 per:cent higher than 
predicted by - the Tresca. criterion, -and which can be shown to be 
the maximum difference between the two criteria.
Since J,; -y s.- . s equation (4 . 69) can be written in one
of the following forms expressing the Von Mises yield criterion 
for initial yielding
F = — s. . - — 0 (4.70)2
or
F = | s.js.. - a? = 0 (4.71)
2 ij ±3 0
If the Tresca and Von Mises criteria are given the same':
value of k they will coincide for a state of pure shear. In three- 
dimensional principal stress space the yield surface corresponding 
to the Mises criterion is a circular cylinder of radius /2k, whose 
axis is equally inclined to the three principal stress axes. The 
yield surface in this space corresponding to the Tresca criterion 
is a cylinder which circumscribes the Von Mises cylinder and
whose cross section is a regular hexagon. Projections in planes
parallel to one of the stress coordinate planes are ellipses 
and hexagons, respectively, as illustrated in figure 4.5.-If the 
Tresca and Von Mises yield criteria are given the saiue va.lue 
of Oq they will coincide for a state of pure tension. In this 
situation, the Von Mises cylinder of radius/—” will circum­
scribe the Tresca cylinder.
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CT:
2k
Tresca (hegagon)
Von M ises (ellipse)
FIG. 4.5 CROSS-SECTIONS OF VON MISES AND TRESCA YIELD 
SURFACES IN PRINCIPAL STRESS SPACE WITH PLANE 
z CONSTANT
105
4.5 ELASTO-PLASTIC STRESS - STRAIN RELATIONS
4.5.1 General Formulation of Stress-Strain Relations
The general expression of a yield function may be given
as
F({o}, k ) — 0 (4.72)
in which k is a hardening parameter which relates the expan­
sion and spatial position of the yield surface to the plastic 
history of the material. The changes in strain in the material 
/during an increment of load can be considered to consist of 
elastic and plastic components as
{de} = {de}e + {de}p (4.73)
where the elastic part is related to the stress increment by 
the elasticity matrix [d ] as
{de}e = [D] ~ 1 {da} (4.74)
It is assumed that there exists a plastic potential 
function, Q, from which the ratios of the components of plastic 
strain increment' may be derived. In the classical plasticity 
theory it is usually assumed that the plastic potential func­
tion coincides with the yield function. For soils however, the­
re is experimental evidence that the yield surface may not be 
the same as the plastic potential surface. The plastic poten­
tial function can be expressed as
Q = Q ({a}, k ) (4 .75)
and the plastic strain increments are then related to the gra­
dients of the plastic potential, Q, by the flow rule (normali­
ty rule)
{de}p = — ( (4.17bis)
|S{a}\
in which X is a proportionality constant, as yet undetermined,
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and the term||^j-|defines the outward normal to the plastic po­
tential surface. If we substitute equations ((4.74) and (4.17) 
to equation (4.7 3) the total incremental strain becomes
{de} = [D] 1 {da} + |
\d { a} )
(4.76)
While plastic deformation takes place, the stresses remain 
on the yield surface given by equation (4.72). Differentiating, 
we get
dF= 0=4 ^ — (T {da} + —  dK
(0 {a})
(4.77)
Letting
A= - k—  dK^- 0K X (4.78)
equation (4.77) becomes
0 J 3J L _ jT {da)- AX (4.79)
Premultiplying equation (4.76) by [d ] and solving for {do} gives
\ 0 Q{do} = [b] {de} - X[D]
( 0 {o}
(4.80)
0 F |Twhile premultiplying equation (4.76) by [d ] and then by | q{q'J 
gives
0 F
9{o}
jT M  We} = j 9f
0{o}
{da}+X |0F
>T
0 {a}
P>] dQ
(d {a}) 
(4.81)
If equation (4.79) is substituted into equation (4.81), we ea­
sily get an expression for X as
X = |T [D] {de}
(3{a} J
A+ jdF
T
(0{a}
[D]
dQ
0 {a}
-1
(4.82)
The expression for X from eq. (4.82) is substituted into eq. 
(4.80) to yield
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iaa}=
9ta}
A+ j —— | t [d ] | ^ —
|3{o}) l3{a} >-hPW(3(a))
or
{da}= [d ] {de} ep
{de} (4.83)
(4.83a)
where the elasto-plastic matrix, £d ] , is simply the expressionep
within the large brackets in equation (4.83). Associated plas­
ticity is defined by Q=F and the elasto-plastic matrix in this 
case is symmetric. When Q^F the plasticity is non-associated.
4.5^ Derivation of the Elastic-Perfectly Plastic Stress-Strain 
Relations for a Tresca Material
For elastic-perfectly plastic materials and associated 
plasticity (Q=F) equation (4.83) becomes
- m t k l i i k T w ' W ,
{!U Mfe}
(4.84)
F = 2
For plane strain, Tresca criterion may be written as
(4.85)- 2 s - = 0 xy uf
where su^ is the shear (peak) strength. On differentiation it 
will be found that
0F
3a x
3f_
0ai
3 f
3 T
a -a 
_x y
2 S  r  uf
a -a 
Y x
2 s (4.86)uf
4 t
xy 2 suf
that
(3F r i
Forming the product {0 foT~J ^  ^  can eas^ y  derived
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( 3F E
laToTj ^ _2 (1+v ) suf L~x ~y' ~y ~x' ~'yx-To -o t o -o , 2 x 1L v \r' \r v 1 w J (4.87)
Furthermore } [d] is found to have a simple expression
as follows 
T E
2 (1 +v) suf [»x-«
- a a  -a . 2x
E
4 (1+v) suf
2 (a -a )^+8x^\ x y xy 2— ^  8s24 (1+v) s
. 1 1
( o - o  1
1 X yj
la -a } 
1 Y I
xyj2 suf
\ 4x I ' xy
2E
1 +v (4.88)
uf
. T
Noting that [d] transpose of [D] we further get
M{|U
a -a 
Y__x
'xy
[o - o  o - o  1x .. y . y _x x
2 ? w  J2 xy
(4.89)
The R.H.S. of equation (4.89) becomes after multiplication of the 
vectors
2 , x2
< & )  -(==?) f & b  
( i ? ) 2
Symmetric
xy
2
'xy
(4.90)
and the plastic matrix [d J^ is written using eqs. (4.88) and 
(4.89) as
T
luy
E
2 (1 +v) suf
( ^ ? ) 2 - ( ^ ? ) 2 
m 2 (^ )
Symmetric
xy
xy
.2
xy
(4.91)
The elasto-plastic matrix [d] ^  then becomes
k+|g --|-
' S ruf uf 2 'Uf
(^)
uf
k 4 g--|
S r:uf
Symmetric
_ G T 
G - —  xy
suf
(4.92)
where [d ] is the elastic matrix for plane strain given by equa­
tion (4.8). The complete elasto-plastic stress-strain relations 
for perfect plasticity for a Tresca soil under plane strain con­
ditions are given by
dax
da )= [d ] y L J ep
\dTxy'
de \ x
de
idy a\ »Xy/
(4.93)
where [d ] is the elasto-plastic matrix given by equation (4.92). 
^P
These elasto-plastic stress-strain relations formed the basis of 
the finite element formulation in the present work. The elasto- 
plastic stress-strain relations for a work-hardening Von Mises ma­
terial are derived in Appendix A.
4.5.3 Determination of Parameter "A11 for a Von Mises Material
The plastic stress-strain relations for a work-hardening 
material may be evaluated only if the parameter A, defined in
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equation (4.7 8) is known. For an elastic-perfectly plastic mate­
rial the parameter. A, is simply zero. For a Von Mises material with 
an associated flow rule its yield surface may be given by
F = (-| s^ j, - Q 0 (k) = o -Oq(k) = 0 (4.94)
where the function cJq (k ) is the yield stress function which 
is obtained from the uni-axial experimental data. The terms 
a and e*5 are the equivalent stress and the equivalent plastic 
strain defined by
5 = (| Sij sij)1/2 =(3J2)1/2 (4 . 24bis)
and ep=/deP / deP= (\ de?. d e ? . ) ^ 2 (4.25bis)
•J
If the normality rule is employed then
de?j = X ~ —  (4.95)
iJ 9ai;j
where T
■ t o  4 * 3 !±i ,
Saij 2 3aij 2 5
Substituting eqs. (4.95) and (4.96) into equation (4.25) gives 
dep = (f. dep dep .)1/2= X (4.97)
^ 1 J J- J
According to the work and strain hardening hypotheses discus­
sed in section 4.3.3.1 k is defined respectively as
dx^ =a. .-'de?. or die0 = de*5 (4.98)1 2
Leading to identical results for the Von Mises material. The 
parameter A given by equation (4.78) becomes for a Von Mises 
material
1 . r don (K) don (K) ,-
A = — — ^  dK= 1 0 . - — ^---- = ^ -  =H' (4.99)
X 8 k X ’ de*5 de*5
Ill
where H' is the slope of a particular point on the uniaxial
In general, the relation between effective stress and 
effective strain may be established by means of a uniaxial 
test. If data from a uniaxial test are used to define the plas­
tic modulus Hr, it can be shown that
Hr Et E
where E^ is the tangent modulus (elasto-plastic) and E is the 
elastic Young's modulus. This is shown in figure 4.6 where a 
linear work-hardening idealization is assumed.
It must be noted that the result A=Hf- derived above holds 
only if the Von Mises criterion is written in the form of equa­
tion (4.94) .
4.5.4 The Parameter "A" for a Tresca Material
For a work-hardening material the yield stress Oq is not 
constant but a function Oq^ k ) of the plastic history of the ma­
terial. From a stress-strain curve of a uniaxial test, a plot 
of Oq (k ) versus the plastic component of strain may easily 
be constructed. It is convenient to take the plastic work as 
a hardening parameter, i.e.
by H 1. The yield function F for a Tresca material with work-har­
dening (plane strain case), may then be written
curve a versus the effective plastic strain .
1 1 1 (4.100)
(4.101 )
which is recognized as the area under the on (k )-s^ curve. The
slope at any point on the Oq (k) -s^5 curve daQ(K)/de^ is denoted
2
(4.102)
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Et=PLde
dr-d?Vdep-dg +d5-
rf-fi' lL  h/
" d e P ~ ± _ l
or . Et *
da
deP
FIG. 4.6 DETERMINATION OF H'FROM THE CURVE a VERSUS E
113
It may be observed from this equation that
-8f dao(K) (4.103)
0 K dK 
From the aQ (k) - curve
dK = aQ(K)de^ (4.104)
Substituting equation (4.104) into (4.103) gives
-S)p M  1
^ -  = — 2:---  — ---  (4.105)
0 k dep Qq (k )
d°Q (k)
which from the definition of ------  = Hr becomes
de^
= H' 1 , . (4.106)
0 K Oq (K)
An increment of plastic work may be calculated from equation 
(4.101 ) as
dK=a ds^+a de^+i or dK={a}T d{e}^ (4.107)x x y y xy' xy
which on substitution of the flow rule yields
dK = { f f a j }  (4 - 108)
Substituting equations (4.106) and (4.108) in the equation 
(4.78) defining the parameter A
» - r W  <4-10s)
But
I — rl= — 7— r To -o o -o 4i 1 (4.110)\ 3 {a} J Oq (k) L x y y x xyJ
114
Therefore
It should be emphasized that the result A=Hr derived
above for a Tresca material applies if and only if the Tresca 
yield criterion is expressed in the form given in equation
(4.102). Obviously this yield criterion may be written in other 
equivalent forms in which case it will be found that A is pro­
portional to H r and the constant of proportionality of the form 
under consideration must be derived.
In general for isotropic hardening the subsequent yield 
surfaces may be written as
where the rate of expansion of the yield surface is governed 
by the function oQ (k ) and k is related to the plastic strain 
history of the material. Employing the work-hardening hypothe­
sis then
Recalling the definition of A from equation (4.78) and 
using equation (4 .1 1 2 )
F=f(oij) - oQ (k )= g -o0 (k )=0 (4.112)
(4.1 0 1 bis)
and
(4.113)
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where H' is the slope of the curve relating the uniaxial stress 
O q (k ) and the uniaxial plastic strain For an associated flow 
rule
dK=on (K).de^=a. . de?.=Xa. . ~ —  = X o . . —  (4.114)
0 u 1 3 1 3 1 3  3o±j 1 3 8ai;.
Recalling Euler's theorem for homogeneous functions f
3f(If n being the degree of f, then a. . -5---- = nf) of order one,then
1 3 dO± .
it can be written
°ij l § 7 T =  = ° o (K) (4’115)
J 13
Substituting equation (4.115) into equations (4.114) and (4.113) 
then
X = de|: and A=H' (4.116)
as has been shown by Nayak. and Zienkiewicz (1972b) .
4.6 DRUCKER'S POSTULATE
Work-hardening in simple tension is represented by a 
monotonically increasing stress-strain curve. Drucker (1952,
1956, 1959) extended this concept for general stress state and 
loading paths by considering the work done by an external agen­
cy which slowly applies an additional set of stresses to the 
already stressed material and then slowly removes the added set. 
This external agency is entirely separate and distinct from 
the agency causing the initially existing state of stress. The 
original configuration may or may not be restored after the cyc­
le, but the stress is returned to the initial equilibrium value. 
According to Drucker a stable work-hardening material is defined 
to be one that for all such added set of stresses it remains in 
equilibrium and further that:
(.1 ) positive work is done by the external agency during
the application of the added set of stress and
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(2 ) during»the complete cycle of additional loading 
and unloading the additional stresses do positive 
work if plastic strains are produced. For a work- 
hardening material, the work will be zero only 
when the changes in strain are purely elastic.
Rephrased, Drucker*s definition of work hardening means
that useful net energy over and above the elastic energy cannot 
be extracted from the material and the system of forces acting 
on it. Furthermore, energy must be put in if plastic deformation 
is to take place.
The above requirements (1) and (2) led to the following 
important inequalities
where a^  is a stress state on the yield surface, o^j is any 
other state inside or on the surface, and d o . . is a stress inc- 
rement from the given state o^j producing the plastic strain 
increment de?^. The inequality (4.117a) has been called the prin­
ciple of "maximum plastic work” by Bishop and Hill (1951) who 
derived it for single crystals that deform plastically by slip 
and applied the statistical averaging process to extend its vali­
dity for a polycrystalline aggregate.
holds only for neutral loading. Inequality (4.117a) is called 
the condition of "stability in the large” whilst (4.117b) as­
sures stability in the small. The conditions (4.117a) and (4.117b) 
which are consequences of Drucker1s postulate lead to important 
conclusions regarding the convexity of the loading surface and 
the necessity of the associated flow rule. It can be shown by
(4.117a)
(4.117b)
*
The equality sign in equations (4.117a) and (4.117b)
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means of equation (4.117a) that the yield surface and all sub­
sequent loading surf aces, must be convex. In addition, equation 
(4.117a) or (4.117b) implies that the plastic strain increment 
must be normal to the loading surface at a smooth (regular) point, 
and it must lie between adjacent normals to the loading surface 
at a corner of the surface. Consequently, it follows from ineq­
ualities (4.117) that the yield function is a plastic potential 
function, with the additional requirement for convexity of the 
yield surface. Furthermore, inequalities (4.117) imply harde­
ning of perfect plasticity.
Drucker*s postulate seems to be too narrow a restriction 
for a general treatment of elasto-plastic materials. The work 
of several investigators have suggested that it may be possible 
to violate the foregoing conditions (4.117a) and (4.117b) in 
certain cases without destroying the stability of the model.
Mroz (1963) proposed the use of non-associated flow rules and 
proved unigueness and stability of the solution. He reached the 
conclusion that the yield surface does not need to be convex and 
that Drucker*s postulate is not a necessary condition for stabi­
lity and uniqueness. Mandel (1964) proved that Drucker*s postu­
late is a sufficient condition for stability and ensures unique­
ness in dynamic as well as static problems, but it not a necessa­
ry condition. He demonstrated that frictional systems can be 
stable ”in the large” and ”in the small" while violating Drucker*s 
postulate.
As strain softening flow laws violate Drucker*s postu­
late questions may arise concerning uniqueness and stability.
The problems associated with unstable materials have been stu­
died by Palmer, Maier and Drucker (1966) who have shown that 
convexity of yield surface and normality are properties not 
only of stable materials but also of a certain class of unstab­
le materials. Prevost and Hoeg (1975a) have shown how unique­
ness can still be ensured in strain softening behaviour of soils
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by restraining the relative magnitude of the rate of strain- 
softening with respect to the recoverable energy of the mate­
rial. Moreover, this condition ensured an overall softening 
of the material.
The Classical theories of plasticity have been derived 
for a single;point within the continuum, totally unsupported 
by adjoining elements. Hence the capacity of the element to 
withstand the state of stress without collapse depends on the 
material properties of this unsupported particle. The basis 
of this need to maintain stability has resulted in Drucker*s 
postulate and its important implications. If the entire volume 
is looked at instead of merely considering a single unsupported 
point, then various zones within the continuum can soften and 
thus violate Drucker*s postulate without the entire continum 
becoming unstable, provided that the non-softening regions can 
provide the required structural integrity.
Thus, as it has been pointed out by Hoeg (1973) in his 
finite element analysis of the bearing capacity problem in a 
strain-softening soil no collapse or instability arises when 
one element yields because several elements frame into the same 
nodal point. Hoeg further concluded that "Instability will not 
occur until the incremental energy released from the zone of 
confined, strain softening plastic flow is larger than what can 
be absorded by the adjoining elements without creating a kinema­
tically possible bearing capacity failure mechanism". A strain 
softening member or element, therefore, will never be stable alone, 
unless it is part of a stable structure whose some other compo­
nents are in their pre-peak strength state and can support the 
redistributed excess stress shed by the softening member.
4.7 METHODS, CF TREATING MATERIAL NONLINEARITY
4.7.1 Basic Techniques
For a linear elastic material the relationship (4.7)
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may be written in the following general form
{a} = [D] ({e}-{e"}) + {a"} (4.118)
where [d] is the elasticity matrix and {e"} and {oT'} are ini­
tial strains and stresses respectively. For a nonlinear mate­
rial, on the other hand, a stress-or strain-level dependent re­
lation
f({a}/ {e})= 0 (4.119)
applies.
If by successive adjustments of either the basic elas­
ticity matrix [b] or the initial stress matrix {ar'} or the 
initial strain matrix {e"}, equation (4.118) can be made to 
yield identical values of stress and strain to equation (4.119) 
then a solution to the nonlinear problem has been obtained. 
Clearly a process of successive iterations must be adopted.
In plasticity problems, equation (4.119) is usually 
formulated in its incremental form which can be written as
{do} = [D] {de} (4.83a bis)ep
where [p] ■ is the elasto-plastic matrix analogous to the elasti
city matrix [d ] . An incremental loading approach must be gene­
rally used for the analysis in the plastic range of the mate­
rial behaviour, with iterations performed at each load increment
There are essentialy two main techniques for the solu­
tion of nonlinear problems in plasticity, depending on which 
parameters in equation (4.118) are adjusted to achieve coinci­
dence with equation (4.119). These are
a) the variable stiffness method, in which the elasticity mat­
rix [d ] is adjusted, and
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b) the constant stiffness methods, in which [b] is unaltered
and the initial stresses or strains are adjusted.
In method (a) the load is applied incrementally and the 
overall stiffness matrix [K0] has to be reformed and new load- 
displacement equations must be resolved for each iteration 
within an increment. Unless there is rapid convergence this 
can be very time consuming. The constant stiffness methods (b), 
however, are economical since the original stiffness matrix of 
the structure is not usually changed during the analysis. The 
load is again applied incrementally and [k ] is only altered 
when the geometry is changed, for instance when a new lift is 
applied to a built-up embankment.
Initial strain approaches are based on adjustment of the 
initial strain matrix {e,r}. These methods are useful when stress 
level cannot be uniquely specified in termes of strains which 
is the basis of "initial stress” procedures. Instead it may be 
possible to specify increments of strain or strain level in terms 
of stresses. The strains corresponding to the actual stress- 
strain curve relationship are compared in a-load increment to 
the elastic strains and the difference is suitably adjusted in 
order#to maintain equilibrium*A serious*shortcoming of the ini­
tial strain approach is that it breaks down for perfectly plastic 
materials because the strains in this case cannot be uniquely 
determined for prescribed stress levels. As opposed to the ini­
tial strain method the initial stress method can be applied to 
materials with zero or small strain hardening since for any sta­
te of strain, the state of stress is uniquely defined. Marcal 
(1969) showed that the equations for the initial strain method 
can be derived from those of the variable stiffness method.
The effectiveness of var-iable and constant stiffness met­
hods has been compared by a number of authors (e.g. Havner,1968; 
Marcal, 1968; Zienkiewicz et al, 1969 and Whang, 1969), and the
main conclusion to be drawn from these studies is that the 
most efficient solution technique depends upon the problem con­
cerned and also, presumably, upon how efficient the computer 
program coding is made. However, in practice it is to be expec­
ted that the optimum economy can be obtained by a judicious com­
bination of both constant and variable stiffness aproaches. It 
was felt, however, that the variable stiffness method would 
be inapropriate for the present work because of the large num­
ber of loading steps required for the solution and also because 
of strain softening which would produce non-positive definite 
and numerically unstable matrix, after plastic failure has 
occurred. Also the initial strain method was rejected because 
it would not cope with perfectly plastic materials or strain- 
softening ones.
4.7.2 Initial Stress Method
This is governed-by equation (4.83a) and (4.118) in their 
incremental form, and including no initial strains.The equations 
become
By adjusting the initial stress vector {do"} in equation (4.118) 
coincidence with equation (4.83a) is obtained.
the problem is first solved on the basis of linear elasticity 
using the original [d ] matrix to determine for every element inc­
rements of strain {de} and of stress
{da} = [D]ep {de}
» * 
{dol = D{d £} + {daTf}
(4.83a bis)
(4.118 bis)
At the initial stress method during an increment of load.
{do'} = [D] {de} (4.120)
If the element under consideration is in the elastic ran­
ge these stresses are correct. If the element has yielded, then
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the increment of stress found for the strain increment will 
not be correct due to the nonlinear relationship. The actual 
stresses should have been given by equation (4.83a)
{da} =[d ] .{de} (4.83 a)
A set of nodal "body forces” {dR} are computed which
equilibrate the initial stresses,
{do"}= {da'} - {da} = ( [d ] - [d ] ) (de> (4.121)
ep
required to bring equations (4.118) and (4.83a) into coincidence, 
such that
(dR} = /[b ]T {do”} dvol (4.122)
vol
and these are added to the incremental load vector. By allowing, 
the continuum to deform elastically under the new system of loads, 
new strain and stress increments are calculatedwhich will again 
generate new initial stresses and require the application of 
equilibrating body forces. The redistribution of these forces 
continues until convergence is reached, that is until {dR} be­
comes constant. During the whole procedure the overall stiffness 
matrix [K ] is unchanged and thus has to be reduced only once.
The procedure suggested by Zienkiewicz et al. (1969) was 
similar to that described above except that having calculated 
a residual load vector from {da"} , they did not' add this to 
the incremental load vector. Convergence was assumed to have 
been obtained when the body forces resulting from the computed 
initial stresses became negligible.
The choice between the method described above and that 
suggested by Zienkiewicz et al, (1 969) depends mainly on the 
organization of the computational technique to be used. In this 
work a displacement control, method was adopted in which the
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total displacements are required to be calculated for each 
loading step. Consequently the former method was found to be 
the only method which is suitable as a part of the displace­
ment control method .
4.8 SIMPLIFIED ELftSTIC-PERFECTLY PLASTIC FRICTIONAL MODELS
The most widely used theory of soil strength is the Mohr- 
Coulomb yield theory which may be expressed by the following 
equation:
s = c+otanf (4.123)
in which s is the shear strength or the shear stress on the 
failure plane,a is the normal stress at failure on the failure 
plane, c is the cohesion and 4> the angle of iternal friction.
The parameters c and are called "total" stress parameters.
From the principle of effective stress, which states that changes 
of shearing resistance (i.e. changes of s at failure) are due 
exclusively to changes in the effective stress, eq. (4.123) is 
modified to take account of the principle of effective stress, 
thu s:
s = cr to'tan^' (4.124)
in which o'(=o-u) is the effective normal stress on the failure 
plane when the pore water pressure is u;c'and are the effective 
stress parameters of shear strength. Equation (4.124) is also 
referred to as Terzaghi-Coulomb equation since it is based on 
the principle of effective stress discovered by Terzaghi. Equa­
tion (4.124) can be represented by two straight lines on the 
Mohr's diagram of figure 4.7 where the normal stress o'and the 
shear stress i are used as coordinates. In figure 4.7 the stresses 
(or,T) acting at a point in the soil on any plane parallel to the 
second principal effective stress direction lie on the stress
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FIG. 4.7 MOHR’S REPRESENTATION OF STRESS AND THE 
COULOMB YIELD CRITERION
FIG. 4 .8  RELATIONSHIP BETWEEN PRINCIPAL EFFECTIVE 
STRESSES AT FAILURE
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circle which passes through the points (o!j,0 ) , (0 ^,0 ), and
which has its center on the a-axis. Similarly, the stress 
circle through the stress points (ojj,0 ), (a^o) and the circle 
through (o^/O), (o^/O) represent states of stress acting on
planes parallel to the third and first principal stress direc­
tions respectively. The two straight lines are usually termed 
the Mohr-Coulomb failure envelopes. If a state of stress o^, 
o^r <23 is such that the Mohr circles lie within the wedge-shaped 
region, the soil remains in the linear elastic region. Plastic 
flow occurs when the largest of the circles touches the two 
straight lines.
There are certain geometrical relationships which must 
apply if the soil is at failure. If we have a situation where 
a 1>a2>a3' t*1011 Mohr-Coulomb yield criterion may be written 
as
°\ ~a3 = 2ccos(J>r + (a^+a^) sin<f>r (4.126)
This is illustrated in figure 4.8 which shows a Mohr*s circle 
at failure. Equation (4.126) can be rewritten as
a{ = a^tan2 (45+^ -) + 2c'(45+^) (4.127)
which expresses the maximum principal stress oj at failure in 
terms of the minimum principal stress cr^at failure. The third 
principal stress, the intermediate principal stress o', does 
not appear in equations (4.126) or (4.127) or on the Mohr's diag­
ram of figure 4.8. Therefore, the influence of the intermediate
principal stress is not considered in the Mohr-Coulomb criterion.
Most of the early work on plasticity theory in soil 
which forms the basis for bearing-capacity . and slope-stabi- 
lity theories assumed that the classical two-dimensional Mohr- 
Coulomb strength relationship may be considered to be a yield
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criterion. The Mohr-Coulomb yield surface in three-dimensional 
representation in the space of the principal stresses, is a 
hexagonal pyramid, fig. 4.9a, with the space diagonal o^c^cj^ 
as axis and the apex lying at the point ‘o ^ c ^ ^ ^ - c c o t ^  • ^or a 
cohesionless material c=0 , the vertex of the pyramid is at the 
origin. (Here effective stresses and effective stress parameters 
are implied unless otherwise stated) . The determination of the 
critical plane on which plastic flow occurs requires the consi­
deration of the relative magnitude of the three principal stresses. 
The section of the pyramid with the plane o^+o^+cj^O (ti-plane 
or deviatoric plane) is an irregular hexagon as is shown in fig.
4.10. The irregularity is a result of differing yield stresses 
in tension and compression.
Tresca*s yield criterion, which applies to ductile metals 
may be considered as a particular case of the Mohr-Coulcmb cri­
terion where there is no internal friction. Thus, the Tresca 
yield criterion for metals is equivalent to Coulomb*s criterion 
for soils in which $ = 0  and c=k, where k is the yield stress in 
shear for metals. The terms "Tresca material” and cohesive soil" 
have often been used interchangeably in soil plasticity.
On the basis of the Tresca criterion for metals, Drucker 
(1953) proposed a modified Tresca criterion appropriate for the 
general treatment of three-dimensional problems of soils. This 
extended Tresca yield criterion is dependent, like the Coulomb 
criterion, on the mean normal stress. In contrast to the irregu­
lar hexagonal pyramid of Coulomb, the modified Tresca*s yield 
criterion defines a right hexagonal pyramid in principal stress 
space having a regular hexagonal projection(which lies well 
within the Coulomb hexagon) on the deviatoric plane as can be 
seen in fig. 4.10. For the case of plane strain, an appropria­
tely chosen value of the material parameters will reduce the 
extended Tresca criterion to the Mohr-Coulomb condition.
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F I G .  4.9a MOHR-COULOMB YIELD SURFACE IN PRINCIPAL 
STRESS SPACE
FIG. 4.9b D R U C K E R - P R A G E R  YIELD S U R F A C E
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Drucker-Prager
Extended Tresca 
Coulomb
°3
FIG.4,10 VARIOUS YIELD CRITERIA PROJECTED ON DEVIATORIC 
PLANE (s-PLANE)
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An extension of the Von Mises criterion which included the 
hydrostatic component of the stress tensor has been presented in 
a mathematically convenient: form by Drucker and Prager (1952).
The yield surface of the extended Von Mises criterion in prin­
cipal stress space is a right circular cone (Fig. 4.9b) the axis 
of which is on the space diagonal for a> 0 , and is identical to 
Von Mises for a=0 (a is defined below);. The yield function used 
by Drucker and Prager to describe this cone in applying the limit 
theorems to perfectly plastic soils has the form
f = - a l ^ + j y 2- K = 0 (4.128)
where a and K are positive parameters and 1^ and are the first
stress invariant and the second invariant of the stress deviator,
. 1
i.e., J 2=J sijsij* T^e intersect;*-on th© deviatoric
plane with the Drucker-Prager cone is a circle as shown in fig.
4.10.
The plastic strain rates in the case of the Drucker-Prager 
yield surface (4.128) are obtained on the basis of the associated 
flow rule of plasticity as
feP =X =X (- a + 1 j;1/2 x 1 )
ID 8 cj. . \ do. . 2' 2 do../ \ l] 2 T1 / 2 /
!D ID ID J 2
(4.129)
In this equation X is a factor of proportionality and 
represents the plastic strain increment. Although the dot con­
notes a time derivative (or rate) and this term is often called 
the strain rate, it is not really a rate because no time deri­
vative is involved. It is instead a differential increment.
,P ^
xz
to zero. Therefore, from equation (4.129)
In the case of plane strain e , and y are reducedz  yz
ep = 0 = -Xcl + Xs — 1— - (4.130)
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or
Thus
s =  2 a j l / 2  z 2
ri = I (ax+ay ) + 3a 'j12 / 2
(4.131)
(4.132)
Also
= h  f ax '° ) (a. -a ) (ay y z 7 v z
.2] 
" V  J + Txy
' 1 • / 2 . 2 . 2 . ^ 2= . (s +S +S ) + T
2 x y z 7 xy 1 (s2+s2) + 1 s2+t22 x y 7 2 z xy
(s -s ) (s +s ^x y 7 v x y
1 9  9 1 9 '9 9 2
+ 4-sz-KT = 4-(a.- -a )• +az«J0 + 2d zJ 0+T 2 z xy 4 x y 2 2 xy
(4.133)
in virtue of (4.131) . Finally
2
+Txyj (1-3CX2)-1 (4.134)
Substituting equations (4.132) and (4.134) into the yield cri­
terion, eq.-(4.128)
f = -3a °X2°Y + (1 -3a2) j / 2= K
or
2 "11/2
2 I  K 3a
(1-3a2 ) 1 / 2  (1-3a2 ) 1 / 2
(4.135)
a +a 
X 2 Y (4.136)
The Mohr-Coulcmb yield condition can be expressed in the following 
form
o-o_X VR = ccos(|) + — sint|)
where
R
- [(*?)’ * -2x y J
1 / 2
(4.137)
(4.138)
The parameters of equation (4.128) can then be related 
to those of equation (4.137). Equations (4.136) and (4.137)
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are similar if we substitute the following values
sin t = (4.139a)
(1 -3a )
ccos(j)=   — o'-TV o' ‘ (4.139b)
(1-3a2 ) V 2
From (4.139a)
_ (1 -1  2d2 ) 1 / 2
COS(f> —  9 1 / 9
(1 -3a )
and
c = K f (1-3(X2 ) 1 / 2  I
(1-3a2 ) 1 / 2  L (1 - 1 2a2)1/2 J
 S - T 72  (4-140)
(1 -1 2 a )
Also tanif = ---- —
(1 -1 2 a 2 ) 1//2
tan2 cj> = 9tt (4.141)
(1 - 1 2a )
Form (4.141)
or
a = ■ t&n\  (4.142)
(9+12tan <j>)
If we substitute this value of *a in equation (4.140)
= _K_tani ^ t a n i  1 9 + 1 2 t a n V ^ 2= K 2+) 1/2
3a 3 tan<j) 3
K- =  3C , ,,, (4.143)
(9+1 2tan i)i) ' ,
The relations (4.139) to (4.143) were derived by Drucker 
and Prager* (1952) for rigid-plastic materials deformed under
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plane strain conditions. However, in general elasto-plastic ana­
lysis of plane strain problems the Drucker— Prager yield criterion 
does not reduce to Mohr-Coulomb yield criterion as pointed out 
by Pariseau (1 972) and Muhlhaus (1 976).
It must be noted that from equation (4.129) the rate of 
cubical dilation for a Drucker-Prager materials is
e?. = -3aA < 0 (4.144)
1 1
Therefore, during the process of plastic flow the volume of 
material will increase.
The extended Tresca and the extended Von Mises yield 
criteria can both be considered as valid generalizations of 
the Mohr-Coulomb rule to three dimensions. There is of course 
no limit to the number of yield functions or surfaces which 
may be devised as valid extensions of the Coulomb rule to three 
dimensions and which reduce to the Coulomb law in two-dimensional 
plane strain problems. Shield (1955) first presented a pictorial 
representation of the Mohr-Coulomb criterion in three-dimensional 
principal stress space and which is generally considered as the 
more appropriate three-dimensional adaptation of the Mohr-Coulomb 
law. The unique yield surface for three-dimensional stress fields 
obtained by Shield is that already described in this section and 
is shown in fig. 4.9a or fig. 4.10. ' . -
Many workers have found that for cohesionless soils the 
intermediate principal stress has scxne effect on the friction 
angle $ which is a few degrees higher when a 2 ^ ° 3  than that obser­
ved under assumed- triaxial test stress state a =cu (e.g. Green• A j
and Bishop, 1 969; Sutherland and Mesdary, 1 969) . Although the 
Mohr-Coulomb criterion for sand based on triaxial tests under- 
predicts the strength of the material in a generalized stress 
state, this failure law is much closer to the experimental results 
than other common failure criteria such as the extended Von Mises
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or the extended Tresca criteria.
Based on experimental data Bishop (1966) has attempted 
to correlate the above mentioned extended rules with the Mohr- 
Coulomb rule. In a comparison of observed and predicted values 
of the internal friction angle under various combinations of 
principal stress ratios for loose and dense sand, the Mohr- 
Coulomb criterion was found by Bishop to provide consistenly 
better correlation than either the extented Tresca or the 
extended Von Mises criteria. Kirkpatrick1s experiments (1957) 
which were performed on triaxial compression,triaxial extension 
and hollow cylindrical samples of sand under conditions of com­
plete drainage showed that the Mohr-Coulomb criterion was a 
better^representation of stresses at failure than the extended 
Tresca and Von Mises. Experiments by some other investigators 
have shown that the yield surface for cohesionless soils is 
midway between that of Mohr-Coulomb and that of the extended 
Von Mises. These experiments may suggest that all yield surfaces 
described in this section are more or less appropriate for 
certain types of soils. However, the extended Von Mises yield 
criterion is now more widely used as a three-dimensional descri­
ption of the shear strength of soil and rock, having a mathema­
tical advantage over the Coulomb and extended Tresca criteria 
since it can be expressed by a unique mathematical relation.
Three-dimensional analysis of soil and rock with the Mohr- 
Coulomb equation presents difficulties because the yield surface 
has "corner's" where the yielding changes from, say, the cf^ c^  
plane to plane..Under plane strain conditions the Mohr-
Coulcmb equation can be employed, for yielding will occur in 
the plane.
Employing an associated plastic flow rule and the Drucker- 
Prager criterion incremental relations between stresses and strains 
may be derived. The procedure is similar to that used for non- 
frictional criteria but the algebra is considerably more canpli-
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cated. Valliappand 968) and Chen (1975) among others describe 
the derivation in detail. The first published work where use 
of the Drucker-Prager (1952) generalisation of the Mohr-Coulomb 
yield surface was made appears to be by Reyes and Deere (1966) 
who employed an elasto-plastic model and the finite element 
method to study the behaviour of unlined circular underground 
openings.
Coulcmb or the Drucker-Prager yield criteria and associated 
flow rules implies unrealistically large steady volume increases 
after yielding. These are not observed experimentally even for 
dense sands, which may exhibit considerable dilation. Some soils 
decrease, father than increase, in volume during shear. Further­
more, as shearing proceeds all soils tend toward a constant volume 
condition that is unchanged by further shear distortions.
Coulomb's yield criterion may be written form equation
(4.127) in the form
The normality theory of plasticity requires that at yield the
and thus
e1 >^ 3f/da1
—  = ■ , -1~. (4.
• p df/do,
3 J
Substituting equation (4.145) into equation (4.146) we obtain
Experiments have indicated that the use of the Mohr-
f = a i _cr3 tan2 (45+^ -) - 2c tan (45+|) = 0 (4.145)
plastic strain increment- vector be normal to the yield surface
tan^ (45+f)
-1 (4.147)
or
eiP = - e3P tan2 (45-|) (4.148)
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Equation (4.148) implies that any plastic deformation of Coulomb
material must be accompanied by an increase in volume if <J)=0 .
The rate of volumetric strain e ^ and the rate of distor-
. p  vtional strain are given by
P = a. P+a P = k P 2 sln$_ (4 149).
ev e1 3 3 1+sin<ji ' ;
*P = x P_a P = x P (~2) (4 150)
Y e1 e3 e 3 1 + Sin<fi ' ’' '
and
* P
Ev
YP
= - sin<f> (4.151)
Defining the angle of dilation (Bent Hansen, 1958) as 
v=sin  ^(“ev^/Y^) i.e. v (not to be confused with Poisson*s ratio) 
is positive for the expansion of the material, equation (4.151) 
can be rewritten as
v = (f) (4.152)
Soils are observed to dilate at a rate considerably less than 
that required by equation (4.152) and this is one of the diffi­
culties in the application of the theory of perfect plasticity 
if the associated flow rule is employed. This unacceptably large 
rate of dilation at failure, i.e. v-<p, may lead to quite severe 
errors in an analysis in which soil deformations are of paramount 
importance.
Brinch Hansen (1953) has adopted for soils which yield 
at the Mohr-Coulcmb failure condition, the convenient idealization 
that the plastic deformation occurs without volume change. In 
this case the normality rule is not obeyed and thus the lower 
and upper bound theorems of the theory of plasticity may not be 
used; The constant volume condition (v=0) for Coulcmb-type 
soils is valid where the soil is effectively undrained, or where 
the deforming mass of soil is at the critical void ratio state.
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In order to overcome the problem of the excessive dilation 
predicted by Mohr-Coulomb and Drucker-Prager yield criteria.some 
investigators have adopted non-associated flow rules, that is, 
the yield function and the plastic potential function are not 
identical.
In order to define the observed plastic potential" at failure 
Davis (1968) has substituted a parameter ip for the Coulomb frictic 
angle (j>, and has obtained strain rates at failure not associated 
with the Mohr-Coulomb stress criterion .if; is a geometric parameter 
relating strain rates being defined by
e P
- ^ - =  - tan2 (45+ifj/2) (4.153)
p ^e 1
and is identical with Bent Hansen's (1958) v as discussed by 
Roscoe (197 0). The parameter if; (or v) was introduced to express 
the rate of volume change and plays the same role in relation 
to plastic strain rates that <f> plays in relation to plastic 
stress states. It is equal to <f> for an associated flow rule mate­
rial and zero for the no-volume change material. A material rep­
resented by the condition 0< v< <f> is a non-associated flow rule 
material. It must be noted that the angle if; (or v) must generally 
vary as the plastic deformation of the soil proceeds. The rate 
of the dilation of a real soil decreases once the peak stress 
has been passed and at the residual if;=0. Thus, the use of an 
associated flow rule is only completely justified in the case of 
saturated clays failing sufficiently rapidly for no volume change 
in water content to occur. Under such circumstances 4>u=0 and 
plastic deformation takes place at constant volume. However, satis 
factory results may obtained in some cases by considering an 
approximation of the material with v constant, 0<_v<cf> , as pro­
posed by James and Bra,nsby (1971). Therefore, soils may be idea­
lized as having a Coulomb yield function (angle <f>) and a Coulcmb 
plastic potential (angle ,v^(f>) different from the yield function.
If the soil can be successfully modelled as an associated 
flow rule material the bound theorems apply, that is the correct 
solution of this idealized soil lies between the upper and lower 
bound values. If the soil is treated as a non-associated flow 
rule material the validity of the limit theorems is lost, and 
consequently the collapse lead may not be unique, i.e. may depend 
on the loading path. Attempts to established equivalent limit 
theorems for non-associated flow rule material have so far not 
met with much success.
Davis (1968) and Davis and Booker (197 3) have examined in 
some detail the problem of non-uniqueness of collapse when non­
associated flow rules are used but the bounding theorems they 
produced were much weaker than the limit theorems of classical 
plasticity. They concluded that the unique solution for an asso­
ciated flow-rule material, having the same <J> as the non-associated 
flow rule material provides an upper bound for the latter and 
that the unique solution for an associated material having a $ 
equal to \j; of the non-associated material gives a lower bound.
That is all correct failure loads for the material with a non­
associated flow rule are bounded above by the unique failure 
load for the corresponding material with an associated flow rule. 
This was in agreement with Cox (1963) who had earlier demonstrated 
that the ultimate bearing capacity of a smooth strip footing on 
weightless cohesive frictional soil was the same for associated 
((J)=\p) and non-associated (ip=0 ) flow rules.
For use of incremental plasticity the Mohr-Coulomb failure 
law can be written in the p-q plane in the form
(4.154)
with the relations
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sin<j> = tana (4.155b)
If the Mohr-Coulomb failure surface is considered as a 
yield surface, the yield function can be written according to 
the theory of plasticity
f= X + Txy] - Z tana - ccos<p = 0  (4.156)
The.rates of plastic strain are obtained according to the
theory of plastic potential as
A P_ x df - (4 157)
ij ' 3a±j 1 *
when the summation convention is used;X is a positive scalar
factor of proportionality. Differentiating equation (4.156) with
respect to a . . results in I]
0f = (- itana) 6 ., - (p6 .. - a..) (4.158)
with
9 a1j 2 ij 2q vt~ij ij
d f _  = df = 
^ 2 j 5 ®i2
Substituting equation (4.158) into equation (4.157) the 
plastic strain rates are obtained as
®ijP= x |_(“ I tana>6ij - 55 (P5ij “ °ij) (4.159)
Equation (4.159) combined with the incremental elastic 
relations yields incremental elastic-plastic stress-strain rela­
tions. Any change in the state of stress that produces a final 
stress below the Mohr-Coulomb envelope will result in elastic 
strains which are obtained from the well known elastic stress- 
strain equations. Once the stress state reaches the Mohr-Coulcmb
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envelope the element yields and the perfectly plastic incremental
relations developed from the theory of plastic potential are 
valid. Such incremental elasto-plastic stress-strain relations 
have been derived by Hagmann (1971) for the case of plane strain 
and used with the finite element method to investigate the load-
From equations (4.15 9) the plastic volumetric increase 
amounts to
Equation (4.160) predicts a steady increase in volume
after yielding, a prediction that is not in accordance with
observed behaviour. In order to correct this a non-dilatant
Mohr-Coulcmb model was proposed by Hagmann (1971) and Christian
et al. (1977). They developed the incremental elastic-plastic
stress-strain relations for an elastic-perfectly plastic material
using.a nonassociated flow rule. This was based on the assumption
that the volumetric component of the plastic strain increment
predicted by the Mohr-Coulomb criterion is set equal to zero
to predict a non-dilatant behaviour. Examining equation (4.159)
1shows that the terms (- tana) 6 . . provide permanent volumetricZ 1 J
strain and have to vanish. Thus, in the non-dilatant Mohr-Coulomb 
model.the following equation (4.161) was used to determine the 
plastic strain rates instead of equation (4.160)
The incremental stress-strain relations obtained in the 
case of the non-dilatant Mohr-Coulomb moderial were unsymmetrical, 
a situation which is to be expected when an non-associated flow 
rule is used. Such a material is unstable in the sense that it 
is possible to extract irrecoverable work from it in a closed 
cycle of loading (Drucker, 1950) . Since the solutions were likely
deformation behaviour under a footing loading.
(4.160)
i
(4.161 )
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to be nonunique, as a consequence of the violation of the Drucker's 
stability postulate, the incranental solutions were obtained with 
special care and precision and the authors concluded that still 
reasonable results which do not become erratic at or near failure 
can be obtained when a non-associated flow rule is used.
4.9 AN ALTERNATIVE FORM FOR THE YIELD CRITERIA
Nayak and Zienkiewicz (1972a) expressed a general yield 
function in the form
F(p, a, 0Q) = 0 (4.162)
wher e
(4.163)
5=j12/2=(| s .j S i j ) 1 / 2  (4.164)
and
ti>0 1 . -1/3/3 J3V n
" 6^0=3 Sln \—  -37 6” (4.165)
a /
They pointed out that 0n , the alternative angular form of
1the third invariant of the deviatoric stress tensor J ==-s. .s., s, . ,3 3 1 3  jk ki
was a convenient means of obtaining the principal stress, and 
derive,
o^=- — a sin [~0q+ j (i-2)TtJ+. p (4.166)
/3
in which i=1,2, or 3 and
Lode's parameter (Hill, 1950), £, which is a measure of the
value of the intermediate principal stress, o^r is closely rela­
ted to 0q . Lode's parameter is defined as
Oj, -2 Qq I
£ = -J ±--± (4.167)
°1 ° 3
Substituting equations (4.166) into eq. (4.167) gives
1
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W 3 tan6 (4.168)
Various yield criteria can be easily defined in the form 
F(p, a, 0q )=O. The Mohr-Coulomb yield criterion given in equa
(4.127) can be written as
2c cos<J>- (a^  + a^) sin<J> = 0 (4.169)
which on substituting and o^ from equations (4.166) gives
F=ocos0n-psin4>- —  sin0nsinc|>-c cos$ = 0 (4.170)
0 /3 0
The Tresca's criterion is written as
a
3in(0 rt- —n) - sin(0 +^$n:) =
/ 3  L
F - ° 1 ° 3 =- | (4.171)
where is the yield stress for uniaxial tension. Expanding, 
Tresca's criterion becomes
F=2o c o s 0q -Oq=O (4.17 2)
Von Mises and Drucker-Prager (1952) criteria can be written 
at once as
F=/3 o- Oq = 0 (Von Mises) (4.173)
F=-3ap+o-K = 0 (Drucker-Prager) (4.174)
For purposes of elasto-plastic analysis it is necessary 
to evaluate the partial differentials of the function F with 
respect to stresses. Since 0q is a function of a and it can
8F _8F ap . 9F 05  , 9F 9J3 ,, 17n
aToT ap afoT aToT aJ 3 aTol
or
142
0F _ 0 p , do ^ 3 t a c\
aToT ■ C 1 a^ toT + c 2 aloj + c3 aTaj. (4.176)
where , C 2 and  ^are constants for different yield criteria.
For example, in the case of Von Mises yield criterion c^ =0',
and Cg=0 .
Thus, this form of yield surfaces may be particularly use­
ful for programming because only the three constants c^ , C 2 and 
c^ have to be varied between one yield surface and another. Some 
of yield criteria for which they have tabulated the values of 
the constants include Tresca, Von Mises, Mohr-Coulomb and Drucker- 
Prager criteria.
Using equations (4.170) and (4.174) it is possible in various 
\^ys to relate the two yields criteria and their associated cons­
tants. Other approximations to the Mohr-Coulcmb surface apart 
from the one suggested by Drucker and Prager, equation (4.174), 
can be obtained by evaluating the Mohr-Coulomb yield surface given 
by equation (4.170) explicity for values of Equation (4.170)
with 0 =- ^'becomes 0 6
F=-psin<f>+a— + —sin(fr - c coscf) = 0 (4.177a)
Z 2/3
or
F=-6 sinf p + g _ 6 cosj = 0  (4.177b)
/3^3+sin<f>) /!T(3+sin<J>)
and the constants a and K of equation (4.174) are given as
a= 2 sin*---------- K_ 6 cos<j>- (4.178)
/!T(3+sin<f>) /3(3+sin<f>)
. - This-Mohfi-Coulorab/generalization represents a cone passing 
through the internal corners of the irregular Mohr-Coulomb pyra­
mid. When / the constants a and K are now given by
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_ 2 sin<j> a= 1-----
/3 (3-sin(j>)
■_6c cos(j>
(3-sin4>)
(4.179)
and the cone
r_-6 sin(f> ___ p + 6 c coscj)
/X(3-sin<f>) /3(3-sin<}>)
0 (4.180)
passes through the external cones of the Mohr-Coulomb pyramid.
The cones (4.177) and (4.180) have been termed by Humpheson 
(1976) the axial extension and the axial compression cones res­
pectively because the coincide with the Mohr-Coulcmb yield sur­
face in axial extension and compression tests. The projections 
of these yield surfaces on an octahedral plane (a^+a2 +a3 =constant) 
are shown together with the Mohr-Coulomb surface projection in 
figure 4.11.
In principal stress space a stress state (a^, a^) can
be decomposed in a hydrostatic component along the space diagonal 
of length
-—  a. + -—  a0 + -—  a0 = /3 p (4.181)
/3 /3 S3
and a deviatoric component normal to space diagonal of length, 
b, given by
Using equation (4.182) the following well known relations 
for the lengths OA and OB shown in figure 4.11 are recovered 
from equations (4.179) and (4.177b) when the octahedral plane is 
in particular the o,j+a2 +a3 = 0  plane.
, 2 2  2 2 2 2 2 2 „ 2 « , , 
b =o^ + °2 + °3 ” P = a1 + °2 + °3 + P ” P 1 +a2+a3)
= (0 | -p) 2 + (a2 -p) 2 + (a3 -p) 2
2 2 2 ~ -r n-2=s1 + s2 + = 2 J 2 = 2 a (4.182)
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IG. 4.11 COMPARISON OF YIELD CRITERIA ON AN OCTAHEDRAL PLANE
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0A=/2 o=-^ v  c .c^  , 0B=/2 g=2 / | c c o s ^  (4.183)
3-sm<f> ■ 3+sm<|>
It is interesting to note that the originally proposed 
yield surface by Drucker and Prager (1952) represented an inter­
nal tangential cone to the Mohr-Coulomb surface and therefore a 
lower bound on the Mohr-Coulcmb solution. This can be seen by 
minimizing the general equation (4.170) with respect to 0q , from 
where it will be found that the minimum value of F is reached 
when
e0.2t,„-’ ■TC - i y 1"2* (4 .1 84)
The above value of 8  ^ when substituted in equation (4.17 0) 
gives the following expression for F
-73 sin.fr p + 5 _ /3.c cosfr , Q (4>185)
/3+sin (}) v3+sin $
from which, after comparison with the Drucker-Prager equation 
(4.174) the values of a and K are obtained as
a_s_in$ _tanc|>
/3 (3+sin2 (|))1 / 2  (9+12tan2 (f> ) 1 / 2
(4.186)
Y V3 c cos({)  ______ 3c______
(3+sin2 ij) ) 1 ^ 2 (9+12tan2 <f>)1 / 2
Recalling equations (4.142) and (4.143), .it can be seen that 
equation (4.185) is the same as that originally proposed by 
Drucker and Prager for plane strain conditions. This original 
Drucker-Prager^cone is also shown in figure 4.11.
Naylor and Zienkiewicz (1972) suggested that the cone 
which best represents the Mohr-Coulcmb surface would lie some­
where midway between the extension and ccmpression cones and 
proposed that the constants should be
a= 2 sini f K=6 c_cosi {4.187)
3/3 3/3*
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and this they called a "canpramise" cone. The "canpromise" 
cone (see figure 4.11) has, therefore the equation
f = - p + 5-
/J
2 c cosft 
✓3
(4.188)
4.10 CAP MODELS
It is a well known experimental fact that yielding 
actually occurs well below the Mohr-Coulcmb envelope or the 
generalized yield surface proposed by Drucker and Prager (1 952). 
No plastic or irrecoverable strains can occur below the Mohr- 
Coulcmb envelope in the dilatant and non-dilatant models desc­
ribed in the previous section. However, soils do exhibit irre­
coverable strains (except some dense sands and overconsolidated 
clays at very low stress levels) almost immediately upon appli­
cation of stress. Even a drained isotropic stress path following 
the hydrostatic axis of figure 4.9 would produce permanent plas­
tic changes of volume although there is no shear stress imposed. 
The shortcoming of yielding at stresses below the failure enve­
lope led to the introduction of an additional yield surface 
below the Mohr-Coulcmb or the Drucker-Prager yield surface.
Apparently Drucker, Gibson and Henkel (1957) were the
first to suggest that soil might be modelled as a work-hardening
material which eventually reaches a perfectly plastic state.
They stressed the point that the usual isotropic consolidation
curve represents a work-hardening stress-strain curve. Figure
4.12 is an unconventional plot of hydrostatic stress, pr , against
volumetric strain e (e =- where AV is an increase of volume Vv v V
of an element of soil and the minus sign has been introduced so 
compressive strains are positive). It must be noted that on the 
normal consolidation line large plastic deformations are obtained 
and only small elastic deformations are recovered on unloading 
(A-B-C) . For point C which represents an element of soil in the
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FIG. 4.12 THE ISOTROPIC CONSOLIDATION CURVE AS A 
WORK-HARDENING CURVE
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overconsolidated state its preconsolidation pressure p givenc
by point E is the current yield stress for further consolida­
tion. That is, on reloading (C-D-E) from C to E the behaviour 
can be approximated as elastic but as the previous maximum con­
solidation pressure (preconsolidation pressure.p ) is exceeded 
further plastic volumetric strains start to occur on the nor­
mal consolidation line which therefore can be considered as a 
work-hardening curve.
As shown in the Rendulic-Henkel plot of figure 4.13 (Sec­
tion of the Drueker-Prager cone with the a 2 = a 3 plane) the point 
A on the axis of the cone represents a state of stress reached 
under hydrostatic conditions. Since an increase in mean effec­
tive stress causes yield the yield curve must pass through A. 
Drucker et al. approximated the yield curve by means of two 
straight lines and a circular arc closure as shown on curve (1 ), 
which was similar to closing the open end of the cone in prin­
cipal stress space (figure 4.9b) by an hemisphere. As the hydros­
tatic stress increases to B, a similar curve (2) may result.
The cone is apt to be larger than the previously existing one.
The resulting plastic strain increments of several loading paths 
are illustrated in figure 4.13. By assuming the normality condi­
tion the strain rate ratio was obtained at each stage of the 
triaxial test under some stress paths, and it was shown by 
Drucker et al that this gave at least qualitative agreement with 
observations in triaxial tests on clay.
The combination of a hardening cap moving within the open 
end of a more traditional failure envelope has become known 
as "cap model" ("yield cap" or "capped .yield model") and in 
recent years its use is continually expanding.
A cap model has been used in finite element analysis by 
Hagmann (1971) to study both the bearing capacity and retaining 
wall problem. The model consisted of a Mohr-Coulcmb failure 
envelope and a cap which was chosen as an ellipse in o^+a^/2,
i ny
FIG. 4.13 POSSIBLE YIELD SURFACES PRODUCED BY CONSOLIDATION 
(AFTER DRUCKER, GIBSON AND HENKEL,1957)
f,a1)lfr2)=o
Failure 
envelope
Horizontal 
tangent
Vertical
tangent
STRAIN-HARDENING ELLIPTICAL CAP 
fzCIl,VJ2,O.0
<K=rHardening parameter)
FIG. 4.14 TYPICAL YIELD SURFACE IN THE CAP MODEL (AFTER DIMAGGIO 
AND SANDLER, 1971)
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°l“a3— 2—  plane. The major axis of the ellipse coincided with the 
isotropic consolidation line. The ellipse intersected the Mohr- 
Coulomb failure envelope at a horizontal slope and the ratio 
of its half axes was constant for the initial and all subsequent 
yield surfaces. The position of the cap was dependent upon the 
plastic volumetric strain which in turn was a function of the 
logarithm of the mean stress {o^+o^/2) . The soil described by 
the model possessed an associated flow rule. When the stresses 
were beneath the cap, the soil was assumed to be isotropically 
elastic. When they were on the cap they satisfied the incremental 
stress-strain relations, and any plastic volumetric strain caused 
the yield cap to move out. If the stresses were reversed bellow 
the yield cap, the cap remained fixed, providing a memory of past 
stress. Thus the yield cap moved only under an outward-directed 
stress path. Upon reaching the Mohr-Coulcmb line, the stress 
state of an element could move along this failure envelope.
DiMaggio and Sandler (1971) applied the concept of a capped 
yield surface to model the behaviour of a particular type of 
granular material. The proposed model was composed of two parts.; 
a fixed failure envelope of the Drucker-Prager (1952) type and 
a strain-hardening cap. The failure envelope was approximated as:
/J2)= /J2 - {A-C exp (-3Bp) } = 0 (4.189)
where A,B and C were material constants and 1^  (=3p) and ^  are 
the first invariant of the stress tensor and the second invariant 
of the stress deviator tensor respectively. The cap was taken to 
be an ellipse centred on the p axis and whose centre lies on /J2 = 0  
directly below the intersection point of the ellipse with the 
failure envelope. The equation of the cap was:
f2 (I1' >/3 2'k) = (p"PA )2+ \  r2j2 " (PB_PA ) 2  = 0 (4.190)
which may expand or contract as the hardening parameter, k / 
increases or decreases. In equation (4.190) p^ and pB represent
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the values of p at points A and B in figure 4.14, while R denotes 
the ratio of major to minor, axes of the ellipse which was assumed 
to be constant. As can be seen from fig. 4.14, because point 
E lies on both the failure envelope and the cap,
/J2E = A - C exp (-3BpE )
and
(PE“PA ) + "9 R J2 E = ^ PB~PA^
Further, since P^P^/ eqs. (4.191) and (4.192) lead to
PB-PA = \ R [A-C exp(-3BpA )] (4.193)
as the relation between pA and pg . Thus, the specification of 
either p,. or p^ is sufficient to describe the position of theA d
cap.
This cap model formulation satisfied Drucker1s postulates 
and hence uniqueness. The combined yield surface was everywhere 
convex and the associated flow rule was used throughout. Elastic 
behaviour occured when the stress was within the failure envelope 
and stresses changes resulted in recoverable deformations. DiMaggio 
and Sandler assumed for the original development of this soil 
cap model linear elastic behaviour which was characterized by a 
constant bulk modulus, K and a constant shear modulus, G, the 
same for loading and unloading and independent of pressure. The 
position of the cap was related to the plastic strain history 
of the material by means of a hardening rule which, on the basis 
of hydrostatic tests, was assumed to be
K=e^=W [1-exp (-3DpB)] (4.194)
in which eP denotes the plastic volumetric strain and W and D 
are parameters to be defermined. The movement of the cap was 
thus controlled by the increase or decrease of the plastic
(4.191)
(4.192)
152
volumetric strain. In this particular model the strain-hardening 
(or the movement of the cap) could be reversed. This occured 
when the stress point lied on the failure envelope f^=0 , where 
the associated flow rule required that the plastic strain rate 
vector to be directed upward and to the left giving a dilatant 
volumetric component, leading to a contraction of the cap 
towards and up to the stress point. This mechanism in turn 
permitted an "effective control on the excessive dilatancy pre­
dicted for soils by the Drucker-Prager model.
Later, the framework of this cap model has been expanded 
to represent a broader range of mechanical behaviour. Impro- 
vements in the original model included the introduction of 
anisotropy, non-linear elastic behaviour and generalization of 
the plastic portion by using more complicated functions of the 
cap shape factor R and the hardening rule. Sandler, DiMaggio and 
Baladi (1976) provide an example of a generalized cap model 
which has been widely used in the numerical computation of 
ground shock effects in layered sites due to explosive sources.
4.11 MODEL. OF LADE AMD DUNCAN
Based on the results of cubical triaxial tests on sand 
Lade and Duncan (1975) and Duncan et al. (1977) presented a 
new elasto.-plastic stress-strain model for cohesioneless soil 
applicable to general three-dimensional stress conditions.
The criteria for yielding and failure depend on the ratio
3
(1 )^ /I^ where 1  ^ and are the first and third stress inva­
riants respectively. The proposed yield function was of the form
f ({a},, { ep })=tc - Kt~ ^ bh = o (4.195)
J 1in which k=y ^ , k , is a threshold value of k , h is the hardening 
3
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parameter and m and b are constants. The yield surface expands 
symmetrically around the hydrostatic axis (figure 4.15) with 
increasing values of k . The ultimate position of the yield 
surface is the failure surface. The model assumes isotropic 
soil behaviour which implies that rotation of the principal 
stresses does not affect yielding. The yield surface in three- 
dimensional stress space is a cone with the apex of the cone 
at the origin of the stress space (Figure 4.15)
The flow rule (i.e. the relation between the plastic strain 
increments and the stresses) was described by a plastic potential 
surface of the "non-associated" type, i.e. one which does not 
coincide with the yield surface. The plastic potential function 
was written as
g=I3 (K-27)a (4.196)
in which a is a constant. This function describes a series of 
surfaces in stress space which are normal to the plastic strain 
increment directions. In the octahedral plane shown in fig.4.15 
the plastic potential function has the same shape as the failure 
surface, whereas in the three-dimensional stress space it has an 
un symmetrical bullet shape, as shown in the lower part of the 
same figure.
On the basis of experimental evidence the hardening para­
meter, h, was defined by the following1 expression
in which is the total plastic work, pQ is the atmospheric 
pressure and £ is a parameter whose value is determined empi­
rically.
Duncan et al. (1977) derived the incremental stress-strain
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FIG. 4,15 FAILURE,YIELD AND PLASTIC POTENTIAL SURFACES FOR 
LADE'S MODEL (AFTER DUNCAN ET AL.1977)
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relationship for 'the theory of Lade and Duncan (1975). This 
theory appears to simulate several essential aspects of soil 
behaviour observed in experimental investigations: (1) Non- 
linearity; (2) the influence of o^; (3) the influence of 0^7 
(4) stress path dependency; (5) the effect of shear stress on 
volume change (dilatancy) ; and (6 ) coincidence of strain incre­
ment and stress increment axes at low stress levels with tran­
sition to coincidence of strain increment and stress axes at 
high stress levels.
The model has been emplyed to predict with moderate to 
excellent accuracy the stress-strain and strength behaviour 
observed in cubical triaxial tests, torsion shear tests and 
tests performed using various stress paths on loose and dense 
samples of Monterey No. 0 sand. Moreover, the necessary para­
meters used for these predictions were obtained from the results 
of conventional triaxial tests.
The model described above is based on some simplifying 
assumptions which may result in limitations in its capabilities 
in some respects. Thus, under a loading condition where the 
ratio between the principal stresses is held constant (propor­
tional loading) only elastic strainsare predicted by the model. 
However r .. experimental results show that proportional loading 
with increasing stresses causes both elastic and plastic strains. 
The failure surface is curved for most cohesionless soils, i.e. 
the friction angle decreases with increasing magnitude of the 
mean normal stress.
In order to model correctly proportional loading as well 
as some additional aspects of soil behaviour including strain-sof­
tening Lade (1977) presented an elasto-plastic stress-strain 
theory for cohesionless soil with curved yield surfaces which 
constituted an expansion of the original theory (Lade and Duncan, 
1975). The theory has also been extended to include cohesive soils 
(Lade and Musante, 1 977).
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4.12 CRITICAL STATE MODELS
4.12.1 Ba^ic Concepts
Roscoe and his associates developed a theory to predict 
the stress-strain behaviour of "wet" (i.e. normally and lightly 
overconsolidated saturated) clay based on data obtained from 
triaxial compression tests. Comparison with experimental results 
from a variety of laboratory tests including triaxial extension 
tests, plane strain, simple-shear and direct shear tests show a 
satisfactory to excellent agreement. This theory which contained 
the basis for a number of subsequent strain hardening (softening) 
models for soils is briefly reviewed below:
Roscoe, Schofield and Wroth (1958) put forward a basic 
concept that the end points of all tests performed on remoulded 
saturated clay lie on a unique line in the (p' , q, e) space 
(p' is the pean principal stress, q is the deviator stress and 
e the voids ratio). This line was subsequently defined as the 
critical state line. At the critical state, the material is 
capable of having unlimited shear distortion without any further 
change in stress or volume. The projection of the critical state 
curve on the p': q plane is a straight line with equation
q = Mp' (4.198)
where M is its gradient. •
The paper of Roscoe et al. (1958) was concerned primarly 
with the behaviour of soil in the triaxial test and contained also 
the so-called "state boundary surface" (called a yield surface in 
the 1958 paper) concept. The state boundary surface in p ;, q, e 
space is that surface confining a space between itself and the 
origin within which a point can represent a state of an element 
of the soil but outside of which a point cannot represent such a 
state. Any point lying on or below the state boundary surface is
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called a state point and the path followed during a test is 
called the state path.
The normal consolidation line is known experimentally, 
and conventionally assumed, to be straight in the e-log ep' 
plane with equation
e =e.a~Alogep' (4.199)
where is the value of voids ratio e when p M  and -A is the
slope of the line. When the critical state line is projected
into the e~iogep plane a straight line is obtained with equation
e- F-Alogep' (4.200)
where T  is the critical voids ratio at unit mean effective 
stress. This line is parallel to the normal consolidation line 
as was found experimentally by Roscoe et al. (1958). In addition 
the swelling curves could be approximated by parallel lines of 
slope —k as shown in f igure 4.16. Exper imental evidence was 
given by Roscoe, Schofield and Thurainajah (1 963) showing that 
tests performed on normally consolidated kaolin at different 
constant stress ratios, r) (anisotropic consolidation tests, 
R~p»=constant) r gave a family of parallel lines of equal slope 
to the normally consolidated and critical state line.
The projection of the critical state line on the e-log^p' 
plot can be considered to divide soil states into two distinct 
categories with different expected patterns of behaviour. Samples 
with initial states on the far side of the critical state line 
from the origin (termed the "wet" side) are described as "wet" 
of critical (see figure 4.16) and are expected to undergo vo3.u- 
metric compr ess ion/hardening during drained shear and show 
positive pore pressures along undrained paths. Samples on the 
nearer side (or "dry” side) are defined as "dry" of critical
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and. will experience volumetric expansion/softening when sheared, 
along drained stress paths to the critical state line*- or nega- 
. tive pore pressures in undrained paths. "Wet1* soils usually inc ~ .
■ lude loose sands, soft clays and dense sands at high, pressures, 
whereas "dry” soils include stiff clays at: low pressures and 
dense sands. Tests on "wet"- samples will tend to show-progressive 
yielding through the whole volume of the sample with uniform 
bulging and plastic flow. Tests on "dry" samples will tend to 
show a peak .in their stress-strain behaviourr instability and 
rupture on a distinct fa.ilure plane.
4.12.2 Energy Considerations
effective stresses (<j^ , <^ 3 )* ^  the element undergoes prin­
cipal strain increments (oe|/ & e ?) due to stress increments
of (5cr' , Sa^f.Sq.^) then in-a unit volume of soil the total energy
conditions in terms of the stress parameters p r,q and the increments 
in volumetric and shear strains Sev and 6 e respectively. Employing 
the Cambridge notation
Roscoe et al (1 963 ) considered an element of soil initially 
in equilibrium under a stress system represented by the principal
supplied 6  eV the recoverable elastic energy stored, SU, and the 
energy dissipated, 6 W, are related by
(4.201 )
neglecting small order terms
Equation (4 . 201 ) can be expressed for triaxial compression
9 r r
o,j + 0  p i  O3
(4.202)P 3
q = 0 ^ 0 3 (4.203)
(4.204)
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(4.205)
eqaation (4.201) becomes
6 E* = pc5e +q6 ev
(4.206)
or 6 Er = p r (6e^+5e^)+q (6 ee+6 e^) (4.207)
where the superscripts e and p denote elastic and plastic condi­
tions respectively. Also
elastic strains were volumetric strains. It was also assumed by 
Roscoe et al (1 963) that the energy dissipated within the sample 
per unit bulk volume at any stage of deformation would be equal 
to the energy dissipated at the critical state. Since at the 
critical state there is no change in internal energy (6U=0) all 
energy transmitted to the sample will be dissipated within the 
sample. Consequently,
6 U = p5e^+q6ee (4.208)
and (4.209)
In the original "Cam-clay” model it was assumed that
0
there was no recoverable shear strains, i.e. 5e = 0  and the only
(4.210)
since at the critical state 6 e^ = 0  and at all times 6 e=6 e^. 
Combining equations (4.209) and (4.210) we obtain (with 6 e=6 e )
MpSe = p5e^+q6e
or
(4.211)
6 e
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4.12.3 The Use of the Theory of Plasticity
Roscoe and Poorooshasb (1963) developed a stress-strain 
theory for clay using the critical state concept which was not, 
however, based on the theory of plasticity. Calladine (1963) 
discussed the possibility of treating "wet" clay as an elastic- 
isotropic work-hardening plastic material. He proceeded from 
the assumption made by Roscoe et al (1 963) that the swelling 
curves represented essentially elastic behaviour and were similar 
in shape. Calladine made the hypothesis that plastic deformation 
would occur only when the state of the soil was on the state 
boundary surface and therefore that only elastic recoverable 
deformations took place beneath the state boundary surface. A 
"vertical elastic wall" was proposed 'rising frcm a given swel­
ling line and the interception with the state boundary surface 
gave the current elastic limit for the material as shown in
figure 4.17. By projecting the elastic limit curves onto the
p-q plane successive yield loci were obtained and being similar 
in shape confirmed the isotropic nature of the model.
Calladine suggested that the normality condition be 
applied so that the yield loci could be treated as plastic 
potentials. Since by definition of a plastic potential (the 
plastic strain increment vector is at right angles to the plastic 
potential) this allowed the ratio of the plastic strain increments 
to be determined frcm the shape of yield loci as seen from 
figure 4.17. Then
(dq/dp' )^» = -de^/deP (4.212)
Roscoe et al (1963) utilized and developed the above
idea and used the successive yield surfaces to derive relation­
ships for the plastic shear strain and volumetric strain in 
terms of the three fundamental soil constants M, X and k and a 
fourth soil constant (the voids ratio on the normal consolidation
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4.12.4 Cam “Clay
An expression for the yield locus can foe found foy com” 
biriing equations (4.211) and (4.212) (since in equation (4.212) 
6 e= 6  e^) . On the state boundary surface equations (4.211) aid
(4.212) both apply and therefore
dq/dpr q/pr ~ M (4.213)
Multiplying equation (4.213) by dpf/pr and substituting d (q/p')
r; dq qdpT .for —, - -S r  givesp p p ^
d(q/p’) + M = 0 (4.214)
hr
or r after integration
• + log pr = constant= C (4.215)p M -* or
We can evaluate the constant C as the yield curve must 
pass through the critical state point corresponding to the 
given voids ratio e. Let the critical state point denoted 
by (p' r q. =Mpr ) , then the equation (4.215) becomesU. tl
Mp'
~t- + log p =rr~r + log p .Mp 3 er Mp^ emi
or
+ log (pr/pf ) = 1 Mp r u
The yield-locus.-represented by equation (4.217) is shown 
in figure 4.19. The point p?^ at which the yield curve reaches 
the pr axis can be found by putting q=0 in equation (4.217) 
which shows that pfQ=2.718p^« With appropriate changes in sign
(4.216)
(4.217)
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of the shear stress a .similar. result would be obtained for 
extension tests and a symmetrical closed convex curve would 
be obtained for |qj>0. Of course, will be different for 
the different yield curves at the top of the elastic walls and 
a whole family of curves of identical shape are generated for 
different values of . It must be noted that the yield curve 
has zero gradient at the critical states (hence de^= 0 ) and 
has a vertex, Pq, on the pr axis where the gratients are ±M 
(by putting q/p£=0 in equation (4.213)).
can be obtained by using equation (4.217) and the additional 
relationships
which expresses that the highest point on the yield curve, X,
neously on the critical state line. Eliminating e^ and p^ from 
equations (4.218), (4.219) and (4.217) we obtain the equation 
for the state boundary surface as
The normal consolidation line is the intersection of the
e:pT plane with the state boundary surface. Hence, by putting 
q=0 and e=e -Alog prin equation (4.220), the following relation-.Cl 6
ship is obtained (figure 4.18)
Since there is no change in volume of a saturated sample 
during an undrained test the effective stress path during such
The equation of the Cara-clay state boundary, surface
®„=e+Klog p=e +Klog p' (4.218)
ana
(4 .219)
at e=eu and p = p l i e s  on a single swelling line and simulta-
q = (r+^~K“e“^lo9eP) (4 .220)
(4.221)
a test will be given as the intersection of the state boundary 
surface With the plane e=e0=ea-AlogePQ, where p^ is the value 
of pf on the normal consolidation line at. the voids ratio e^ of 
the test. Tins making use of the equation (4.221) the equation 
of the undrained stress path is
q/Mpr + loge (p^p0) = 0 (4.222)
Figure 4.20 illustrates a stress path during an undrained 
test on a normally consolidated clay cutting a series of yield 
loci. Because of the falling mean stress, the Cam-clay model 
predicts an elastic (swelling) volumetric strain. If the total 
volume of the sample is kept constant, the elastic and plastic 
volumetric strains must be equal and opposite, that Is
6 ee = . = -6 ep (4.223)v p'(1+e) v
whereas according to equation (4.211) the plastic contraction 
is accompanied by plastic shearing. If the elastic volumetric 
strains are neglected the urdrained effective stress path for 
normally consolidated state would represent a (volumetric) yield 
locus for the same consolidation pressure (for k= 0 eq. (4.222) 
reduces to eq. (4.217) of the yield locus). If the elastic 
volumetric strains are taken into account the undrained stress 
path is located above the yield locus as can be seen in figure 
4.23a. The detailed constitutive relationships of the "Cam-clay" 
model and a detailed account of the development of the Cambridge 
critical state approach are given by Schofield and Wroth (1 968) .
According to Roscoe and Schofield (1 963) anisotropic con­
solidation may be defined as the process in which yielding of 
clay occurs under principal stresses which increase at a constant 
ratio:
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Combining equation(4.220)with equation (4.224) , the following 
equation of the anisotropic consolidation line is obtained
e = r+a-K) (1-$) -Xlogep' (4.225)
which on the e :logeprplane is a straight line parallel to the 
isotropic normally consolidation and critical state lines 
(figure 4.16). Roscoe and Schofield (1 963) further considered
the case of isotropic consolidation for which q=rj=0. If the
specific volume, u, is defined (Schofield and Wroth, 1 968)
as the volume of an element of soil containing unit volume of
mineral grains then
o = 1+e (4 .226)
If the specific volume changes by 6 u as a result of some change 
in effective stress, then
60 = Se (4.227), 6 e = (4.228)' ' v 1 +e u
Since the total void ratio changes (elas to-plastic) and the 
elastic void ratio changes for any loading change are given 
respectively as
6 e = -X -6e(1+e) (4.229)
Jr ^
6 ee = -k -6 ee (1+e) (4.230)p v
the plastic component of volumetric strain can be obtained as
follows
6 0
6 eP=6 e -56®=^-  ^ B=5e (1- =— ^) = (1 - y)6 e (4.231)v v v 1+e p v 6 e A v .* v
If equation (4.211) with q=0, i.e. 6 E?/6 e=M, is substituted into 
equation (4.231) gives
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6 e = ^ ^ 6 ev (4.232)
Equation (4.232) predicts that during isotropic consolidation 
there can be shear distortion in the absence of deviatoric stress. 
Experimental evidence however, shows that no distortion is to be
expected in isotropic consolidation tests but only changes in
volume. This apparent anomaly, is consistent with the pointed 
nature of the yield surface on the p’ axis shown in figure 4.19.
4.12.5 Later Ver sions of Cain-Clay
Burland (1 965, 1967) and Roscoe and Burland (1 968) suggested 
a "modified” version of Cam-clay and also a "revised modified" 
version.
In order to improve the performance of the Cam-clay model 
for plastic yield at low stress ratios, particularly for isotropic 
and one dimentional consolidation, Burland (1965) and Roscoe and 
Burland (1968) reconsidered the fundamental assumption made in 
the Cam-clay work equation that the work dissipation term 6w=Mp5e 
throughout shear. The fundamental assumption of isotropy of the 
ideal continuum required that during isotropic consolidation 
there would be no shear distortion (6 e=0 ) but only the component 
due to irrecoverable plastic volume change. Therefore, for this 
case equation (4.209) with q=0 gives
(6 W) 0 =p' 6 e£ (4.233)
At the critical state condition, q/p=M, there are no further 
changes of stress-and hence no elastic strains-and no further 
change of volume. Consequently, the plastic volumetric strain 
increment 6e^=0, so that equation (4.209) becomes
(6 W )q=M p=P ' M 5eP (4.234)
169
A generalization of these two particular conditions led Burland 
(1965) to define a new expression for dissipated energy as
6 W = p'V®eP)2+ (M6 eP ) 2 (4.235)
compared to 6 W=Mp6 e^ for Cam-clay. The ratio of the plastic 
strain increments obtained frcm equations (4.209) and (4.235) is
6 £v_ M 2— (q/p') 2 M 2 -T]
6 e 2 (q/pf) 2t)
(4.236)
compared to equation (4.211) for Cam-clay. The assumption that 
6 e0=O and therefore 6 e=6 e^ was retained. Equation (4.211) or
(4.236) relates the ratio of plastic strain increments to the 
state of stress and may be thought of as the "flow rule" for 
the material when it is yielding. By definition
q = Tip* (4.224bis)
giving
p'S--*
and
^  + t3-=0 (4.237)P tp+n
where -ij; is the slope of the current yield locus at a given point
(4.238)1  = _ d£’ = Ssf
* dq 6 eP
The yield locus is given by the solution to the differential 
equation (4.237) and can readily be computed if ip can be expressed 
as a function of r). Integrating eq. (4.237), the yield locus in 
(q-p) space is given by the integral equation
logep-logep'0-+/ = 0 (4.239)
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where p'Q is the value of p' at n= 0  and is the isotropic precon­
solidation pressure. Equation (4.236) combined with equation
(4.237) gives
$ = (4.240) .
y 2 r)
and substituting in equation (4.239) the equation of the yield 
locus for axial symmetry becomes
i r - - r - 5  (4-241)po m z+ti
and is shown in figure 4.21. Burland's modified Cam-clay is 
identical with the original version in all other respects.
Bur lard (1 967) and Burland and Roscoe (1968) then revised 
this modification to take account of the additional plastic strains/ 
which could occur beneath the state boundary surface. Clearly, 
the locus of figure 4.21 was the yield locus for volumetric strains 
only and has been termed the volumetric yield locus. Data from 
undrained triaxial tests on kaolin conducted by Loudon (1 967) 
were replotted by Roscoe and Burland in a (p*, q) plot and showed 
that for specimens of overconsolidated ratio 1 to 2 . 2  the contours 
of constant shear strain beneath the state boundary surface were 
approximately parallel to the p'axis. They further suggested that, 
for normally and lightly over consolidated clays these contours of 
constant q can be considered as a series of yield loci (figure
4.22). Thus, for stress increments moving outside the volumetric 
yield locus the stress point is assumed to move with the inter­
section of the constant q locus and its corresponding volumetric 
yield locus. For stress increments, however, directed inside the 
volumetric yield locus and in the direction of increasing deviator 
stress, the stress point is assumed to move through a series of 
constant q yield locus. This further modification of the theory 
led to very satisfactory agreement with the majority of experi-
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mental observations.
Roscoe and Burland (1968) also showed how these models 
might be generalized to deal with three-dimensional stress 
and strain conditions. The basic step was to replace q by 
the octahedral shear stress, r,- (actually r=/3 t in all
the theory. The material constant M (=r/p* at the critical state) 
is not equal to M, but can be related to it: the soil parameters 
are otherwise unchanged.
4.12.6 Equations for Plane Strain and Applications
Although it was possible to deduce a model of plane strain 
behaviour using the three-dimensional generalization of Cam-clay 
theories, Roscoe and Burland (1 968) avoided tedious algebra by 
assuming a rigid-plastic material (k = 0 )  . In the case of plane 
strain (6 £ 2= 0 ) the stress parameters s',t# and strain parameters 
e and e were defined as follows
v Y
t  =  2 - a 3 ^
( 4 . 2 4 2 )
s - 2 (a!j+a^)
eY = <el-e3 }.' 
ev = (el+e3}
so that the work done per unit volume according to equation( 4.201 ) 
can be written as
6 e'=6 W= t' ev=3! ^a 1 “ a 3 ) “6  £ 3 a^l+a 3  ^ (6 e^+6 e3)
= aJ|6 e^+a3 6 e3 (4.243)
With the simplification k = 0 ,  the plane strain stress-strain
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equations are directly analogous with those of the axi-symmetric
equations (modified version) but with the quantities p', q,PQ and
M replaced by s', t', s' and ^—  respectively. Thus, the plane 
- . - /3
strain equation for- the yield- locu-s -corresponding to eq. (4.241)
which defines the yield locus for axial symmetry becomes
si = M 2 / 3 '
s0 M 2 /3+ ( | ) 2
(4.244)
where s'=exp s'   (4 .245)
The plane strain equation corresponding to the triaxial 
equation (4.23 6 ) becomes
6 e , _»/. *
x  = /  -----=■ (4 . 2 4 6 )
° EV M /3 - (£/ s')
Under conditions of virgin one-dimensional (Kq) consoli­
dation 68^=0 and consequently 6  = 6  8 ^ = 6  . Hence an expression
for Kq can be obtained by combining equation ( 4 . 2 4 6 )  and the 
equations
Se
s— L = 1  ( 4 . 2 4 7 )
5ev
t 1 - K 0 (4 . 2 4 8 )
which gives
K0 = ( ^  = ------ — -------  1 ( 4 . 2 4 9 )
K 0 / (1+M2/3
Use of equation (4 .249) has been made by Burland (1 972) and 
Truong and Magnan (1 977) .
The virtue of the critical state theory is that it gives
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a complete constitutive relationship for soil which can describe 
deformations and pore pressures during drained and undrained 
loading for a wide variety of stress paths. The soil constants 
(M, X r k , T) needed are few and can be easily determined from 
conventiaonal laboratory tests.
The concept of critical state soil mechanics can provide 
a general basis fob consitutive laws of soil behaviour. Many 
recent formulations of constitutive laws for soils may be 
interpreted as extensions of the basic ideas of the critical 
state theory. The original isotropic Cam-clay model has been 
extended to include anisotropic effects. Ohta et al. (1 975) 
and Ohta and "Wroth (1 976) derived anisotropic stress-strain 
relations from the so called "Anisotropic Cam-clay" model and 
Runesson and Axelsson (1978) proposed an initially anisotropic 
yield criterion for clay using some of the concepts established 
at Cambridge University.
Burland (197 2) and Ttfroth (1 97 6 ) have successfully applied 
the critical state model to estimate pore pressures and vertical 
and horizontal displacements beneath strip loads, such as emban­
kments, on soft natural soils.Zienkiewicz and Naylor (1972),
Wroth and Simpson (1972) and Ohta et al.'(1975) have illustrated, 
among others, the use of the model using the finite element 
method1. Truong and Magnan (1977) used the modified Cam-clay model 
and the finite element method to predict the long term behaviour 
of an embankment built on soft soil. Nonlinear (plasticity) effects 
were treated by the initial stress method. Some other, rather 
inter sting examples, of the use of critical state models in 
conjuction with the finite element method are described in the 
next f ew pages.
Snith (1970) considered the boundary value problon of 
plane strain expansion of thick-walled hollow cylinders of soil 
under increasing internal pressure. In the analysis the drained 
cohesionless material, sand, was assumed to deform consistently 
with Rowe’s (1962) stress-dilatancy flow concept and the fully
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drained clay consistently with the Cam-clay model. In the finite 
element analysis developed by Smith the stress-strain curves 
followed by soil were approximated in an ad hoc manner by adjusting 
the elastic stiffness of the finite elements, while using initial 
strains to control volume changes. Thus the method was part 
initial strain/ part tangent modulus method... Elastic strain 
components in soils were entirely neglected and only plastic 
strains were assumed. This was implicit in the stress dilatancy 
theory and meant putting k=0 in the Cam-clay equations.
Smith's (1970) early solution techniques were not particularly 
efficient or capable of generalization to more ccmplex problems. 
Using more effective solution techniques Smith and Kay (1971) 
reconsidered the problem of plane strain expansion under internal 
pressure of thick-walled hollow cylinders of drained sand and 
clay.
For Cam-clay the plastic potential function chosen for plane 
strain conditions was
F =q +M p (lnp -lnp -1) = 0 (4 .250)
where
* 1 7
9 =—  [ « V V  +(o
M*=/3 (K-1 )/K+1
K =tan2 (Tt/4+(<}>cv/2)
$cv=angle of friction of granular assembly shearing at 
constant volume
Equation( 4 .250) was a plane strain version of the equation 
( 4 .217 ) written as
1 76
F M S  + ln ~ 1 = 0 (4.21.8 bis)
and which originally referred to axially symmetric conditions.
. i t
M was replaced by the more general M , which can still be re?uated 
to M as measured in an ax.isymmetric triaxial test,'
For stress-dilatant sand, the stress.-dilatancy relationship 
suggested by Rowe (1 962) was used and which for plane strain is 
written as •
“de_ 1 o\
-cTi; “ * 4  (4.251)
or D = R/K
For plane strain conditions, K is a constant given by
K = Kcv- tan2 (r,/4+<>cs./2) (4.252)
- . In this finite element analysis, - the initial strain method
was adopted as an iterative technique and its convergence was
2
accelerated by-Aitken's 6  process. The reason of using the initial 
strain method rather than the initial stress method was that 
the plastic strain-stress equations derived permitted only the 
evaluation of strain increments from stress increments a.nd not 
vise'versa, due to’ the lack of elastic components in the stress- 
strain laws.
The finite element calculations using the stress-dilatancy 
and Cam-clay theories were found by Smith and Kay to be in reaso­
nable agreement with experimental results of drained cavity expan­
sion tests on cylinders of sand and normally consolidated kaolin.
The critical state model developed by Roscoe and his co- 
workers at Cambridge for soft clays has been also used in the 
finite element analysis by Naylor and Zienkiewicz (1972). In
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their plane strain analysis of a strip footing they used the 
stress invariants p' and q (see equations (4.255) and (4.256) 
below) rather than the stress invariants t* and s'defined by 
equations (4.242). Furthermore, an alternative definition of 
the critical state parameter "M" to that given in the litera­
ture was suggested on the basis of the following arguments.
The frictional parameter M which fixes the slope of the
projection of the critical state line on to’ the p'-q plane is
defined in the case of normally or lightly overconsolidated 
clays (c=0 ) as the value of q/p' at which failure occurs in 
triaxial compression (see also Schofield and Wroth (1968), page 
227)
M =(q/p’)f = 1/3 (o'1f+2a’3f) = 3-sin<f>’ (4.253)
If M remains constant, for triaxial extension tests
3 {oLr-oir: ) f- • i/
M = ( -ct/d) = ___— __-- - = 6 sinj> 254)
M 1 q/p;f a3 f+2aif 3+sinf
and the consequence is that if the failure condition for the 
extension tests can be described by equation (4.254) the measu­
red value of <j>* in extension tests will be larger than the value 
of (J)'measured in compression tests. For general stress states, 
adopting the full definition of q and p # (Schofield and Wroth 
(1968), page 215)
q = /3J], = (1//2) [(oj-a') ^ (o^-o^+fa'-a^) 2] 1 / 2  (4.255)
and
p'= jr (oj+a^+a^) (4.256)
where is the second invariant of the deviatoric stress tensor, 
the M=constant failure criterion can obtained by squaring 
equation (4.254) and subtituting the above equations for q and p*:
Equation (4 .257) is the same- as . the equation q= exp' used ■ by 
Bishop (1 966) for the extended Von- Mises criterion arfi conse­
quently a in this case is identified with M . Equation (4 .257 ) 
represents a cone in the principal stress space the intersection 
of which with a plane perpendicular to the space diagonal (figure
4.23) is a circle. In figure 4.23 the Mohr-Coulomb failure cri­
terion (i. e. f^ constant) takes the form of an irregular hexagon.
If the Mohr-Coulomb criterion applies to the clay, then for 
stress states different from that of triaxial compression, fai­
lure will be-represented by a point on the Mohr-Coulomb hexagon 
where it lies inside the critical state circle. Thus, the critical 
state predictions, for a situation such under plane strain condi­
tions, will be in error by an amount corresponding to the distance 
between the ou ter circle of f igur e 4.23 and the Mohr-Coulomb 
hexagon,
Naylor and Zienkiewicz defined a cone in such a way that the 
difference between it and the Mohr-Coulomb pyramid was as small 
as possible. This was called the "compromise cone” and was obtained 
by re-defining M as
M = 2sin(j)f (4 .258 )
The "compromise cone" is represented by the inner circle of 
figure 4.23.
A finite element analysis incorporating the critical state 
model vas then performed to study a hypothetical strip footing 
on a lightly overconsolidated clay. They employed the "modified 
Cam-clay” model and the alternative definition of M # equ. (4.258),
to simulate the behaviour of clay which was loaded under plane 
strain conditions very slowly so that excess pore water pressures 
were always negligible. The iterative procedure used in the analy­
sis was a hybrid between the tangential stiffness (or Newton-Raphson}'
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method and the initial stress (or modified Newton-Raphson) 
method. The load-settlement curve obtained by the finite element 
analysis was compared by Naylor and Zienkewicz with the load- 
settlement curve obtained directly from the assumed oedaneter 
data and close agreement over the greater part of the applied 
load range was observed. This result is of practical importance 
because calculations of settlement based on simple oedometer 
analysis may be sufficiently accurate as pointed out by Burland 
and Wroth (1975).
An elasto-plastic work-hardening model suitable for the 
analysis of the behaviour of normally and lightly overconsoli­
dated clays was presented by Ghaboussi and Karshenas (1977).
The model they proposed consisted essentially of a critical state 
line (failure line) and an elliptical cap the position and the 
size of which was dependent upon the plastic volumetric strain. 
The equation of the cap or the volumetric yield surface was given 
by the following equation:
where M is the slope of the critical state line and X is the ratio 
of the major to minor axis of the ellipse. The stress parameters 
p', q were defined as
controlled by the current value of the hydrostatic pressure P q 
which was a monotonically increasing function of the plastic 
volumetric strain. The hardening rule was derived frcm isotropic 
consolidation tests and was given by
(4.259)
p’= j (o'+a^+a') (4.255 bis)
(4.256 bis)
The outward movement of the volumetric yield surface was
(4.260)
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, *Q '  ^ ’
'where Pqc was'the consolidation pressure/ V ex p (j3s^c ) where
was the plastic volumetric strain at consolidation pressure,vc ■ tr- ■ .
and the material-parameter (3 was, determined from the slope of the 
v ir g in ‘c o n sol id a tion cu rv e . Thi s hard eni ng ru 1 e f or the v o lum e tr ic 
yield surface is shown in fig. 4v24b«
In order, to take account of the plastic shear distorion 
which accurs inside the volumetric yield surface Ghaboussi and 
Karshenas introduced an additional yield surface as suggested 
by Roscoe and Burland (1968). This shear surface (see Figure 
4.24a) was a Von Mises type yield surface and it was written as
f 2 = q- II(c|)- 0 (4.261 )
where H was a hardening parameter which was a monotonies Xly;
increasing function of The plastic distortion strain increment
del* was defined as d
ded = (l deijeij)1/2. (4*262)
1
in which de. .tds. . r*. ~ 6 . . (d e, , ) are the components of the incre-
1] 1] j Ij JCJC
mental deviator ic strain tensor and de. ^  are the components of
-p
the incremental strain tensor (i,j=1r2,3) . Furthermore was 
defined as
-= /de| (4.263)
v/here the integration is carried * out. over the. strain path.
The hardening rule for the Von Mises yield surface was 
given by an hyperbolic relationship which was written as
ep
q = H(sP) = qult — —  (4.264)
d
.in which was the ultimate shear ,strength and corresponded
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to the critical state condition and a was an experimental para­
meter. The hardening rule (4.264) is illustated in figure 4.24c. 
Differentiating equation (4.264)
= q ---   = dH (4 265)
3e| ^  (a+ E | ) 2 3eP
from where it can be seen that 0H/0e^ is analogous to the H'coef­
ficient of the classical Prandtl-Reuss equations.
Chaboussi and Karshenas based their formulation on the asso­
ciated flow rule. In this case the yield surfaces f^ and f ^ acted 
also and as plastic potentials* The shear yield surface induced 
plastic shear distortions only, whereas the volumetric yield sur­
face predicted plastic volumetric strains as well as plastic shear 
distortions. Where a corner was formed when these loading surfaces 
met the total plastic strain increment was given as the sum of the 
contributions from the twD yield functions as
6 f 1 df
de?. = 5— 1U  .+ Y o 5- ^ “ (4.266)in 1 6 ct. . 2 9 a. .
13 il
where y>j and y 2 were generally function of stress, strain and strain 
history. The determination of Y>| and Y 2 was accomplished by dif­
ferentiating eqs. (4.259) and (4.261) which led to a system of 
two equations. The solution of this system gave the values of Y-j 
and y 2 -
This model was used to simulate the results of drained 
triaxial tests. In the finite element analyses one fourth of the 
sample was modelled using eight axisymmetric eight-node isopara­
metric elements. The accuracy of the finite element predictions 
was found to depend on the accurate specification of the hardening 
laws and the value of the material parameter X, The latter, strongly 
influenced the stress-strain behaviour and the shear strength 
of the clay.
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In order to predict the undrained behaviour of isotropic 
soft clays (normally and lightly overconsolidated) Banerjee 
and Stipho (1978) employed associated and non-associated flow 
rules of incremental plasticity which were based on the critical 
state theory and experimental observations. The yield surfaces 
adopted were those of equations (4.217) and (4.241) for Cam-clay 
and modified Cam-clay respectively which were written as follows:
and p'and q were defined by equations (4.255) and (4 .256) .
Banerjee and Stipho used equations (4 .267 ) and (4 .268) with 
associated flow rules. Furthermore, they used equation (4 .267 ) 
for the yield surface of the Cam-clay with a non-associated flow 
rule by choosing a plastic potential Q^F in accordance with the 
experimental observations. The non-associated model was defined
where p^ . was an arbitrary pressure the magnitude of which was 
determined by substituting the current values of p, q of the 
material point in p-q space, at which the normality was applied, 
in equation (4.27 0), that is
F (Qi j, Pq) = Mp' + log (p//p 0 * = 0 for Cam“clay (4.267)
and
o  0 0
F(c?ij, Pq ) = p/ “ PqP/ + q /M = 0 for modified Cam-clay
(4 .268)
as
F = q/Mp + loge 2.7182 p/p 'q-1 = 0 (4 .269)
and
q = p2- p^p/+ q2/**2 = 0 (4 .27 0)
p ^  =  (p '2 +  q 2/ M 2 ) / p ' (4.271)
, In the associated flow rule,models the plastic stress-strain 
relations were completely defined once the relationship' between 
the hardening parameteryp^f and the plastic strains was specified. 
The hardening rule was easily established by recalling equation 
(4.« 231) which gives the plastic volumetric strain increment during 
an incremental change of the mean effective stress as ......
deP (4.231 bis)v 1 +e p'
Based on this equation Banerjee and Stipho related the change 
in the hardening parameter and the plastic volumetric strain incre­
ment as
dD* = p' deP (4 . 27 2 )
* 0 X-k L 0 v •
The elastic matrix was obtained by choosing a value of Pois- 
sonls ratio of 0.3 and a Young’s modulus E.which was given in terms 
of k and the current p ' by .
E = 3p' (1+e) (i-2v)/K (4 .273)
as suggested by Zienkiewicz and Naylor (197 2) and it is further 
discussed by Atkinson and Bransby (1 978) . The choice of the value 
of Poisson’s ratio as 0.3 was based on the argument that in the 
prediction of the undrained behaviour of a normally consolidated 
clay-in contrast with the undrained behaviour of the overconsoli­
dated clays in which their initial behaviour when subjected to 
loading is considered nearly elastic and is much influenced by 
the value of v-the choice of the value of Poisson’s ratio is not 
so important.
The stress-strain curves and pore pressure characteristics 
of undrained triaxial compression and extension tests performed 
under stress controlled conditions were compared with the theore­
tical predictions of the finite element analysis using the associa­
ted and non-associated models.The comparisons indicated that both the 
associated and non-associated Cam-clay models gave better overall 
predictions than the associated mod if ied Cam-clay model.
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4.13 ANISOTROPIC YIELD CRITERIA
One of the first treatments of the plastic flow of an 
initially anisotropic metal was suggested by Hill(1950).In this 
theory an orthotropic yield criterion was assumed to be quadratic 
in the stress components and to reduce to the Von Mise's cri­
terion when anisotropy disappears. Hill's criterion for the 
yielding of orthotropic materials in terms of the components 
of the stress tensor, , and with the principal axes of 
anisotropy coinciding with cartesian axes of reference is given by
2f (o±i) =F (ay-az) 2+G (°z~oy) 2+H (c-x-ay) 2 +2Lxyz+2MTzx+2NT2y=1 (4.274)
where F,G,H,L,M,N are parameters characterizing the current state 
of anisotropy.
Hill's criterion assumes that hydrostatic stresses have 
no influence on yielding, and that extension and compression 
have the same effect. If X, Y, Z and R, S, T are respectively the 
yield stresses in compression and in shear with respect to the 
principal axes of anisotropy, then the following relations are 
obtained (Hill, 1950):
= G+H ;
X
= H+F 2G =
Y
~  = F+G 2H =
1 » 1 1
= Y 2
'T
z2 ~ x 2
- 1 _ i 1 1
z 2
T
X 2 " Y 2
_ + 1_ -
~ x 2 Y 2 " z2
1
" s 2
2N =
T 2
(4.275)
1
2 l = -—=■ ;
R
If there is a rotational symmetry about the vertical z 
axis, the necessary and sufficient conditions for symmetry to 
hold are
F = G N = F+2H = G+2H L = M (4:276)
and equation (4.274) becomes
F [ <oy- o z > 2+ (oa- a x ) 2] +H (ox-ay ) 2 +2L (x^+t 2z) + 2 (F+2H)T2y=1 (4 .277)
Hillfs criterion has been used as a failure criterion 
when the constants in equation (4.277) are interpreted as 
strength characteristics.
For the important case of plane strain problems Hill's 
anisotropic yield criterion for general three-dimensional problems 
reduces to a simple expression as follows:
which gives the plastic strain increment in the z direction 
(through the principle of normality applied to equation (4 .274) 
as the plastic potential) we obtain
Setting de^=0 in the equation de^=dX [g (o_~o )+F (a -a )] z z z x z y
Go +Fa x (4.278)a,z G+F
Using equation (4.278) and x =x =0, the general anisot-yz zx
ropic criterion, eq. (4.274), becomes
(4.279)
Hill writes-for convenience
N (F-f G )
2 (FG+GHfHF )
( —°°C'C < 1 ) (4.280)
so that the anisotropic yield criterion for plane strain can 
be written as
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where T is the yield stress with respect to the x,y axes 
defined in (4.275). Equation (4.281) has been recommended by 
Scott (1 963) for use in the description of the anisotropic 
behaviour of undrained soils.
Geologic materials are characterized by confining pressure 
dependency. Anisotropic soils and rocks therefore require the 
appearance of the direct stresses in the yield condition. 
Pariseau (1 968) extended Hill*s (1 950) work on anisotropic metal 
plasticity by including the normal stresses as linear terms in 
the yield condition. The yield function proposed by Pariseau 
(1968) for anisotropic (orthotropic) geologic media is given by
The nine coefficients are material constants, determined by the 
anisotropic strength properties of the material. They are expres­
sible in terms of the more familiar unconfined tensile, compres­
sive and tortional strengths obtained by laboratory testing. The 
function f (o^j) describes a material with three mutually ortho­
gonal planes of symmetry, having different tensile and compressive 
strengths in each of these planes.
in one plane, say the xy-plane, then f must be invariant under 
rotations about the z axis. This requirement reduces the number 
of independent coefficients in equation (4 .282) from 9 to 5 
and gives the following relations
F (o. •)= F (a -a ) +G (a -a ) +H (a -a ) +Lt +Mt +Nt 2 (n/2 ) +xyj
(4 .282)
where x, y, z are the principal axes of anisotropy and n>1 .
If f is used to describe a material that is isotropic .
F = G, L = M, U = V, N = 2F+4H (4.283)
If, in addition, there is also rotational symmetry about the
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x-axis then
G = H, M = N, V = W L = 2G+4F (4.284)
Combining these relations with equations (4.283), we obtain
F=G=H, L=M=N, U=V=W, L = 6F (4.285)
Moreover, if the hydrostatic stress does not affect yielding, 
that is, if U=V=W=0,-then'the yield function agrees with that 
proposed by Hill (1950) to describe anisotropic metal plasticity.
The anisotropic yield function proposed by Pariseau (1 968) 
has been used by Reinicke and Ralston (1 977) in applying the 
theory of limit analysis to determine upper and lower bounds of 
collapse loads and by Pariseau (1976) in the development of 
constitutive equations for multi-parameter elasto-plastic beha­
viour of geological media in a finite element analysis.
Booker and Davis (197 2) have proposed a general yield cri­
terion suitable for the treatment of initially anisotropic, per­
fectly plastic materials under conditions of plane strain. Their 
treatment was restricted to materials with initial anisotropic 
conditions which remained unaltered during the loading process. 
They used an associated flow rule in order to obtain simpler 
formulations for the analysis. This formulation was applied to 
determine the bearing capacity of a smooth strip surface footing 
resting on a weightless, anisotropic plastic-rigid soil.
It is generally recognized that naturally deposited clays 
are nonlinear in their behaviour and exhibit anisotropy to some 
degree as regards their mechanical properties. The situation is 
further complicated because of the presence of three phases, 
solid, liquid ard air. The properties usually change under the 
application of loading as function of stress and strain histories.
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Under large deformations, the degree of anisotropy also changes 
and hence the yield criterion adopted for clays should be capable 
of accounting for not only initial anisotropy but subsequent 
anisotropic conditions also. Such a criterion, which also accounts 
for differences in behaviour between extension and compression, 
and an incremental stress-strain relationship have been developed’ 
by Saada and Ou (1 973) . They used the yield criterion proposed 
by Gol'denblat and Kopnov (1 968) .For cross-anisotropic materials 
with symmetry about the vertical z axis, this criterion can be 
written as
where F,H,J,I,M,N,P,R are parameters characterizing the state 
of anisotropy. For hollow circular cylinders, tested under ccm-
Equation (4.286) is similar to the one proposed by Pariseau 
and was given by equation (4.282). For isotropic materials with 
identical behaviour in tension and compression, equation (4.286)
reduces to the Von Mises yield criterion.
To test the validity of Gol'denblat and Kopnov1s criterion, 
the six constants of equation (4 .287) were found from six tests 
involving six different stress paths. Two sets of coefficients- 
one from total stresses at failure and the other from effective 
stresses at failure substituted, in equation (4 .287)- were 
obtained. These were substituted in the other eight sets to 
check whether equation (4 .287) is satisfied and it was found 
they were extronely satisfactory.
(4 .286)
bination of hydrostatic, axial and torsional stresses, ax=ay 
and TXy=TyZ=0. Thus equation (4.286) becomes
(4.287)
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4.14 UNDRAINED SHEAR STRENGTH ANISOTROPY
There are two broad types of shear strength anisotropy.
The first is associated with soil structure at the level of 
particle orientation and is inherent in the soil (inherent or 
geometric or fabric anisotropy). Varved clays for example, which 
have alternate layers of "silt” and ’’clay”, have a high degree 
of inherent anisotropy. The second arises from the existing 
effective stress system and is referred to as "stress anisotropy"
Casagrande and Carillo (1944) recognized that the 
undrained shear strength of soils can be anisotropic and vary 
with the orientation of the failure plane. They suggested the 
following relationship between shear strength and principal 
stress directions
s =s .■+■ (s -s , ) cos^0 (4.288)U0 uh 1 uv uh
in which s^ is the undrained shear strength when the major
principal stress at failure ojf is inclined at angle 0 to the
vertical plane and s , s . are the undrained shear strength r uv u h 3
when Oj£ is vertical and horizontal respectively. Although 
equation (4.288) was proposed on intuitive rather than on theo­
retical or experimental grounds and was therefore a working 
hypothesis, it has been the basis of much of the subsequent 
work concerning the anisotropy of cohesive soils and its effect
s.
on the stability of slopes and bearing capacity of foundations 
(e.g. Lo, 1 965; Menzies, 1 976b).
Brinch Hansen and Gibson (1949) conducted an analysis 
based on the Skempron's (1 948b) "A theory", which showed that 
an undrained shear strength anisotropy should result from stress 
anisotropy during consolidation apart frcm any possible fabric 
anisotropy. They derived an expression for the undrained strength 
which could mobilized on a failure plane, with any orientation,
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in terms of Hvorslev shear strength parameters and the initial 
stress conditions as follows:
3 C /r = jT  cos$e+ l  (1+Kq) s in ^ e -sin4»e ^ )[(
s \ s
p) " p 1 (1"K o )
. cos 2(45+:
-
1 / 2
(4.289)
in which p is the vertical consolidation pressur~e, Kq is the 
coefficient of lateral earth pressure at rest, a is the inclination 
of the failure plane to the horizontal and X is given as
i*
_ s volume increase per-unit all-sided effective.pressure decrease 
'c volume decrease per unit all-sided effective pressure increase'
Equation (4.289) gives the undrained shear strength, su , 
for any orientation of the failure plane when the initial stress 
conditions are anisotropic. The values of X r cg and $ were assumed 
in the derivation of this equation to be the same for all values 
of a., i.e., for any orientation of the failure plane. Duncan and 
Seed (1966a) and Mitchell (1976) have written equation (4.289) 
in terms of the effective stress parameters c* and 4>1 and the 
pore pressure parameter A ( saturated clay under plane strain con­
ditions) as
u c 1 1— = —  cos<f>1 + 2  (1+Kq) sincf) 1 -sincf) 1 (2A^-1) u
L\P
^•(1-K0 )cos2 (45+| 1
211/2
(4 .290)
where is given by Au^/(A<Xj-Ao^ )f , Au^ being the pore pressure 
at failure.
Undrained strength anisotropy is governed by pore pressure
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development during shear and the effective shear strength 
parameters mobilized at failure. It is therefore affected by 
any changes in the values of c' , <f>' and A^ with direction of 
Oj£ . The work of Hansen and Gibson (1 949) of treating stress 
•system induced anisotropy did not take into account any changes 
in these parameters. Combining Hansen and Gibson's solution 
with the variation of the effective stress parameters and 
the problem of undrained strengh anisotropy in any field condition 
is, in principle, resolved.
As has been emphasized by Ladd et al. (1977) measurements 
of combined anisotropic behaviour resulting from both the 
inherent and the stress system induced components, require that 
shear starts from the Kg conditions which simulate the appropriate 
in situ anisotropic stress state. Thus, unconsolidated undrained 
and isotropically consolidated undrained (CIU) triaxial compression 
tests performed on inclined specimens will, at best, measure 
inherent anisotropy without the stress system induced component. 
Similarly, CICJ triaxial compression and extension tests will 
primarly reflect the variations in s^ due to changes in the 
intermediate principal stress and inherent anisotropy and will 
greatly underestimate the true in situ degree of anisotropy.
Bishop (1966) modified the Casagrande-Carillo equation 
(4 .288) as follows: '
s fl=s (1-asin20 ) (1-bsin2 0) (4.291 )U u UV
where the parameters a and b must be evaluated experimentally.
The parameter a in this equation reflects the influence of pore
pressure and b reflects the directional character of c' and cp'
as well as that of pore pressure. Bishop suggested that s , s ^
and s^j- should be used for the fitting.
In order to allow for diffences in vertical and horizontal 
shear strengths Davis and Christian (1971) modified Hill's (1 950)
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anisotropic yield criterion,, equation (4.281), for plane strain 
and proposed the following equation
S f ,  (1 . 252)
where su v , s ^ and su ^  are the undrained strengths for compression
in the vertical direction, horizontal direction and at 45° to the 
vertical respectively. Equation (4.292) plots as an ellipse in 
figure 4.25 and the corresponding yield criterion provides rela­
tively simple expressions for bearing capacity. The parameters a 
and b are defined in the same figure 4.25 where the measured shear 
strength, s , for compression with the major principal stress
oriented an angle 0 from the vertical,^ is plotted along a radial
line from the originvoriented 29 from the horizontal axis.
On the basis of published experimental anisotropic strength 
data and their analysis Davis and Christian suggested the following 
simple solutions for the bearing capacity of surface footings on 
anisotropic clay. When the undrained shear strength has been mea­
sured in vertical direction only (suv) , the ultimate bearing 
capacity can be calculated from the equation
q^= 0.85 s N (4.293)^f uv c
where N is the conventional bearing capacity factor, N =5.14. c c
If the undrained shear strength has been calculated in both the
vertical and horizontal directions, q can be estimated from
f
q^= 0.45 (s +s , ) N (4 .294)tf uv uh c '
Equation (4.294rl can be improved by measuring also the shear 
strength of the clay on samples which have been cut in such a 
way that their axis are inclined 4 5 °  with the vertical. For this 
case
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FIG. 4 .2 5  VARIATION OF SHEAR STRENGTH FOR AN ANISOTROPIC 
CLAY DESCRIBED BY AN ELLIPSE (AFTER DAVIS AND 
CHRISTIAN ,1971)
wherein N^, the bearing capacity factor for a surface strip 
load on anisotropic clay varies from 4 to 5.14 depending on
a
b
su45 (4.296)
The factor b/a is the ratio of the minor to the major 
half axes of the elliptical plot of undrained strength of 
figure 4.25. When b=a, 5.14. Nagaoka (1972) employed a 
kinematically admissible velocity field and the yield condi­
tion proposed by Davis and Christian (1971) and established 
an upper bound of the bearing capasity of a shallow foundation 
on anisotropic clay. The bearing capacity factor N^ , obtained 
by Nagaoka in the case of a surface foundation on anisotropic 
clay was found to be identical with that obtained by Davis 
and Christian (1971).
parameters Bjerrum (1973) has shown that the variation of the 
undrained shear strength for normally consolidated clays is 
governed by the stress anisotropy and thus by the coefficient 
of lateral earth pressure at rest. Bjerrum formulated the 
variation of the undrained shear strength as follows:
where Tcr is the undrained shear strength, k and are Hvor-
selv's shear strength parameters, and o^ are the initial
shear stress and normal stressrespectively for a plane
inclined the angle a with the horizontal, p' is the precon-c
solidation pressure and DM is a factor which measures that 
fraction of the total available friction in excess of x that
has already been mobilized and is usually less than 1. Bjerrum
Based on an analysis in terms of Hvorslev's fundamental
(4.297)
a
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used the expression (4.297) to explain how the degree of anisot­
ropy depends on the initial stresses in the ground and to show 
why the undrained strength anisotropy is greater in clays of 
low plasticity than in the more plastic clays.
Ballester and Sagaseta (1 979) have employed Bjerrum's 
(1973) formula, equation (4.297), and developed an elasto-plastic 
model for soft clays under undrained conditions. The model takes 
into account the dependence of both strength and deformability 
on stress history during consolidation of the clay which pro­
duces anisotropy and non-homogeneity with depth. The model also 
includes a new failure criterion in terms of total stresses 
and has been introduced into a finite element formulation by 
means of a hybrid method in both displacements and stresses.
Stille, Fredriksson and Broms (1976) recognized that the 
undrained shear strength varies with the direction of the prin­
cipal stress at failure. On the basis of laboratory tests the 
variation of the shear strength was found to be sinusoidal and 
was described by the following equation
s =  + ._ SU R  +  j g  ~ f u g  cos2 e (4.298)
U 2 2
where sn.t- and s are the undrained shear strengths as evaluated ua up ^
from Kg-consolidated undrained triaxial compression and extension 
tests respectively, and where 6 is the angle between the vertical 
plane and the direction of the major principal stress at failure.
Anisotropy can be investigated in the laboratory be means 
of unconfined compression tests, direct shear tests or triaxial 
tests, where the axis of the sample varies and by triaxial com­
pression and extension tests. Measurements of in situ strength 
anisotropy in soft clays have been made by means of vanes with 
different h/d (height/diameter) ratios and also with diamond­
shaped heads (Menzies and Mailey, 1976).
Numerous data are available, from both laboratory and in 
situ tests from which undrained strength anisotropy can be
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observed. In general with normally consolidated or lightly 
overconsolidated clays the minimum strength is observed in 
the horizontal direction. In heavily overconsolidated clays, 
such as London clay, the horizontal strength is maximum whereas
(i.e. the maximum shear stress parallel to the bedding planes). 
These relatively high undrained strengths of the horizontal 
axis specimens may probably reflect, in the case of London over­
consolidated clay, the large in situ horizontal stresses (Kq>1). 
Furthermore, Ladd et al. (1977) among others have indicated that 
lean sensitive clays generally have a high degree of undrained 
strength anisotropy whereas the more plastic less sensitive 
clays exhibit less anisotropy.
Equation (4.277) for an anisotropic material with rotational 
symmetry about the vertical z axis has been used by Lumb (1966) 
and Yong and Silvestri (1979) for the description of the failure 
performance of' the anisotropic clay soil. Equ. (4.277) can be 
written in the. form
in which Z=compression strength in vertical direction; X=Y= 
=compression strength in horizontal direction; T=shear strength 
in horizontal plane; R=S=shear strength in vertical plane; and
Lumb (1966) and Yong and Silvestri (1979) considered the 
information that could be obtained about the undrained strength 
anisotropy of clays from the behaviour of cylindrical specimens 
cut at various angles a/to the in situ vertical axis and subject 
to compressive stresses, as shown in Fig.4.26. In this case, the 
triaxial or unconfined compressive strength, a, of a cylindrical 
sample cut with its axis inclined at an angle a to the vertical
the minimum is observed when is at 45° to the vertical
(4.299)
Z=nX=nY=mR=mS=(4n2 -l) ^2T (4.300)
The strength is thus described by the three independent 
parameters Z,n, and m. When n=1 and m=/3 there is complete isotropy.
ain s itu  v e rtica l axis
horizontal Gxis
FIG. 4 .2 6  CYLINDRICAL CLAY SAMPLE CUT W ITH ITS AXIS 
INCLINED WITH RESPECT TO IN SITU VERTICAL 
AXIS
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can be shown from equ. (4.277) to be given by
o= [Hsin2a+F (1 +cos2ot) + (2L-H-5F) cos^asin2a] ^ 2 (4.301)
Substitution of equs.(4.275) and (4.300) into equ. (4.301) gives
_ (- 2 . 2 » 2 . 4 2 2 . 2 —1/2 / /i o a o \o=Z [cos a (cos a - s m  a)+n s m  a+m cos a s m  aj (4.302)
It may be shown from equ. (4.301) or (4.302) that the 
maximum and minimum values of a occur along the anisotropic axes, 
and also in a direction a such that
tan2a = (L-3F)/ (L-H-2F) (4.303)
Yong and Silvestri (1979) investigated the directional 
properties of a natural bedded sensitive clay form St-Louis de 
Bonsecours (Quebec) by subjecting the clay specimens, which had 
been trimmed with their axes inclined at various angles a-to the 
in situ vertical direction,to unconfined compression tests and 
specifying the parameters F(=G), H, and L of equation (4.301) by 
means of equs. (4.275), (4.300) and (4.303). They obtained good
agreement between experimental results and theoretical predictions 
given by equ. (4.301).
The rule of isotropic plastic hardening is not sufficiently 
general in soil mechanics since, under unloading or reloading 
reversals, or both, it implies elastic behaviour until the stress 
state (point) again has reached the previous yield surface. It 
has been observed experimentally that upon unloading, both elastic 
and plastic deformations occur well before the stress is fully' 
reversed (similar to the Bauschinger effect in metals). Therefore, 
in order to account for the unloading-reloading events on the soil 
behaviour, it has been proposed to use plasticity models combining 
properties of isotropic and kinematic plastic hardening rules in 
which the yield surface is allowed to change in size simultaneously 
as it is translated in stress space by the stress point.
Prevost (1967) and Provost and Hoeg (1977) based on the work 
by Mr6 z (1967) suggested a general analytical model to describe the
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anisotropic, elastoplastic, stress path-dependent, effective 
stress-strain-strength behaviour of saturated clays under undrained 
conditions. The model combines properties of isotropic and 
kinematic plasticity .by using a collection of nested yield surfaces 
(see section 4.33.3) and indroducing the concept of a field of 
plastic moduli. For any loading/unloading history, the instantaneous 
configuration of the field of yield surfaces is determined by 
calculating the translation and expansion (or contraction) of each 
yield surface during successive changes in load. The initial 
positions and sizes of the yield surfaces reflect the past stress- 
strain history of the material element, and are a direct expression 
of the material "memory" of its past loading history. A plastic 
modulus is associated with each of the yield surfaces. The outmost 
yield surface plays the role of a failure surface and thus envelops 
the successive yield surfaces, and it places a geometrical bound 
in stress space outside which the stress point and the successive 
yield surfaces cannot go. The yield surfaces cannot overlap and they 
move together when contact is made and remain tangent to each other. 
Since the yield surfaces are allowed to change in position in stress 
space in order to follow the stress point, the yield functions 
initially (before shearing) reflect but do not always preserve the 
original anisotropy of the soil specimen during subsequent loading. > 
The application of shearing stress tend to erase the clay's "memory" 
of its previous history in that its state of initial anisotropy 
is disrupted by shear, and a new state of anisotropy is created.
The use of many discrete surfaces allows for the adjustment 
of' the hardening/softening rule to any experimentally observed 
behaviour by, in effect, employing a polynomial in the curve- 
fitting procedure. Complete specification of the model parameters 
requires the determination of:(1 ) the initial positions and sizes 
of the yield surfaces together with their associated plastic 
moduli; (2 ) yield surface size and/or plastic modulus changes 
as loading proceeds; and (3) the elastic shear G and bulk K 
moduli. The model parameters may be readily determined by using the 
results of conventional triaxial or simple shear tests.
The model developed, by Prevost (1977) has been applied to * ' 
relate the various undrained shear strengths measured in common . 
soil tests,- 'including triaxial compression and extenstion tests .and 
simple shear tests with cyclic as well as monotonic loading 
(Prevost 1977; Prevost and IIoeg, 1977) . The model, suited for use 
in- finite element analyses, appears most promising for practical 
applications since the parameters required to characterize' soil 
behaviour may be derived from-fairly simple tests and it accounts 
for stress system induced anisotropy.
4.15 BEARING CAPACITY OFVFOOTINGS ON NONHOMOGENEQUS CLAYS
The condition of linearly increasing strength with depth is 
typical of normally consolidated clays and is frequently encountered. 
Close to the ground surface the clay is usually overconsolidated 
due to surface drying and the influence of plant roots and the 
strength of this crust is higher than that of the material 
immediately below it. The linear, increase of strength with depth 
in normally consolidated clays is often expressed as the ratio of 
the undrained strength to the vertical effective stress under which 
the material has been consolidated.
The most simple case of clay nonhomogeneity is that of a tv;o- 
layer clay with different but constant with depth strengths in 
each layer. Such a two-layer clay profile can be found in two cha­
racteristic conditions: (1) bearing clay stratum softer than the
underlying clay stratum; and (2) bearing clay stratum stiffer than 
the underlying stratum. Button (19 53) analysed both situations for 
saturated clays in undrained condition (<p=0) assuming general shear 
failure along the cylindrical slip surfaces starting at the edges 
of the foundation and presented his results in the form of charts.
The undrained strength of a clay is commonly anisotropic. As 
discussed in the previous section this can arise from the development 
of an anisotropic fabric during deposition and subsequent consoli­
dation. Even if anisotropic structure can be ignored, anisotropic 
states of stress during consolidation result in anisotropy in the
undrained strength. Reddy and Srinivasan (1967) extended the 
Button solution to include anisotropic clays. Chen (1975) using 
the limit analysis method considered the problem of the bearing 
capacity of surface strip footings on two-layer clays with constant 
strength in each layer coupled with anisotropy and found results 
agreeing with those obtained previously by Reddy and Srinivasan 
(1967) uisng the method of limit equilibrium.
In many practical cases, the undrained shear strength varies 
with depth below a small foundation, and in this case, it is 
sufficiently accurate to take an average value of suf (where s^^ 
denotes simply the peak undrained strength, suf=su) as a constant 
in a (p=0 bearing capacity analysis. This average may be taken over 
a depth below foundation level equal to 2/3 B, provided the shear 
strength of any layer does not depart from the average strength by 
more than ±50%.
Raymond (1967) considered the problem of the bearing capacity 
of a uniformly loaded surface footing on a purely cohesive soil 
exhibiting a linear increase in strength with depth and applied his 
solutions to the stability of embankments.
Davis and Booker (1973) presented an exact plasticity solution 
to the linearly increasing strength with depth problem (Fig. 4.27) 
for the case of centric-vertical load for a surface strip rigid 
footing. Their solution for smooth footings was expressed in the 
form
qf = F g [ J 2 + ti) s u f q + A B / 4 ]  ( 4 . 3 0 4 )
ih which Fg=a function of the nondimensional parameter -^B/sufo; 
A=rate of increase of strength with depth; and su£Q=the soil 
strength at the surface. The factor F is plotted in Fig. 4.28 and 
has a maximum value of 1.465. For rough rigid strip footings Davis 
and Booker presented their solutions in a similar to equ. (4.304) 
form as
qf F^|T2+tx) s^f q+A.B/4] (4.305)
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where F_ is a factor for rough footings analogous to F forR b
smooth. F and Fn/F are also plotted in Fig. 4.28. As can be seenR R b
from Fig. 4.28 roughness may increase the bearing capacity of 
clays exhibiting inhomogeneity in the vertical direction of the 
type where the strength increases with depth, by a maximum of 
16% but has no effect on the bearing capacity when su^q= 0  or A=0 .
By extending their analysis, which was based on the "method 
of slip line fields", Davis and Booker were able to take into 
account the effect of a stiff surface layer. The strength-depth 
profile analysed was that of Fig. 4.27(c) for an<^  the
results for the bearing capacity of smooth and rough rigid footings 
were presented in the form
qf = FD2+Tt)suf0 +XB/4] (4.306)
where F==FgC For smooth and F==FRS for rough footings for a strength
profile with a crust. The variation of F and F with the parameter
se rs
AB/su £q is shown in Fig. 4.29.
Davis and Booker (1973) compared their results with those 
obtained by a simple slip circle method and showed that the error 
in using the slip circle can be several hundred percent on the 
unsafe side. The conventional slip circle method is essentially 
a method for obtaining an upper bound to the correct plasticity 
solution. It can be seen from the inset to Fig. 4.30 that a 
solution by the slip circle method must involve a circle which 
passes through one edge of the footing. Figure 4.30 compares 
the rigorous plasticity solutions for a rigid footing on a 
cohesive clay whose strength increases with depth with those by 
the slip circle analysis and indicates how poor an upper bound 
the'latter may be. When AB/s^q is zero, the slip circle solution 
is only 8 % greater than the exact plasticity solution but is 
350% greater when sufo/^B -*-s zero*
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..4.16 CHAPTER- SUMMARY
Over the past few years, there has been increasing applica­
tion of numerical methods of analysis to soil engineering problems. 
The application of analytical and numerical techniques has enabled 
increasingly realistic models of soil behaviour to be incorporated 
into solutions of boundary value problems despite the complexity 
of the soil systems, resultant irrecoverable deformations almost 
immediately upon application of stress, volume changes during 
shearing and strain-hardening or softening response.
A realistic model of soil stress-strain behaviour must account 
for the plastic behaviour of soils and, therefore, must be based 
on concepts of the flow theory of plasticity. Hence most of the 
approaches are based on modifications and extensions to plasticity 
concepts originally developed for metals. Among these approaches 
the first successful contribution of providing a natural framework 
for modelling the stress-strain behaviour of. soils has been establi­
shed by the so-called Cambridge critical state concept, in which 
soil is assumed as elasto-plastic material with strain-hardening 
or strain-softening characteristics.
Computational models based on concepts from (first order) 
elasticity theory have limitations,but it appears that these limita­
tions may be largely overcome by use of elasto-plastic stress- 
strain relationships. Elasto-plastic stress-strain relationships 
can provide improved modelling of the behaviour of real soils 
at and after failure, they can model dilatancy, they can model the 
dependency of the strength on the intermediate principal stress, 
and they can model the coincidence of strain increment and stress 
increment axes at low stress levels, with transition to coincidence 
of strain increment and stress axes at high stress levels (Duncan 
et al. , 1977). Finite element elastic-plastic formulations using 
the concepts from critical state soil mechanics, and including a 
combination of isotropic and kinematic plasticity hardening rules, are
able to accomodate the complex behaviour of different soil mate­
rials. The behaviour of various soils under both drained and un­
drained, monotonic and cyclic, loading conditions may be modelled 
using these formulations.
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CHAPTER 5
THE ROLE OF PROGRESSIVE FAILURE IN SOIL STABILITY
5.1 INTRODUCTION ,
In conventional analysis of slope stability problem^, 
it is assumed that the peak shear strength of the soil 
is fully mobilized simultaneously along the whole length 
of the failure surface. Thus, the soil is treated as a 
rigid-plastic material and the actual soil stress-strain 
relationship does not enter into the method of analysis.
The stress-strain curve of the soil considerably deviates 
from that of a rigid-plastic material and the ratio of 
strength to shear stress is not uniform along the entire 
length of a potential slip surface. In such cases the 
state of limiting equilibrium is associated with non- 
uniform mobilization of shearing resistance and thus 
with progressive failure.
As progressive failure invalidates conventional 
stability analysis, it is important to specify the neces­
sary conditions for a progressive failure to take place.
5.2 NECESSARY CONDITIONS FOR PROGRESSIVE FAILURE
Terzaghi and Peck (1948) and Taylor (1 948) have 
associated progressive failure with non-uniform stress 
and strain conditions and redistribution of shear stress 
along a potential sliding surface.
In an element within a soil which possesses a
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strain-softening stress-strain curve is sheared beyond 
peak failure strain, it will loose part of its sustained 
stress. This part of stress must be shed to the neigh­
bouring elements, which in turn may be brought past the 
peak by this additional stress and thus the process of 
progressive failure can initiate.. Thus local redistri­
bution of stress can occur only if the soil exhibits 
a brittle behaviour.
On the other hand, even if the soil stress-strain 
relationship exhibits a strong brittle behaviour, no 
progressive failure can initiate if the stress and strain 
distribution within the soil mass is uniform. For every 
point within the mass is brought simultaneously to the 
same stress state and no redistribution of stresses 
can take place.
Therefore, the development of a sliding surface 
by progressive failure is possible if the following 
three conditions are satisfied (Bjerrum, 1967):
(a) the soil exhibits a brittle behaviour with a 
marked decrease in strength after failure strain;
(b) stress-concentrations take place;
(c) the boundary conditions are such that differen­
tial strain may take place.
When all three conditions are satisfied the like­
lihood of progressive failure is large and a potential 
slip surface may develop along which the average shear 
strength lies between peak and residual strength values.
5.3 THE INFLUENCE OF NORMAL STRESS IN THE POST-PEAK
STRESS-STRAIN BEHAVIOUR
Drained triaxial test results on overconsolidated
clays performed under different values of have shown
that the stress-strain curves can show plastic of brittle 
behaviour according to the magnitude of the confining 
pressure. Although variations due to clay type or the 
stress range used in the tests may exist, the general 
trends are in increasing the confining pressure (Bishop 
et al. , 1 965 ; Lo, 1 972) .
(a) The magnitude of the post-peak strength reduc­
tion decreases.
(b) The rate of decrease in strength after passing 
the peak decreases.
(c) The strain to reach the peak increases.
The reduction of strength frcm passing from peak
to residual state may be expressed by the 1 Brittleness
index* 1^ (Bishop, 1967).This is defined in Figure 5.1a a
and can be applied to both drained and undrained condi­
tions (Bishop, 1973).
where s is the resistance to shear on the sliding surface 
for a given value of effective normal stress, the suffixes 
f and r relating to the failure (peak) and residual states.
Drained IB __ sf - sr (5.1)
Undrained IB (5.2)
shear
s t r e s s
Brittleness Index = Ig  
I) Drained tests (for a given value of d n')
n) Undrained tests
shear strain
FIG 5.1a DEFINITION OF BRITTLENESS INDEX,
stress
Ep —Ef __ (area ApBpBr)
ED (area AoApBpBo)
Rupture index =
Ao
strain
Bo
strain
strain
at peak at residual
FIG 5.1b DEFINITION OF ^RUPTURE INDEX,
where su denotes the apparent cohesion, the suffixes 
f and r relating to the peak and residual states, for
the case 6 = 0 .Yu
For drained conditions strongly depends 
on the normal pressure and generally decreases with 
increasing normal stress. For triaxial tests the tran­
sition from brittle (I.r> 0 ) to ductile (I^ = 0 ) beha-X5 D
viour, usually corresponds to a certain transition 
cell pressure above which ductile or strain hardening 
behaviour can be expected. For example, drained triaxial 
test data on St. Vallier clay reported by Lo (1972) indi­
cated that at cell pressure of about 7 0 kPa a flat 
stress-strain curve is obtained whereas tests at lower 
cell pressures exhibit brittle behaviour with a drop 
in strength after peak is-reached. Drained and conso­
lidated undrained results on Saint-Vallier and Saint- 
Louis sensitive cemented clays reported by Lefebvre 
and La Rochelle (197 4) showed clearly that in both 
types of tests, there is a definite change from a brit­
tle to an elasto-perfectly plastic or strain-hardening 
behaviour as the consolidation pressure increases.
Thus, at low consolidation pressures, and more or less 
of practical interest, the residual strength was lower 
than the peak strength, whereas at higher pressures 
the opposite was true. Under drained conditions the
highest values of ID are usually obtained for small,a
intact samples of heavily overconsolidated plastic 
clay tested under low normal stresses.
Under undrained conditions, the very sensitive 
clays exhibit the highest brittleness index among the 
cohesive soils. For cohesionless soils, the very loose 
saturated sands with moderate to high consolidation
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pressures have the highest value of brittleness index 
with very small residual strengths. The high brittleness 
index is associated with an almost complete transfer, 
in the residual state, of the total normal stress to 
the pore fluid.
Bishop (1973) summarized values of the brittleness 
index of cohesive and cohesionless soil for both drained 
and undrained conditions and also discussed the difficul­
ties which arise in defining brittleness under field 
conditions for heavily overconsolidated fissured clays.
According to Bishop et al. (1971) progressive 
decrease of strength may occur if the brittleness index 
is high. Since, in general, brittleness index decreases 
with increasing normal stress relatively shallow sides 
may exhibit a greater tendency for progressive failure 
because of associated low normal stresses while in the 
same material there may be few examples of progressive 
failure along a deep-seated surface since the brittle­
ness index is low at high normal stresses. Bishop et 
al.(1971) pointed out that the majority of examples of 
progressive failure were to be found in the low stress 
range.
Since brittleness index depends on the level of 
effective stress, the size of the slide may be the 
controlling factor in determining the potential for 
progressive failure. Along a potential slip surface 
the normal effective stress may vary significantly 
depending on the geometry and inclination of the slope 
and the shape of the slip surface. This variation of 
the stress level may contribute to variation in the 
brittleness index which in turn would lead to variation
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in mobilized strength at failure. Therefore the strength could 
vary in an arbitrary manner from peak to residual along a gi­
ven slip surface (Bishop, 1971) .
To take account of the shape of the stress-strain curve, 
Bishop (1967) has also introduced an energy quantity, the 'Rup­
ture Index* to quantity the ratio of the work done in shearing 
from peak to residual and the work done from peak to residual 
if the sample has shown no drop in strength (Figure 5.1b) .
The stress-strain characteristics of a soil can be in-
i ■
fluenced by the value of the intermediate principal stress 
For example Cornforth (1964) showed for sands that drained shedr 
in plane strain (e^=0) produces much more pronounced strain-sof­
tening effects than in triaxial compression tests.
The shearing displacement required to reach the residual 
strength strongly depends on the normal pressure, soil type and 
test conditions. Mitchell (1976) quoted results by Deere (197 4) 
where shearing displacements 1 or 2mm were necessary to reach 
the residual state for clay materials in contact with smooth 
steel or other polished hard surfaces. The required displacements 
for clay against clay was measured in several centimeters. Her- 
rman and Wolf skill (1966) have found that the displacement re­
quired to reach the residual condition decreased considerably 
as the normal stress increased. Subsequent results in a rotary 
shear apparatus carried out by La Gatta (1970) have not shown 
this trend. With Blue London Clay the displacement required to 
reach the residual state was found by La Gatta to be about 40cm
at a normal pressure of o'=100 and 200 kPa ., about 3cm at o' =^ n n
400 kPa, and 10cm for a^=800kPa . Tests in the ring shear ap­
paratus conducted by Garga (1970) showed clearly that greater 
displacements are required to reach the residual state when 
the sample is sheared under low effective stresses than those
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required under higher effective normal stresses. For Blue 
London Clay the displacements varied from about 5 0cm at a 
normal stress of 42 kPa to approximately 12.5cm at a normal 
stress of 280 kPa.
Along a potential slip surface the normal stress may 
vary significantly depending on the geometry and inclination 
of the slope and the shape of the slip surface. Peck (1 967) 
presented direct shear test results performed by R.J. Conlon 
on Lake Agassiz clay under various normal stresses. The re­
sults clearly indicated that up to a high value of normal 
stress the horizontal displacement required to reach the peak 
shear strength increased significantly with increasing normal 
stress. Beyond this value of normal stress, the necessary dis­
placement to reach the peak strength started to decrease. Ba­
sed on these results and the variation of normal stress along 
a potential failure surface he concluded that the peak shear 
strength cannot be mobilized simultaneously along a curved 
failure surface. By considering typical normal stress dist- 
ributionsand the shearing resistance mobilized at various uni­
form displacements along potential circular slip surfaces an 
approximate analysis of a slope in Lake Agassiz clay was con­
ducted. The analysis led Peck to the important conclusion that 
failure is likely to progress from the upper portion of the 
slope where, in this case, the shear strength has approached 
the residual value while the central zone-where the normal 
stress was highest-was considered to be at peak strength.At the 
lower portion of the sliding surface, the shearing resistance 
was based on comparibility of shear deformations and correspon­
ded to intermediate between the peak and residual values. The 
important results concerning the effect of stress level and 
strain on the shear strength of cohesive soil obtained by Peck 
cast serious doubt on the widely held belief about failure 
always initiating and progressing from the toe.
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Bishop et al. (1971) have found that once the resi­
dual strength has been established under a given normal 
stress, subsequent rebound at lower normal stress requires 
further displacement to re-establish the residual strength. 
They point out that this effect should be allowed for 
when carrying out stability analyses of slides on pre­
existing surfaces where re-initiation of slides takes 
place under a normal effective stress lower than that obtaining 
when the original surface was formed. The field value of 
<f>'r,,for clays such as brown London clay which show marked 
stress dependency, in the re-initiated slide tends to 
be greater than that measured in the laboratory.
Studies of many slides have shown that the avara- 
ge normal stress on the failure surface, depending on 
the assumptions about ground water table, may be very 
low. Often less than 70 kPa. Moreover, many of the slope 
stability problems have been analysed assuming a residual 
strength independent of the normal stress. For some small 
slope failures good agreement has been obtained between 
residual strength values in the field and in the direct 
shear box. It does not follow, however, that the direct 
shear box always gives accurate values of (j)'r.It has been 
suggested by Garga (197 0) that this agreement is due to 
the fact that direct shear tests are normally carried 
out at an effective stress invariably greater than the 
average normal stress acting on the slip surface in the 
field and the fact that these values of residual strength 
are fortuitously similar to the correct values obtained 
in the ring shear apparatus at the more appropriate lower 
stress levels.
Apparently, the magnitude of the normal effective 
stress considerably influences the post-peak behaviour.
This also emphasizes the necessity for an accurate deter­
mination of the strength envelopes at the low stress level 
and the danger of extrapolating from test results at the 
high stress range. Determination of values of peak and resi­
dual strengths to be incorporated in the analysis of slope 
stability problems should be carried out in the laboratory 
under conditions simulating those in the field.
5.4 THE ORIENTATION OF PRINCIPAL STRESSES AT FAILURE
Conventional triaxial compression tests are extensi­
vely used to derive practical soil parameters for design pur­
poses. In many field situations, however, deformation condi­
tions more closely approximate plane strain. Furthermore, na­
tural soil, deposits have, during their deposition, undergone 
one-dimensional consolidation, termed Kq consolidation, as 
opposed to the isotropic consolidation simulated in conven­
tional triaxial tests. Furthermore, stress changes in-situ 
do not always correspond to axial compression. For example, 
along a potential failure surface through an excavated slope 
the orientation of the major principal stress varies from es­
sentially vertical at the top to horizontal at the toe of the 
slope. The deformation conditions also vary from axial comp­
ression at the top to axial extension at the toe. The degree 
of re-orientation of the principal stresses before excavation 
and at failure therefore varies from essentially zero at the 
top to a maximum of about 90° at the toe with varying degrees 
of reorientation at intermediate locations.
Duncan and Seed (1 966b) performed undrained plane 
strain tests on undisturbed samples of San Fransisco Bay 
Mud, a sensitive soft marine clay. Following initial K q 
consolidation, the samples were sheared in compression
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(axial stress was increased, lateral stress was held 
constant) and extension (lateral stress was increased, 
the axial stress was held constant) . The avarage axial 
strains at failure in plane strain compression tests 
were only about one-third of the average strains at 
failure in plane strain extension tests. Moreover, the 
compression tests showed higher strength and significant 
strain softening after failure. Duncan and Seed sugges­
ted that the variation of strain at failure with the 
orientation of failure plane may contribute to the 
development of progressive failure in the field by 
preventing the simultaneous mobilization of peak strength 
at all points around a curved failure surface.
Plane strain test results on a normally consoli­
dated, undisturbed marine clay (Haney clay) have been 
carried out by Campanella and Vaid (1973) and Vaid and 
Campanella (1 974) . Their undrained plane strain compres­
sion tests produced a very brittle stress-strain curve 
and a very low axial strain to peak deviator stress 
(ef = 0.4%). In contrast, the undrained extension tests 
were found to give a plastic stress-strain curve and 
a greatly increased strain to failure (e^ = 10%). The 
ratio of undrained shear strength to major consolidation 
stress in extension was found to be approximately 7 0% 
of that in compression.
Similar results have also been presented for the 
Boston Blue clay by Ladd (1975) who performed three 
types of Kq consolidated undrained tests, namely plane 
strain compression, plane strain extension and direct- 
simple shear tests. Compression tests (vertical loading)
showed a high strength (suv/p *= 0-34, where p = 
vertical consolidation stress), a small shear strain 
at failure (y ^  = 0 .8 %) and a pronounced degree of
strain softening after failure. The extention tests 
(horizontal loading), corresponding to a 90° rotation 
in the principal stresses, showed a reduced undrained 
strength (Suj1/P -=0.19), a flat stress-strain curve 
and an increased shear strain to failure ( y^ = 8.5%). 
Intermediate values of s^, and degree of strain sof­
tening was obtained by the direct-simple shear test 
(Geonor divice), with an estimated degree of rotation 
of principal stresses between 30° and 45°. These results, 
typical of lean, sensitive clays as it is believed by 
Ladd, indicate the important influence of the direction 
of the major principal stress at failure on the values 
of su , and the degree of strain softening.
Considering the undrained stability of sensitive 
clays, which usually exhibit strain softening behaviour 
in a plane strain compression test, the results of this 
section suggest that the full peak strength cannot be 
mobilized for all elements along a failure surface as 
shown in Fig. 5.2 and a form of progressive failure may 
occur.
5.5 THE INFLUENCE OF TIME
The effect of time to failure on the peak undrained 
strength is now well recognized (Casagrande and Wilson, 
1951; Bjerrum, Simons and Torblaa, 1958; Richardson and 
Whitman, 1963).
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FIG. 5.2 STRESS SYSTEM ALONG A FAILURE SURFACE
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The decrease in undrainea strength with increa­
sing time to failure was attributed by Bjerrum, Simons 
and Torblaa (1 958) to the incr ease in por ewa'ter pr es­
sure at failure-with’a- simultaneous decrease in the true 
Cohesion and/or the true angle of internal friction 
as the time to failure increased. They also indicated 
that the failure strain decreased with test duration. 
Undrained triaxial tests on brown London Clay reported 
by Skempton and La Rochelle (1965) showed a decrease 
in undrained strength of 2 0 % when the time to failure 
var ied from 1 5 minutes - to one week. This decr ea.se wa s 
attributed mainly to the migration of pore water into.. . 
the shear zone from the less highly strained parts of 
the specimen and to a lesser degree to a rheological 
effect. As the time to failure increases the und.ra.ined 
stress-strain curve may become flatter arid not exhibit 
a distinct peak (Parry, 1972).
Results on the effect of rate of shearing on 
the peak drained strength are rather limited. Bishop 
and Henkel (1 962) reported drained triaxial tests on 
remoulded Weald Clay specimens in which the time to 
failure was varying between 1 day to 2 weeks. The 
tests showed a decrease in strength of about 5% per 
tenfold increase in testing time. Tests on a normally 
consolidated, undisturbed marine clay carried out by 
Bjerrum, Simons and Torblaa (1958) showed that- with 
times to failure up to a month the drained shear 
strength was independent of the test duration when 
the latter was greater than one day. The authors 
suggested that the expected reduction of Theologi­
cal component, in this case was offset by an increa­
se in true cohesion as a result .of secondary consoli­
dation as the time to failure increased. Constant
stress level creep tests under drained conditions 
with duration up to three and one-half years were 
performed by Bishop and Lovenbury (1969) on undis­
turbed brown London Clay and a normally consolida­
ted Pancone Clay from Italy. Their results indicated 
that on an engineering time scale little decrease 
in strength from peak to residual can be accounted 
for by the time dependent component of strength. 
Samples at stress levels below the residual strength 
were found to creep and there was no threshold value 
of stress below which time dependent axial deforma­
tion did not take place.
There are some clays which may exhibit consi­
derable drained strength reduction with time to fai- 
lure.Bjerrum (1 969) suggested that the effect of 
time to failure on the peak drained strength must 
be considered in the case of plastic clays. Drained 
triaxial tests on St. Vallier Clay, Canada, reported 
by Lo (1972) showed that the drained shear strength 
decreased logarithmically with time to failure, 
amounting to a decrease in strength of about 1 2 % 
per log cycle of time. The draned strength decrease 
with the logarithm of time was expressed by Lo by 
the equation suggested by Hvorslev (1960)
st = Sf - k I°g1 0 £  (5
O
where s^ . = drained strength measured at time to fai 
lure t
s^ = drained strength measured in time to fai
lure t in rapid conventional tests o
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k = rate of decrease of strength per logarit­
hmic cycle of time
In addition Lo noted that the rate of post-peak reduc­
tion was changed with time to failure.
Consequently, especially for some clays, the ti­
me effect may constitute an important mechanism of prog­
ressive failure.
5 . 6 THE INFLUENCE OF DISCONTINUITIES
The majority of overconsolidated clays contain 
numerous discontinuities such as fissures, bedding 
planes, joints and faults. If, in addition, they have 
been sheared by land sliding or tectonic forces, shear 
zones will be formed containing minor shears and,usual­
ly, one or more principal slip surfaces (Skempton, 1966). 
Non-fissured, or intact, overconsolidated clays such 
as boulder clays and clay tills are relatively rare.
Since discontinuities represent local zones or sur­
faces of reduced shear strength which reduce the stren­
gth of the clay mass, it is expected that the stabili­
ty of slopes in overconsolidated clays will be largely 
controlled by the strength along these discontinuities.
Terzaghi in 1936 gave the first explanation 
of the softening action of fissures in stiff clays 
with time and pointed out the dangers of progressive 
failure if fissures and joints open out as a result 
of small movements consequent upon removal of late­
ral support when the excavation is made. According 
to Terzaghi, due to high strength of overconsolida­
ted clays, fissures can remain open at considerable
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depths. Skempton (1 948a)descr ibed six slides in 
London Clay where softening, due to the presence of 
fissures, took place. The measured undrained stren­
gths of undisturbed samples were 3 to 4 times greater 
than those required for equilibrium in stability ana­
lysis and a tentative relationship between time and 
softening process in London Clay was presented. The 
rate of softening was also found to be influenced 
by the average depth of the slip surface.
Softening is generally a long term process 
and in a short term consideration may occur only in 
the immediate vicinity of an open fissure. Skempton 
(1 964) has suggested that, in addition to allowing 
the clay to soften, the joints and fissures cause 
concentrations of shear stress which locally exceed 
the peak strength of the clay and lead to progressi­
ve failure. According to Skempton and La Rochelle 
(1965) there are a number of ways that fissures can 
adversely influence the strength of overconsolidated 
clays.
(a) Open fissures may form a portion of a fai­
lure surface across which no shear resistan­
ce can be mobilized.
(b) Closed fissures may form a portion of a fai­
lure surface on which only the residual strength 
can be mobilized ^
(c) Fissures whether open of closed, may adver­
sely influence the stress within a slppe, 
increasing the likelihood of progressive 
failure.
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The influence of the fissures on the peak strength 
has been shown to be considerable. Skempton and La Rochel­
le (1965) noted a reduction of 3 0% in undrained shear 
strength in London Clay due to the presence of fissures.
A feature of the effect of fissures on the peak shear 
strength is the effect of specimen size in the test re­
sults. Bishop and Little (1967) showed that the undrai­
ned shear strength of brown London Clay measured by in 
situ shear box testing on a 0 .6m x 0 .6m square sample 
was only 55% of that obtained using standard 1^2 in. 
diameter specimens. The major part of this decrease 
was attributed to the influence of the specimen size in 
a fissured material. Similar observations of strength 
decrease have been made by Simons (1967) in blue London 
Clay where the peak undrained strength of large speci­
mens (1 0 0 mmx 2 0 0 mm and larger) containing a large number 
of fissures were more consistent with the slip analysis 
performed, whereas the smaller and more intact specimens 
greatly overestimated the operational in situ strength.
The shear strength along the different types of 
discontinuities generally depends on the amount of re­
lative displacement which these planes of weakness have 
undergone. A tentative classification of discontinuities 
according to their occurrence and relative shear move­
ment has- been presented .by Skempton and Pet ley (1967). 
According to this classification principal displacement 
shears such as those found in landslides, faults and 
bedding-plane slips have undergone large displacements 
(more than 1 0 cm) and their surfaces appear polished.
Minor shears such as Riedel, thrust and displacement 
shears of limited extent are described as non-planar 
and slickensided along which small displacements (less 
than 1cm) have occurred. Joint surfaces, including sys­
tematic joints, displayed "brittle-f acture” texture
\
226
with little or no relative shear movement. Bedding sur­
faces have undergone no movement.
According to investigations by Skempton and Pet- 
ley (1 967) and Skempton, Schuster and Petley (1 969), 
the strength along principal slip surfaces is at or near 
the residual. Along minor shears the strength may be 
appreciably higher than the residual. On joint surfaces c' 
is small and <J)*is approximately the same as at peak for 
intact clay indicating that the fracture which produced 
the joint virtually destroyed the cohesion but reduced 
the friction angle <p 1 by only a very slight amount.Mo- 
vements of not more than 5mm, however, are sufficient 
to bring the strength along the joint to the residual 
and to polish the joint. For most practical purposes 
the strength along joints and fissures may be taken as 
being at the residual value. Similar investigations by 
Calabresi and Manfredini (197 0) on the strength along 
different types of discontinuities of the jointed clay 
of S. Barbara have shown that along joints and bedding 
planes the same peak value of friction angle holds as 
in intact clay, but cohesion is very low or negligible. 
However, a much smaller displacement is sufficient to 
reach the residual strength along these discontinuities 
than in intact clay. Along faults the strength has found 
to be already at the residual value.
Multiple reversal shear box tests carried out 
by James (1971b) both along and perpendicular to the 
bedding in Oxford Clay have shown that much smaller 
strains will be required to arrive at residual strength 
along the bedding, than when shearing perpendicular to 
bedding. This result is of importance because „a shear zone 
or slip plane passing across the bedding would need very
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large deformations to produce residual conditions while 
residual conditions would be relatively quickly obtained 
where the deformation was located along a bedding plane. 
Consequently, this would suggest that around a slip in 
a clay cutting consisting of a combination of both con­
ditions, the strength could increase from probably the 
residual near the toe to approximately the peak strength 
near the crest of the slope.
5.7 THE INFLUENCE OF THE INITIAL STRESS STATE
It is well established from studies in the field 
and the laboratory that in overconsolidated clays and 
clay shales the insitu horizontal stress may exceed the 
overburden pressure and at shallow depths the ratio of 
horizontal effective stress to vertical effective stress 
(Kq) may become large enough so that the soil approaches 
a state of passive pressure failure. Skempton (1961) 
using an indirect method to estimate the insitu stresses 
in the London Clay at Bradwell found that Kq varied consi­
derably with depth, increasing from a value of about 1 .5 
at a depth of 30m to a value of 2.5 at 3m. From laborato­
ry studies in the oedometer where lateral pressures were 
measured, Brooker and Ireland (1965) and Brooker (1967) 
observed that during unloading Kq was increased with the 
overconsolidation ratio and that eventually a passive 
failure state was reached. The rate of increase was found 
to be lower for high plasticity soils in which according 
to Bj.errum (1 967) strong diagenetic bonds are developed 
and prohibit the liberation of strain energy to manifest 
the large horizontal stresses.
Duncan and Dunlop (1969) have indicated that the 
high initial horizontal stresses in heavily overconsoli­
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dated clays and shales increase the likelihood of prog­
ressive failure in these materials. Lo and Lee (1973) 
also showed the crucial dependence on the insitu effec­
tive stresses of realistic analytical models incorpora­
ting strain-softening soil behaviour.
5.8 THICKNESS -OP SHEAR ZONE
The displacement required to reach failure in 
slopes mainly depends on the strain which corresponds 
to the peak strength and on the thickness of failure 
zone. For a relatively thin failure zone the total 
movement before failure will be small (a few mm)., whereas 
the required, movenent before failure occurs will be 
appreciably larger if the failure zone is relatively 
thick.
By analysing the results of horizontal movements 
obtained by a slope indicator, Gould (1 960) found that 
failures in landslides in overconsolidated clays in the 
California coast region occured within a narrow zone of 
0.6m to 2m in thickness. In the landslide at Jackfield, 
England, described by Henkel and Skempton (1955), the 
failure zone was approximately 5cm thick. The water con­
tent of the clay in this zone was 1 0 % greater than the 
adjacent.material outside the failure zone. Skempton and 
Petley (1967) have observed in a large landslide in stiff 
fissured clay at Guildford, England, that the shear zone 
had a width of about 0 .6 cm which contained numerous minor 
shears. The actual slip surface consisted of a band about 
50i_un wide in which the particles were strongly orientated. 
At Walton's Wood, England, they observed that the shear 
zone had a width of about 2 cm and the particles were 
strongly orientated (actual slip" surface) within a band
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about 20-30M.ni wide. The increase in water content in the 
shear zone was about 3%.
Generally, the shear zone in natural conditions is 
less than 2.5cm, and the water content is a few percent 
higher than that in the intact material above and below the 
shear zone. An increase in clay fraction is also possible. 
The thickness of a failure zone in the field depends on a 
number of factors, such as the initial stress conditions, 
soil type, tectonic effects, the distribution of forces 
acting on its surface and within it.
An increase of water content in the shear zone com­
pared to the overall water content was found to exist in the 
undisturbed samples tested in the ring shear apparatus by 
Garga (1 970). This increase was found to be smaller as the 
normal pressure increased. All undisturbed samples showed 
an increase in water content at the end of testing while 
the remoulded samples showed a decrease.
For the majority of overconsolidated clays, a fai­
lure plane is formed near the peak. After the peak, the 
deformation is largely confined to a thin zone. Thus, the 
post-peak deformations in the sample are inhcmogeneous and 
the nominal stress-strain relationship of a clay as deter­
mined experimentally cannot be directly applied to field 
conditions.
To describe the post-peak behaviour, Lo (1972) pro-
Q
posed a deformation parameter, _jf, defined as the ratio
Q
of shear modulus in the failure zone to the shear modulus 
in the pre-failure zone. This shear modulus ratio, was 
found to showlittle variation with sample size and failure 
zone thickness of the sample, and was used in a finite 
element analysis of progressive failure.
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5.9 MECHANISM OF PROGRESSIVE FAILURE
In a field failure, the average shear strength 
is the average value of the strengths of all the elements 
around the slip surface. This strength will lie between 
the peak and residual strengths. Skempton (1 964) has 
compared the average shear strength (s), occuring at 
failure in several natural slopes and cuttings, to the 
peak and residual shear strengths of specimens from the 
failure zone (surface) corresponding to the average effec­
tive normal stress and defined the residual factor R by 
the equation
The residual factor R, denotes the proportion 
of the total failure surface along which the shear strength 
has decreased to its residual value. R=1.0 if the average 
field shear strength equals the residual and R=0.0 if the 
average field shear strength equals the peak shear strength. 
Skempton has found a residual factor R=0.08 for a landslide 
of a natural slope at Selset in a uniform non-fissured and 
unweathered clay, indicating that the average strength m o ­
bilized along the total failure surface was very close to 
the peak strength; R=1 for two landslides of natural slopes 
consisting of fissured, jointed and weathered clay (London 
Clay and Coalpord Beds respectively) indicating that the 
average strength mobilized at failure was very close to 
the residual value; and obtained residual factors ranging 
from 0.56 to 0.80 for three cuttings in the fissured, join­
ted and weathered London Clay.
As a result, Skempton suggests that fissures and 
joints, apart fran their weakening effect in the soil mass,
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act as stress concentrators at their edges which can lo­
cally over stress the soil beyond the peak and hence a prog­
ressive failure may be initiated. Although a slip may occur 
before the residual value is reached everywhere within the 
mass, continued sliding will cause the average strength 
to decrease toward that limiting value.
According to Skempton, in clays without fissures or 
joints the post-peak reduction is very small, or even neg­
ligible. Compacted clay fills, as used in embankments and 
earth dams, may belong to this category. If a failure has 
already taken place any subsequent movement on the existing 
slip surface will be controlled by the residual strength, 
no matter what type of' clay is involved.
In the progressive-type failure cases studied by Skem­
pton, it is apparent that failures have occurred a conside­
rable period of time after construction. Three failures of 
excavated slopes in London Clay presented by Skempton occurred 
19 years, 29 years and 49 years after construction. The 
corresponding residual factor was 0.56, 0.61 and 0.8 0. The­
se failures may suggest that the longer the time between 
construction and failure, the smaller the average shear . 
strength in relation to the peak strength. They may also 
show that the reduction of strength with time may be very 
slow.
Bjerrum (1 967) has suggested a mechanism of progres­
sive failure which is not associated with the presence of 
fissures in the clay. According to Bjerrum, in soil, during 
the process of drained loading and after long periods of 
time strain energy is stored in the soil mass. Depending 
upon the nature of the soil, the strain energy may be sto­
red or released upon unloading. If weak diagenetic bonds
have been developed, the stored energy is soon released 
after unloading. If the bonds are strong the strain ener­
gy can only be released if the bonds are destroyed as a 
result of weathering during long periods of time. Bjerrum 
classified diagenetic bonds as weak, strong, or permanent.
The rate of release of strain energy upon unloading 
is slower in soils with strong bonds, and if the bonds 
are permanent the energy may never be released. As the 
strain energy is released by the disintegration of dia­
genetic bonds, due to the process of weathering, prog­
ressive failure of a soil mass is initiated and continues 
retrogressively from the face of the slope.
Bjerrum proposed a classification shown in Table 
1 of overconsolidated clays and shales on the basis of 
the likelihood of progressive failure.
TABLE 1
Soil Relatives danger of
_______ '  progressive failure
Overconsolidated plastic clay with weak bonds
Unweathered High
Weathered High
Overconsolidated plastic clay with strong bonds
Unweathered Low
Weathered Very high
Overconsolidated clay with low plasticity Very low
It can be seen frcm the above classification that the 
danger of progressive failure is greater in the case of over- 
consolidated plastic clays possessing strong diagnetic bonds 
(e.g. shales) which have been subjected to weathering and 
the gradual release of the strain energy in their bonds.
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Consequently, heavily consolidated plastic clays and 
shales have initially large lateral stresses and show a 
high tendency for lateral expansion. This could result 
in stress concentrations at the toe of an excavation or 
cut, local shear failure and, finally, in the gradual 
development of a continuals sliding surface.
Quantitative evidence on the amount of the strain 
energy absorbed during consolidation by Brooker (1967) 
has been found to be consistent with the Bjerrum strain 
energy hypothesis. The amount of the strain energy absor­
bed (area bounded by the loading and unloading curves) 
as found from consolidation tests on five remoulded clay 
soils increased with plasticity index. According to Broo­
ker, the strain energy absorded consists of
(1) Work done in consolidating the soil (partly reco­
verable) .
(2) Elastic deformation of soil particles (recovera­
ble when the constraints are removed).
(3) Work expended in the formation of diagenetic bonds 
(partially recoverable depending on the strength 
of the bonds).
Furthermore, Brooker has shown that the degree of disin­
tegration as indicated by slaking tests increased with 
the strain energy in accordance with the Bjerrum hypothesis.
In Skempton’s (1964) original contribution, the resi­
dual factor R was interpreted by him as the proportion of 
the slip surface along which the strength had decreased to 
a residual value. The remaining part of the slip surface 
was considered to be at the peak strength and no transition
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zone was considered. Due to nonuniform variation of strains 
and deformations which can be expected in real problems, 
the mobilized shear strength along a potential slip sur­
face may vary in an arbitrary manner between the two li­
mits of the peak and residual states.
Bishop (1971) introduced a local residual factor,
Rj, which reflects the proportional drop between peak and 
residual strength at points along a failure surface. At 
any point along a failure surface, the local residual 
factor was defined as
s^ - s
R1 =  ---- —  (5.5)sf - Sr
where s was the mobilized shear strength at the point under 
consideration. The local residual factor varies along a 
failure surface and its distribution along it depends on a 
number of factors as discussed by Bishop (1971). These inc­
lude
(a) the relationship between post-peak drop off in 
strength and displacement;
(b) the swelling characteristics of the soil;
(c) the pre-peak stress deformation characteristics
• of the soil under the appropriate conditions of
stress range;
(d) the value of the coefficient of earth pressure 
at rest before the formation of the slope;
(e) the geometry and scale of the slope
(f) the long-term flow pattern of the ground water.
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Bishop (1967, 1971 ) examined the ratio of the maxi-
mum shear stress to effective normal stress (t /o ') withinmax' n
a slope, and it was found to have its highest value near 
the top and toe of the slope. Under drained conditions, 
this may well imply that the failure spreads from the top 
towards the centre of the slope. De Beer (1967) sugges­
ted from field observations with inclinometers that the 
movements along a potential slip surface (in his investi­
gation along a pre-existing one) may start from the toe 
of the slope and gradually propagate towards the top of 
the slope.
5.10 FIRST TIME SLIDES IN FISSURED CLAYS
During a cutting excavation operation, there is 
unloading of the ground below the excavated slope which 
consequently expands under undrained conditions and re­
sults in pore pressure reductions. Immediately after exca­
vation, the pore pressures are mainly negative with res­
pect to the final equilibrium conditions. Due to water 
flow into the soil, the porewater pressures tend to inc­
rease until ultimately they reach a steady seepage condi­
tion. This increase in porewater pressures under constant 
total stress results, in an average decrease in effective 
stresses and may lead to the failure of the slope.
According to Morgen stern (1 977), it is always impor­
tant to distinguish between progressive and delayed failure. 
Progressive failure usually refers to the non-uniform mo- 
dilization along a potential slip surface. Delayed failure 
usually denotes the mechanisms involved and lead to the 
reduction in shear strength with time and finally to fai­
lure of the slope. The failure can be delayed by pore 
pressure equalization and softening. Softening results 
in a reduction or ccmplete loss of cohesion with time. Such
a process may occur simultaneously within the whole mass 
and in that sense failure may occur simultaneously along 
the entire slip surface. Yet, the term "progressive fai­
lure” is sometimes considered appropriate even in these 
cases because it is a * long term* failure.
From field observations in London Clay, Skempton 
(197 0) put forward an hypothesis on the mechanism of fai­
lure of first time slides. According to this hypothesis, 
a' fully softened strength, described by the peak strength 
parameters of the normally consolidated clay, is uniformly 
mobilized along the whole of the failure surface just be­
fore a first time slide takes place in stiff fissured clays.
At or close to the fully softened value of shear 
strength, no principal shear surface has yet been formed 
but only minor shears exist along which particle reorien­
tation has occurred. The shear strength of an overconso­
lidated clay reaches the fully softened strength after 
displacement appreciably smaller than that needed to reach 
the residual value, and-the relatively small strains mea­
sured in the field before first time slides occurred lend 
support to Skempton*s hypothesis.
At that time, there was not sufficient field evi­
dence frcm slips in overconsolidated clays, other than 
London Clay, that the fully softened strength is the li­
mit of the post-peak reduction before a first time slide 
takes place. Factors such as the degree of overconsoli­
dation, the tendency of the clay to expand after stress 
release, weathering and the presence of discontinuities 
along the slip surface, were considered important and 
Skepton cautioned that the strength may drop beyond the 
softened value towards the residual before a first time 
slide takes place.
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Based on studies of a great number of case histories 
on overconsolidated clays, James (1970, 1971a) emphasized 
the necessity of relatively large deformations in the field 
to produce progressive failure and the drop of strength 
near residual conditions.-A dimensionless parameter "field 
strain" defined as the amount of slip movement occurred to 
the length of the slip plane was introduced; this corre­
lated with the reduction in strength in each case. This 
strength reduction expressed as a reduction in <p 1 alone 
^  "peak ” recJ1^rec^  f°r stability in each case, c' = 0 ) 
was found approximately proportional to the slip deforma­
tion taken place, while appreciably large deformations 
were required to reach residual conditions. This observa­
tion was similar to the conclusion reached by Gould (1 960) 
who found that even small movements permanently decrease 
the shearing resistance of stiff clays and that the strength 
reduction in slides is proportional to the amount of dis­
placement which has taken place in the shear zone with a 
possible lower limit on field strength, a value of tan <J>1, 
without cohesion, equal to the true angle of internal fric­
tion.
As a result, James suggested that a slope in over- 
consolidated clay or clay shale designed with strength 
parameters <f> 1 and c 1 = 0 can ensure long term sta­
bility against first time failures, and will not be subject 
to progressive failure in the majority of cases encountered 
in practice. This suggestion is in accordance with the ob­
servations made by Henkel and Skempton (1955), Skempton 
and De Lory (1 957) and Skempton (1 970). In addition, James 
pointed out that true progressive failure, in the sense of 
a gradual decrease in one or both of c* and (p1 can only 
develop if certain conditions, such as strong localization 
of lateral strains at the base of a slope and seme distance 
inwards into the slope, are satisfied, and that a possible 
mechanism for progressive failure should be retrogressive. 
Finally, James postulated a mechanism of progressive fai­
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lure which could meet these requirements. According to this 
mechanism true progressive failure in a cutting or valley 
slope can develop as a result of non-hcmogeneous swelling 
of soil layers having different swelling potential. This 
can occur preferably at the interface of two soil layers 
where.the resulting differential straining is mainly loca­
lized and proceeds retrogressively along this common inter­
face.
Chandler (1974) has analysed twelve first-time fai­
lures in Upper Lias Clay., a very heavily overconsolidated 
clay of Jurassic age.. The Upper Lias Clay is generally less 
plastic than the London Clay of the London area, and is 
brecciated to depths of about 1 Cm. Brecciation markedly 
affects the strength parameters of the clay mass as well 
as their propensity to decrease with time. Chandler found 
that the strength at failure was well below the peak strength 
of conventional laboratory specimens and close to the fully 
softened strength. His results also gave some support to 
the view that softening is time dependent. Loss of cohesion 
appeared to be greater with increasing age of the cutting 
slope to failure. There was also strong evidence from pie­
zometric data that due to the high permeability of breccia­
ted clay* equilibrium pore pressures, had been established 
after only a few years (e.g. less than 1 0  years) . Miere 
the clay was weathered but unbrecciated, longer periods of 
time of the order of 60 years were estimated to be requi­
red for the complete pore-pressure equalization.
It is well recognized that the "long-term1 stabi­
lity of stiff fissured clays is associated with a very 
small cohesion intercept. In this respect, Skempton (1977) 
noted that as early as in 1862 Rackine considered the idea 
that stiff clays may loose their cohesion with time. Chan­
dler and Skempton (1974) suggested that the fully softened 
strength (c"=0 , $' =<p 'peak) is sometimes a conservative 
lower bound and at least for the brown London Clay and Upper
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Lias Clay a small cohesion can be relied upon. Further­
more, they suggested for design of * long term' stability 
of cutting slopes, the following shear strength parameters: 
brown London Clay c*=1.5 kPa, <p'= 20°; brecciated Upper 
Lias Clay c* = 1.5 kPa, $*=23°; fissured Upper Lias c'=2 kPa, 
^'=25°.
Originally, it was thought that due to fissure struc­
ture and the possibility of the fissures opening up during 
excavation, the bulk permeability would be relatively high 
and and the increase of pore pressures to equilibrium values 
would take little time. This view is now known to be incor­
rect for London Clay based on field observations of pore 
water pressures in stable and failed cutting slopes. Vaug­
han and Walbancke (1973) measured negative pore water pres-, 
siires at a cutting in blue London Clay at Edgwarebury, nine 
years after excavation. Solving a two-dimensional swelling 
problem, Eigenbrod (1 975) calculated that the time scale 
of pore pressure equali-zation can be many tens of years.
In a recent paper, Skempton (1977) reported measu­
rements of pore water pressures on both sides of a cutting 
at Potter* s Bar made in 1850 entirely in brown London Clay. 
Since then, the east side of the cutting remained essential­
ly unaltered, whereas the west side was widened in 1 956. The 
porewater pressures of the west side in 1975, 19 years af­
ter its widening, were found to be only one-half of the 
equilibrium values which clearly existed in the east side 
of the cutting. Other porewater pressure evidence also 
suggested that the principal reason for the delayed fai­
lure of first time slides in cuttings in brown London Clay 
was the very slow rate of porewater pressure equilibration. 
Softening (gradual loss of cohesion) is still considered 
to be valid but is believed to occur very rapidly in com­
parison to the rise of porewater pressures to equilibrium 
values.
240
Analysing several case histories, Skempton (1977) 
also found that the shear strength parameters of the 
brown London Clay relevant to first time long-term sli­
des are in the range c*=1 kPa, ^*“20° to c' = 0, 4>1 =20°.
These shear strength parameters agree closely with drained 
softened parameters which have been detemined by different 
workers measuring the strengths of remoulded, normally con­
solidated London Clay. The progressive failure mechanism 
which takes the clay past its peak strength (c * = 1 4 kPa, 
$*=20° for 38mm diameter triaxial samples to c ,=7 kPa,
<J>, = 20° for 250mm diameter samples) to the fully softened 
value is not yet fully understood. Skempton suggested 
that seme form of progressive failure which reduces the 
strength towards the fully softened value can be partly 
attributed to the presence of fissures which act as local 
stress concentrators.
In recent literature there appears to be no well- 
documented case histories of first time slides in heavily 
overconsolidated clays to support the view that progres­
sive failure plays the main role in governing stability. 
Sane slides that occurred in Seattle in 1962 and 1963 
during excavation for freeways and which Bjerrum (1967) 
considered as the best documented case of first-time 
slides in an unweathered clay, are regarded by Palladino 
and Peck (1 972) as slides along pre-existing failure sur­
faces at shear strength equal to the residual value. Most 
of the evidence supports softening as the mechanism of 
failure. Yet failure may not be simultaneous all around 
a potential slip surface. In that sense, failure of a 
progressive nature can never be ruled out.
. Although it is widely recognized that reactivation 
of movements along pre-existing slip surfaces or shear 
planes is usually associated with the mobilization of the
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residual shear strength, it is not always easy to detect 
whether or not the whole or a part of a slip surface has 
been involved in previous movements. Insley et al. (1 977) 
described the difficulties encountered and the required 
detailed local geological investigation, field instru­
mentation and continuous sampling in locating pre-exis­
ting failure planes in overconsolidated clay at a depth 
of between 4.5-27m. Morgenstern (1977) has presented a 
number of processes other than land sliding which result 
in the existence of shear zones along which strength has 
fallen to a residual value. These include tectonic folding, 
valley rebound, glacial shove, periglacial phenomena and 
non-uniform swelling.
5.11 FINITE ELEMENT ANALYSIS IN SLOPES OF STRAIN-SOF TENINS 
MATERIALS
As emphasized by Peck (1 967) and Bishop (1971) a 
complete understanding of the progressive failure would 
require a finite element solution for a strain-softening 
material. An attempt towards this direction has been made 
by Lo and Lee (1 973) who presented a finite element solution 
for the determination of stresses and displacements in slopes 
of strain-softening soils. The method of stress release and 
transfer developed earlier by Zienkewicz et al. (1 968) was 
used in their analysis. The method used in the finite ele­
ment analysis consists essentially of the following steps
of operation:
(a) An elastic analysis is performed with modulus E^
(b) The state of stress determined is compared with 
a chosen failure criterion."Excess" stresses 
are removed from "overstressed" elements by 
applying systems of stresses equal in magnitude but
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opposite in sign. Simultaneously, the strains for these 
"over stressed” elements are brought back to the peak con­
dition. Let the effective principal stresses at an element 
be o'j and <j^  . The principal stress differences at failure 
(o^ j-o 3 ) f for a linear Mohr-Coulcmb strength envelope is 
given as
(0 ^-0 3 )f= 2c coscf)' + sin<f>' (5.6)
Substituting the values of o'^  and on the right hand side 
the left hand side may be calculated. Failure is considered 
to have occur ed in terms of the Mohr-Coulomb criterion if 
(0 ^-0 3 ) equals or exceeds Tn order to simulate the
failure conditions the stresses must be adjusted so that 
excess given as follows is reduce to zero:
Excess=A= (0 ^-0 3 ) - (cj^ -o^  )f (5.7)
The stress changes {Ao} on the xy plane are given by
1
Ao' \ I -Acos20
I I
A O y  ! | ACOS20
Axxy  ) \-Asin26
where 0 is the iclination of o', to o' - The released (excess)I : X
stresses from an element under consideration are transferred 
to the surrounding continuum. The equal and opposite nodal 
forces corresponding to these stress increments are given as
{F}=/[b]T{-a o ) ay (5.9)
where the integration is over the volume of the element and 
[B]T is the transpose of the position matrix [b] in finite 
element analysis.
(c) New stiffness matrices are generated in each
(5.8)
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subsequent step of stress release and transfer, and 
the post-peak relationship is obeyed in elements where 
the peak strength is exceeded. In order to obey the 
post-peak stress-strain relationship Lo and Lee used 
a positive modulus rather than a negative one. 
Elements which have in the meantime attained the resi­
dual condition are assigned values of the elastic mo­
dulus Eg close to zero to conform to the last (horizon­
tal) part of the str ess-strain curve (fig. 5.3a) .
(d)The process is repeated until convergence is finally 
obtained (i.e., no significant amount of "excess” 
stress can be detected in any element) .
Thus a strain softening material may be handled by 
considering the stress-strain curve as bilinearly elastic 
and using a solution technique which is a combination of 
tangential stiffness and initial stress methods.
The experimental determination of the post-peak stress- 
strain relationship of a soil is not always easy to perform. 
It can also be noted from experimental data published by 
Bishop et al. (1971) that when undisturded samples of London 
clay are sheared under drained conditions in the ring shear 
apparatus there is a large decrease in strength from peak 
to residual,this decrease being initially very rapid. Drained 
triaxial tests on the stiff Nanticoke clay conducted by Lo 
(197 2) demonstrated that the rate of decrease from the peak 
strength to residual is quite rapid especially at the low 
stress ranges commonly encountered in slope stability 
problems. It is therefore sometimes appropriate and conser­
vative to replace the descending portion of the stress-strain 
curve by an abrupt drop from the peak to residual strength 
(Fig. 5 .3b) .
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FIG. 5.3 IDEALIZED POST-PEAK STRESS-STRAIN 
RELATIONSHIPS ( l o  AND LEE, 1973)
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Lo and Lee (1973) employed, exclusively the above idealized 
stress-strain curve to study the behaviour of slopes of strain- 
softening materials. In this case the excess principal stress 
difference on overstressed elements is given by
Excess=A= (0 ^-0 3 )-(alj-a^  ).r (5.10)
in which
(ajj-a/3 )r=2c^cos<f)r+(a'+a^) sirnj>^  (5.11)
where c^ . and are the residual strength parameters. The 
procedure of solution is the same as discribed previously.
An Investigation of the various factors that influence 
the extent and propagation of the overstressed zone has also 
performed by Lo and Lee (1 973) and typical results obtained 
with slope geometry and soil properties commonly encountered 
in practice indicated that the extent of the overstressed 
zone increased with the inclination and height of the slope.
The magnitude of the in-situ stress as defined by the coef­
ficient of earth pressure at rest in terms of effective 
stress was also found to play an important role in the size 
of failure (overstressed) zone. The higher the initial stress 
ratio for overconsolidated soils the .greater the size of the 
failure zone. In order to study the stability of slopes 
the authors incorporated the results of the finite element 
analysis into a limit equilibrium analysis. Thus a slip 
surface was chosen in the ordinary manner and a limit equi­
librium analysis was performed assuming residual shear 
strength parameters to operate on the portion of the potential 
slip surface located within the failed zone and peak strength 
parameters for the ronaining. The results of the stability 
analysis showed an approximately linear relationship 
between the residual factor R defined, by Skempton (1 964)
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and the factor of safety Fc which takes into consideration 
the drop in strength along that part of the slip surface 
which passes through the failed zone.
The manner in which a finite element analysis can be 
utilized to predict the time to failure was demonstrated by 
Lo and Lee by reanalysing three well documented first-time 
slides in London clay and specifying a 6 per cent r.heological 
decrease of drained strength per log cycle of time. The pre­
dicted times to failure underestimated the actual times taken 
place and this was considered to be due to lack of reliable 
data relating loss of strength to time. Their results are of 
some interest in spite of the fact that delay in these failu­
res is now attributed to the very slow rate of pore pressure 
equilibration,- a fact not widely known at the time of the 
publication of Lo and Lee's (1973) paper.
When an excavated slope is designed to stand tempo­
rarily in deposits of stiff-fissured overconsolidated clay 
progressive failure may render conventional designs based 
on undrained peak strength unsafe. Lee and Lo (197 5) presen­
ted a method of analysis which considered progressive failure 
under undrained conditions using essentially the same finite 
element approach developed by Lo and Lee (1973). Bnploying 
the idealized stress-strain curve with an abrupt decrease 
in strength from the peak to residual Lee and Lo conducted 
finite element analysis to determine the zone of local failure 
and the tension zone around each excavation. A stability ana­
lysis taking into account progressive failure was then per­
formed by assigning undrained "residual" strength to that 
part of the potential slip surface which passed through the 
local failed zone and peak strength to the remaining.
The method was applied to analyse the slip which took 
place near Brand well', Essex, in 1957, when excavations were 
made for the foundations of a nuclear power station. This
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slip which Gnccurred about 5 days after completion of exca­
vation in London clay was described in detail by Skempton 
and La Rochelle (1 965) . Studies were also made of two 
other excavations at the same location for a pump house 
and a turbine house which remained stable for at least 
4 months and 4 1/2 months respectively before foundation 
construction and backfilling were completed . The undrained 
"residual11 strength of London clay was taken in the analysis 
as 6 0% of the undrained peak strength, corrected for sample 
size effect and strain rate effect, as it was suggested by . 
Skempton and La Rochelle (1965) . The incorporation of the 
progressive failure-in the analysis was found by Lee and Lo 
to explain the field performance of both the stable and uns­
table excavations in London clay.
5.12 INFLUENCE OF PROGRESSIVE FAILURE ON THE STABILITY OF
EMBANKMENTS ON SOFT CLAYS
In recent years numerous cases have been reported 
describing failures of embankments on soft clays, for which 
the safety factors computed by the method of analysis are
in excess of unity (Bjerrumf 1972^ Parry, 1972). As a result 
of these failures, Bjerrum (1972, 1973) compared the stability 
of embankments which had failed with the predicted stabilities 
based on in situ vane measurements and suggested the use of an 
empirical correction factor to be applied to the measured vane 
strength to account for strain rate effects, anisotropy, and 
progressive failure, with strain rate being considered1 the 
predominant factor.
..Progressive failure is most likely to occur in soils 
which show brittle behaviour. Conflicting evidence exists regarding 
its importance in embankment analysis. Based on the results 
of the analysis of the failure of a test embankment on soft.- 
sensitive lacustrine clay in Canada Dascal et al. (1972) concluded
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that the theoretical factor of safety should be divided by a 
correction factor of 1.1-1.3 taking into account the possibility 
of progressive failure. They also noted from observations 
recorded on the site before and during the failure that progressive 
failure had actually taken place. It was also suggested by Dascal 
et al. (1972) that the correction factor should be related to the 
liquidity index of the clay, the possibility of progressive failure 
being increased with the higher values of the liquidity index. On 
the other hand, from an analysis of a failure of a test fill in a 
very soft quick clay at Ellingsrud in Norway, Bjerrum (1973) came 
to the conclusion that progressive failure is a factor of minor 
importance and he did not propose any special correction factor 
to incorporate the detrimental effect of progressive failure.
La Rochelle et al. (1974) noted that very important 
progressive action took place under one of their test embankments 
on Lake Champlain clay. Dascal and Tournier (1975) who analysed 
a failure on a test embankment built on a soft sensitive marine 
clay showed that in sensitive clays the progressive failure 
phenomenon constitutes an important element in the overestimation 
of the actual safety factors. In addition they suggested a 
correction factor, related to the plasticity Index of the clay, 
to be applied to the results of the vane shear tests to obtain 
the strength that could be mobilized in situ taking into account 
the influence of "time effect11, "undrained strength anisotropy" 
and "progressive failure".
. In general clays of low to medium sensitivity do not 
exhibit a brittle behaviour. However, in a plot of deviator stress 
against axial strain a sharp peak may be observed in such clays 
when the tests (triaxial or unconfined) are carried out very 
rapidly. According to Parry (1972) this constitutes an important 
feature of the influence of the strain rate on the undrained .. 
shear strength. Peaking of this nature, often described as brittle 
behaviour, is largely a test phenomenon and Parry (1972) quoted 
results of unconfined compression tests on organic clay in which 
the sharp peak observed when the tests were of 5 min duration 
disappeared at slower strain rates CIO hr test duration) and a
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"flat-top" stress-strain curve was obtained.
If test rates in the laboratory or the field are carefully 
selected to eliminate "artificial peaking", then the laboratory 
and field strength tests should correspond reasonably well with 
field behaviour. Parry (1972) described a failure of an <.. 
embankment on soft organic clay and concluded that because of 
the relatively slow rate of embankment construction progressive 
failure was not likely to have developed, despite the sharp 
peak strengths measured in rapid unconfined tests.
A finite element method which considered work-softening 
behaviour and shear-induced anisotropy was proposed by Law and 
Lo (1976) and applied to the study of embankments founded on 
soft sensitive clays. The authors attempted to define the 
conditions favorable to the development of shear-induced 
discontinuities by conducting a series of consolidated-undrained 
and unconsolidated undrained triaxial tests on specimens trimmed 
from block samples of Leda clay under various inclinations. In 
addition, plane strain and constant mean effective stress tests 
were carried out. The value of the consolidation pressure in the 
consolidated-undrained tests was found to control the mode of 
failure which varied from a bulge-type failure at high consolidation 
pressures to the formation of shear planes or discontinuities 
after passing the peak in the low and intermediate (below or 
slightly above the effective overburden pressure) conlidation 
pressure range. Unconsolidated nndrained tests at low pressures 
also showed that shear planes were devoloped when specimens were 
stressed beyond the peak. The formation of the shear planes was 
found to be independent of the rate of strain, specimen inclination 
and type of loading condition, i.e. plane strain or triaxial state.
Law and Lo extended the finite element method for treating 
strain-softening soils originally proposed by Lo and Lee (1973) 
to take into account shear-induced anisotropy. The formulation 
was based on the observation of the development of a failure 
plane when the soil was strained beyond the peak. By considering 
the formation of a failure plane in a soil specimen and the 
stress-strain behaviour in the directions parallel and normal to
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.it, the compressional moduli for both directions (E^ and En) can
be found from the analogy of figure 5.4 consisting of two systems 
of springs connected in parallel or in series. It can be easily 
shown from figures 5.4b and 5.4c that
Since exprerimental evidence showed that t/h was almost 
invariably less than 0.1% and that E 1 /E2 seldom exceeded 10, 
both Ep and En were taken by Law and Lo as equal to the modulus 
of the original intact material, E-j . Similarly and for all 
practical purposes, the Poisson's ratio of the system containing 
a failure plane was found to be equal of that of the intact 
material, v. Furthermore, after failure has been occurred under a 
monotonically increasing load, there is no shear rigidity to 
prevent further relative movement along the sliding intact masses 
and the shear modulus along a failure plane is essentially zero. 
Therefore the self-imposed composite system can be considered as 
a grossly anisotropic material with principal planes lying parallel 
and normal to the shear plane.
The finite element program (with constant strain elements) 
was applied in a parametric study of the undrained performance 
of embankments on soft clays. Undrained behaviour of the subsoil 
under embankment loading was simulated by stress-strain curves 
with an abrupt drop in strength from peak to residual and with 
linear variations of peak and residual undrained strengths with 
depth. The results of the analyses performed by Law and Lo (.19 76) 
using different ratios of post-peak to peak strengths indicated 
the important effect of the post-peak decrease in strength on 
the horizontal deformation, surface settlement and zone of local 
failure in the subsoil.
(5.12a)
and (5.12b)
where E,j/E2 = ratio of modulus of the intact to that 
of the softened soil, and 
t/h = ratio of the thickness of the softened 
to that of the intact soil.
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FIG. 5.4 MODELLING OF SOILS FAILING WITH A SHEAR • 
PLANE (AFTER LAW AND LO. 1976)
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An intersting method for estimation when and how to allow 
for the effects of cracking and progressive failure in the 
stability of embankments on soft clay foundations was suggested 
by Chirapuntu and Duncan (1977). When the stress-strain 
characteristics of the embankment and the foundation are different, 
the peak strength of the embankment may not be mobilized 
simulataneously with the peak strength of the foundation and 
progressive failure may occur. That is, progressive failure may 
take place if the embankment is stiffer and stronger than the 
foundation with a stress-strain curve much steeper than that of 
the foundation (Fig. 5.5). If it is assumed that the strains 
mobilized in the embankment and its foundation were equal, Fig.
5.5. shows that when the peak strength of the embankment is 
reached.only a fraction of the foundation strength is mobilized.
At a later stage, after the peak strength of the foundation 
soil is mobilized, the embankment would have display a postpeak 
decrease in strength. Hence due to stress-strain incompatibility 
between the embankment and its foundation,, the concept of equal 
strains shows that it is impossible to mobilize the peak strength 
of both soils simultaneously, and conventional stability analysis 
based on peak strength of both soils would overestimate the factor 
of safety.
Chirapuntu and Duncan (1979) studied the effects of progressive 
failure on the stability of embankments on soft soils by performing 
incremental finite element analyses on three hypothetical 
embankments with three possible types of incompatible stress-strain 
curves. The procedures used in the analyses were those described 
by Duncan and Chang (1970). The analyses were carried out that 
far so that local failure to start either in the embankment or 
in the foundation. The results of the analyses indicated that 
local failure started first in the foundation and that the average 
strain and the percentage of strength mobilized in the embankment 
were always smaller than in the foundation, even though the strain 
at failure was smaller in the embankment. The results also showed 
that the "equal strain” concept is invalid when a stress-strain 
incopatibility exists between the embankment and its foundation.
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(AFTER CHIRAPUNTU AND DUNCAN, 1 9 7 7 )
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Based on the results of the finite element analyses and of limit 
equilibrium analyses, design charts were prepared for estimating 
what portions of the embankment and foundation strengths should 
be used to account for the effects of progressive failure in 
evaluation of the stability.
Progressive failure undoubtedly affects the results of 
vane test measurements of the undrained shear strength, su , 
especially in lean sensitive clays. In calculating the vane 
shear strength, it is generally assumed that the failure surface 
is the circular cylinder of revolution created by rotating the 
vane and that a uniform mobilization of the undrained strength 
(s^) takes place along the vertical surface and the two ends. 
Various factors, such as disturbance due to inserting the vane 
head, rate of rotation, delay between inserting and testing 
etc, are known to influence the results obtained by the vane shear 
test. According to Roy (.1975) and Ladd et al. (1977) the main 
problem associated with the interpetation of the results of the 
vane shear test lies in the assumption of full mobilization of 
strength along a cylindrical shear failure surface that represents 
the assumed non-progressive failure surface surrounding the blades.
Wilson (1964) investigated the effects of progressive failure 
on the vane shear test meaasurements by conducting laboratory 
vane tests on remoulded silt and photographing the vane as the 
torque was applied and as the angular deformation increased. During 
a test, the maximum torque ocurred at a rotation of 1 0 ^, while 
shear surfaces were generated at the tips of the blades and at 
right angles to them. As the angular strain increased and the 
torque decreased, the shear surfaces extended until ultimately, 
a cylindrical failure surface developed. Based on these 
observations Wilson (1964) concluded that, although1 the ultimate 
shear surface was cylindrical, it was not necessary for the shear 
surface at maximum torque to be cylindrical or the stress 
distribution on the walls of the cylinder to be uniform.
X-ray pictures taken during a laboratory vane test on a 
cemented sensitive clay showed that the peak strength was obtained 
at very low angular deformation, followed by a decrease of strength 
with an increase in the angular deformation (Roy, 1975) . The
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stress-rotation curve and the development of the failure pattern 
during the test is shown in Fig. 5.6. There was no evidence of a 
shear failure surface around the vane blades at the peak strength 
(4^ rotation), much larger rotations in excess of 4 5^ being 
required to fully develop a cylindrical failure surface. Thus, 
it appears questionable to interpret the measurements of the vane 
test based on the usual assumption of the development of a 
cylindrical shear failure surface at peak strength.
5.13 INFLUENCE OF PROGRESSIVE FAILURE ON THE ULTIMATE BEARING
CAPACITY OF SHALLOW FOUNDATIONS ON SAND,-
5.13.1 Progressive Failure and Curvilinearity of the Mohr-Coulomb
Envelope
It has been known that the mechanism of progressive 
failure is closely related to the bearing capacity of dense 
sand. As far as the author is aware, Muhs (1963) is the first 
to have clearly demonstrated and described the phenomenon of 
progressive failure. He conducted a series of large-scale 
experiments on shallow foundations on dense sand, and found that 
the use of the maximum angle of shearing strength in bearing 
capacity formulae led to serious errors. As a reason for this,
Muhs (1963) concluded that the maximum angle of shearing 
resistance could not be mobilized at the same time everywhere 
along slip surfaces. Furthermore, he emphasized that.in problems 
of bearing capacity of cohesionless soils the phenomenon of 
progressive failure plays a role whose importance increases 
with the transverse dimensions of the footing.
It is well known that the angle of shearing resistance 
of a sand,<J>' , not only varies with density, but also for a 
given density, with the mean normal stress. The Mohr-Coulomb 
envelope for sand is normally approximated by a straight line 
for a small range of stress. When the stress range is large, 
however, as in a footing analysis, the envelope is not straight
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but curved, with lower <f) • values at high stresses. Therefore, 
for a given density the shearing strength of sand cannot be 
defined by a unique value of the angle of shearing resistance.
Thus, as along a possible slip surface below the footing 
the value of normal stress is variable from point to point the 
locally mobilized angle of shearing resistance will also vary 
continuously from point to point even though a limiting condition 
is reached everywhere simultaneously. Furthermore, footings of 
different sizes tested on sand with identical initial density 
stress the soil to different levels during loading and . . 
consequently the corresponding (p' distributions in the failure 
zones will be different. It is obvious that the average mobilized 
angle of shearing resistance bellow a shallow foundation is 
dependent on the mean normal stress due to the curvature of 
the Mohr-Coulomb envelope.
It has also been argued that a'shear failure in soil 
underneath a footing is a phenomenon of progressive failure at 
quite variable stress levels (Muhs, 1965; De Beer 1965a;
Vesic,. 1973) . When the peak strength of the soil has just 
been mobilized at point E of the slip line ACDE (Fig.5.7a), the 
soil strength at the beginning of the slip line, point A, must 
be well below the peak value. In addition, the stress level at 
point E is less than at A. Taking into account the well known 
curvature of the Mohr-Coulomb envelope in the low stress range, 
the (J) 1 -angle at E must be higher than at A. Thus, the selection 
of a representative value for the angle of shearing resistance 
plays an important 3?ole in the computation of bearing capacity. 
Working along these lines De Beer (1965a; y 1970) that the bearing 
capacity calculations should be made using strength characteristics 
corresponding to an average mean normal stress on m , given by
where pQ is the surcharge at the base level.
The semi-empirical equation (5.13) is based on Meyerhof's 
(1950) assumption that the average mean normal stress along a slip 
surface is approximately equal to one-tenth the ultimate bearing
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capacity, q,., and the angle <j> 1 in formula (5.13) correspondsI ScO
to the slope of the secant which connects the origin to the point
P with abscissa o = q /10 (Figure 5.7b). Thus, the real,n,m f
curved envelope OMN is replaced by straight line OPQ and the 
bearing capacity calculations are made according to the classical 
formulae,in which the bearing capacity factors are determined 
for a value of the secant angle, corresponding to the average 
value of the mean normal stress along the slip surface. In 
equation (5.13) the mean value of the mean normal stress along the 
slip surface depends on the still unknown value of the bearing 
capacity. Therefore a step by step procedure starting from an 
arbitrarily adopted value of an m and the known variation, by 
means of triaxial tests, of <j>,r with the mean normal stress must 
be used as suggested by De Beer (19 65a)i
5.13.2 The Scale Effect on the Phenomenon of Progressive Failure
The first published work with comprehensive remarks on 
the problems of scale effect appears to be by De Beer (1965a).
De Beer summarized experimental data from a large number of 
different research projects published by various authors and 
showed that for sand the bearing capacity factor concerning the 
self-weight (N ) decreased with the increase of footing width.
As a reason for this De Beer (1965a) referred to the 
curyature of the Mohr-Coulomb envelope commonly observed for 
dense sand. Since for small footings placed at the surface of 
sand the ultimate bearing capacity is very small, the average 
value of the mean normal stress along the slip surface is very 
low and consequently the secant angle <f)1 is very high. For 
wider footings the ultimate bearing capacity increases, the 
mean value of the mean normal stress becomes larger along a slip 
surface and thus the secant angle of the shearing resistance 
becomes smaller. This implies that for a given sand with a given 
density the bearing capacity factor decreases when the width 
of the footing increases. In view of the strong influence of the 
mean normal stress on the <p' values, De Beer (1965a) emphasized the 
danger when extrapolating the very high values of obtained
from small-scale model experiments in the laboratory to real 
footings of much larger size.
Craham and Stuart (1971) considered the variation of f  
with the mean normal stress in sand and incorporated it into the 
integration of Kotter's equations. For their two-dimensional 
strip footing analysis, they reported a good agreement between 
their computations and experimental results. Their conclusion, 
however, should be discounted to some extent because they used 
for their computations values of (p1 obtained by triaxial tests 
while the experiments involved conditions of plane strain-.
On the. basis of the results of a test series with shallow 
foundations performed on a pin model, Steenflet (1979) indicated 
that the scale effect considerably influences the bearing capacity 
factor which was found to increase with decreasing footing
width. However, the rod material used in his pin model was 
considered to be a purely frictional material with a straight 
Mohr-Coulomb envelope, and therefore, the stress level had no 
effect on the results.
Muhs (1963, 1965) and Lorenz and Heinz (1969), among others, 
have observed below model foundations in sand that significant 
density changes take place during shear, and therefore, when 
the footing reaches failure <f>r must vary continuously throughout 
the failure zone. Consequently,.the shear strength varies 
considerably in failure zones and the use of a constant angle of 
shearing resistance in bearing capacity formulae may lead to 
serious errors.
Since the mobilization of the shear strength along a potential 
slip surface below a footing varies from point to point it has 
been concluded by Muhs (1 963 , 1965) and by De Beer (1 965a), among 
others, that the failure will be progressive.
Progressive failure occurs when the failure strain, which 
corresponds to the peak point in the shear stress-shear distortion 
diagram^ t = f (y ), is reached first at the point where the stresses 
are the largest. From this point the failure spreads gradually 
to other parts of the soil. This gradual progress of the failure 
changes the soil properties along the slip surface.
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The density will increase in the highly stressed zones 
before rupture when the soil is loose. For initially loose sands, 
the large deformations which take place in the zones of high 
stress concentrations before the failure load is reached increase 
in a progressive way the density and hence the strength. 
Consequently, when the state of final failure along the whole slip 
surface is reached, it is no longer the initial low strength ( or 
density) which controls the bearing capacity but some other 
variable shear strength which may considerably exceed the original 
one in some parts of the slip surface.
When the soil has a high initial density the shear strength 
will decrease with increasing shear deformations. For initially 
dense sands, in the highly stressed zones before rupture, the 
shear strength is soon exceeded and the shear deformations alter 
the density and thus^the - shearirig^;strength"which are progressively 
decreased as has been confirmed by full scale load tests (Muhs, 1963) . 
Therefore, at the moment of rupture, the high initial strength 
corresponding to the high initial density is no longer available 
over the whole length of the slip surface. In other words, since 
the shearing strains in the foundation dense sand differ very much 
from place to place one can no longer rely on the strength due 
to the dilatancy of the dense material at all points of the slip 
surface. This is due to the fact that this strength is gradually 
mobilized and has already progressively decreased or even 
disappeared in the points where the distortions y before rupture 
were sufficiently large to exceed the peak point of the T=f (y) 
diagram (De Beer , 1965a) .
Considering these facts De Beer (1965a t 1965b) explained 
the scale effect of footings in dense sand by applying the idea 
of progressive failure originally proposed by Muhs (1963) and 
noting the different influence which the progressive failure 
phenomenon has on small and large footings. He inferred that, in 
case of shallow foundations, the mean distortion at rupture was 
larger under a wider footing than a narrower one and that the 
average shear strength mobilized along a final slip line 
decreased, with foundation size.
The influence of the progressive failure phenomenon on the 
bearing capacity of sand is governed by the deformations occuring 
before failure and will be larger when the settlement of the 
footing is relatively large. De Beer (1965a, 1965b) analysed 
experimental data published by various authors and concluded 
that for shallow footings on dense sands the relative settlement 
(ratio between settlement and footing width) at rupture increased 
with the width of the footing. Thus at rupture the mean value 
of the distortions in the disturbed zone will be larger under a 
wide footing than a narrow one. These remarks lead to the 
conclusion that below a wide footing the peak points of the x=f (y) 
diagram are surpassed in a larger part of the shearing zone, 
which in turn shows that at the moment of final rupture the 
average shear strength along the rupture line was less for a 
wider footing. Therefore, for dense sands the influence of the 
progressive failure under a large footing could be larger than 
under a small footing.
Considering the influence of the progressive failure 
phenomenon on the ultimate bearing capacity of dense sand, its 
increasing.limportance when the transverse dimensions of the footing 
increase and that the phenomenon cannot be reproduced to scale, 
care must be taken when extrapolating the bearing capacity 
factors found in laboratory tests on very small footings on dense 
sand to the much larger real footings.
Xt has been suggested by Vesic (1973). that the decrease of the 
average shear strength mobilized along a slip line with foundation 
size under a shallow foundation may be due to the following 
factors: (a) curyilineari.ty of. the Hohr-Coulomb envelope; (b)
progressive failure along a slip line; (c) presence of zones of 
seams of weakness in all soil deposits (irregularities of the 
soil profile). The relative significance of each factor depends 
on soil type and the range of footing size, their total effect 
being discernible in practically all soils.
Yamagiichi, Kimura and Fuzi-i.( 1976a,. 1976b) reported 
experimental results on the bearing capacity of shallow foundations 
in dense Toyoura sand with a special attention to the so-called 
scale effect of footings on the bearing capacity. A series of
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loading tests performed in a centrifuge by which stresses in 
small-scale models can be made approximate equal to those in 
actual foundations. In addition, deformations of the sand were 
measured by a set of electonic devices and slip lines in the sand 
mass were observed by an X-ray apparatus.
Since the bearing capacity tests with the centrifuge were 
in the plane strain condition, Yamaguchi et al. (1976a , 197 6b) 
calculated theoretical bearing capacities using stress-strain 
characteristics of sand obtained from plane strain tests. It must 
be noted that many authors (i.e. Cornforth, 1964; Tong, 1970;
Oda et al.,;1978) have discussed the characteristics of shear 
strength and dilatancy observed in the plane strain tests on sands 
with the following conclusions; (1) The angle of shearing resistance 
in plane strain compression tests is usually 1 0 % to 2 0 % larger 
than that from triaxial compression tests, when a dense sand is 
tested under low confining pressures. No significant difference 
between the two angles can be observed for sand in the loose 
condition or when a dense sand is tested at sufficiently high 
confining pressure; (2) The axial strain at failure in a sand 
with a given voids ratio is smaller in the plane strain test than 
in the triaxial compression test; (3). sand dilates more extensively 
in the triaxial compression test than in the plane strain test; 
and (4) specimens in the plane strain test exhibit much more 
strain-softeninq characteristics than specimens in the triaxial 
compression test.
On the basis of their plane strain tests Yamaguchi et al. 
(1976a, 1976b) obtained a unique relationship between the mobilized 
angle of shearing strength (j>' ( $ 1 =sin o^-a^/a^+a^) and the shear 
strain Y ^ = £ ^ ”£3 ) independent of the value of the ambient pressure. 
The observed shear strains in all the regions along the final slip 
line for small-scale model tests were found to be very near to 
the value of the shear strain which corresponds to the peak shear 
strength in the plane strain test (Y^)/ and therefore, the average 
angle of shearing strength along the slip line differed only 
slightly from the maximum angle of shearing strength in plane 
strain. According to Yamaguchi et al. this can give the reason why
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the application of the maximum angle of shearing strength in 
plane strain condition leads in a reasonable estimation of the 
bearing capacity of small-scale models. On the other hand, the 
magnitude of shear strains along the slip line was much greater 
in the large-scale model tests. Especially near the footing the 
shear strain was greater than the shear strain corresponding to' 
the peak strength (y^) and approached the value of shear strain 
at residual State. On the basis of the unique realtionship between 
the mobilized angle of shearing strength and shear strain the 
authors pointed out the importance of progressive failure as a 
failure mechanism in the large-scale model tests. The average 
angle of shearing strength along the slip line as calculated by 
combined the assumed unique realtionship between mobilized angle 
(j)1 and y and the observed distribution of shear strains was found 
to be considerably smaller than 4 ^ ^  (in plane strain) . On this 
basis, Yamaguchi et al. explained why the use of the maximum angle 
of shearing strength in plane strain overestimates the bearing 
capacity of large-scale models or actual foundations. Yamaguchi 
et al. .(.1976a, 1976b) further demonstrated that the incorporation 
of the variation of the angle of shearing strength with shear 
strains into Hotter's equations yields a good estimation of the 
bearing capacity of actual foundation soils in which shear strains 
may differ very much from place to place along the slip line.
In their work Yamaguchi et al. (1976a, 1976b) estimated the 
mobilized friction angles 4>' along a slip line using a unique 
relation between 4>f and y 1 ^ e^-e^) . However/ it is rather unusual 
to get such a unique relation for dense sand under plane strain 
conditions. For dense sand in plane strain, Tong (1970) has already 
pointed out the important effect of the value of cell pressure 
(a^) on the relation (j)' and y'. la his systematic study of plane 
strain tests on glass ballotini, feldspar sand, R. Mersey sand and 
R. Welland sand, he found that the maximum angle of shearing 
strength decreases and the maximum shear strain at peak
strength (.Yf) increases with increasing values of cell pressure.
For example, in the plane strain tests on R. Mersey sand (voids 
ratio=e=0 .54) was found to decrease from 50.9^ to 44.4^ withJ m a v
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'increasing the cell pressure from 14 kPa to 3.52 kPa., Similarly.,
the"maximum shear strain y^ at failure increased with increasing -•
cell pressure. Odaf Koishikawa and Higuchi (19-78) performed plane
strain tests on specimens of dense Toyoura sand (e=0.66-0.67)
having various tilting angles 5 of an initial horizontal, plane
to the maximum principal stress axis. The value of 6 ranged from
0^ to 90^ and the value of cell pressure a^ ranged from 50 to
400 kPa. Their results showed clearly that both <j)! and y r= ■max x
severely depend on 6. and . For example, in a specimen with
6=90^ the shear strain y^ was found to increase from 5.5 to
10.1% with increasing the cell pressure from 50 to 400 kPa.-The
friction angle <p1 also changed within the range of 51.3^ 
n max 0 0
(6=90 , cr^ -SO kPa) and 39.4 (6=14 , o^lOO kPa) by selecting
values of o and o^« Therefore, the dense Toyoura sand must.be
considered to be anisotropic in its shear .strength. Consequently,
since the compaction method adopted by Yamaguchi . et al. (1976a,
1976b) induced some degree of fabric anisotropy in-Toyoura sand,
they should have considered the effect of anisotropy and on
the relation between <f>1 and y. The difference observed in the -
small and large-scale model tests may then be better explained
by the higher stress level of in the large-scale model tests
than that in small-scale model tests and y> and ’ along thex. max
slip line must increase and decrease respectively with the 
increase of •
5.3.4 ’ THE EFFECT OF PROGRESSIVE FAILURE ON THE ULTIMATE BEARING 
• CAPACITY OF FOOTINGS ON CLAY
The importance of considering strain-softening behaviour 
is made particularly clear by the analysis of the bearing capacity 
of deep footings in sensitive clays published by Ladanyi"(1967,
19 73) .Based on the mathematical model of an expanding spherical cavity
subjected to internal radial pressure, Ladanyi presented simplified 
computations of the bearing capacity factor for the case of deep 
circular footings loaded under undrained conditions in strain- 
softening sensitive clay. For the undrained case, the usual form
I
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of the ultimate' bearing capacity equation is 1 1
Civ = pA+s r-N (5.14)tf L0 uf c
where s  ^ is the peak undrained shear strength of clay, Pg is 
the initial total overburden pressure at foundation level and 
is the bearing capacity factor which can be calculated for 
circular footings according to the well known formula■(Gibson, 
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(5.1.5)
where is the undrained Young1s modulus. For values of the
ratio Eu/Suy between 2.50 and 500, which can be considered typical
for sensitive clays, the bearing capacity factor Nc as calculated
from equation .(5 . 1 5 1  for no loss of strength after failure gives
8.23 < N < 9.15. Conventionally, a value of N =9 is usually c c
assumed for non-sensitive clays. Ladanyi illustrated that in the 
case of Ottawa and St. Vallier moderately sensitive clays when 
the post-qoeak stress-strain curve was taken into account the 
following results were obtained.for the same range of *3 /s  ^values
(250 < 550)s „ ur
For Ottawa clay 5.46 < N < 6.34c
For St.Vallier clay 6.44 < N < 7 . 3 6c
For the highly sensitive clays still lower values of Nc may 
be expected. These values of showed that the resistance of 
sensitive clays to deep punching does not depend only on their
peak shear strength, but is also much affected by the stress-strain
curve of the clays in undrained compression both before and after 
failure. Furthermore, since the neglect of strain-softening effects 
is on the unsafe side it is a matter of considerable practical 
importance to take into account the post-peak behaviour of soils 
and use reduced bearing capacity factors to compensate for these 
effects..
In earlier studies in sensitive clays there was sometimes 
agreement between observed and calculated bearing capacities U5;ing
conventional and non-reduced values of bearing capacity factors. 
This agreement is now generally recognized that was at least 
partly due to a compensation of two errors, namely the underesti­
mation of the true peak undrained strength of the -seDsitive clay 
due to sample disturbance,.and the overestimation of the bearing 
capacity factors by neglecting the strain-softening effects. 
However, with modern sampling and testing procedures higher values 
of undrained shear strength are obtained and the use of reduced 
-bearing capacity factors becomes necessary.
The theory presented by Ladanyi (19 67) was valid only for 
the case of a deep punching failure (i.e. without formation of 
distinct failure surfaces) of an initially undisturbed clay 
medium. Ladanyi (.1973) extented his analysis to cover also 
rectangular footings at any depth and of any aspect ratio, B/L, 
where B and L are the footing width and length respectively.
Again, the bearing capacity factor was found to depend consi­
derably on the ratio of the peak to residual undrained strengths. 
For the Leda clay with a sensitivity of about 16 the reduction 
due to strain-softening of the bearing capacity factor of a 
deep strip footing was calculated to be 26.5 per cent.
A finite element strain-softening model has been developed 
by Hoeg (19 72) for the analysis of the undrained bearing capacity 
of saturated soft clay. He employed the Von Mises yield criterion 
and assumed the normality rule for plastic flow to relate 
increments in stress ans plastic strain after an element has 
yielded. The initial stress method was used as the iterative 
technique . This model was used to determine the load-deformation • 
curve and bearing capacity of circular flexible foundations located 
at and below the free surface of a saturated clay with strain- 
softening characteristics, as well as to analyse the undrained 
behaviour of a soft clay under a circular test fill.
For a circular foundation loaded symmetrically axial symmetry 
condition exists and the incremental stress-train relations for 
a Von Mises soil are given by equations (A.24) and (A.25) of the 
appendix A. The degree of strain-softening was expresses in terms 
of the ratio H ’/3G v/here G is the shear modulus and II* denotes the
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slope of the relation between axial stress and axial plastic 
strain in a uniaxial test. For an elastic-perfectly plastic 
material H ’=0; if H '>0 the material is.strain hardening in the 
plastic range, and if H ’<'0 it is strain softening. Hoeg assumed 
a constant value of H 1 (II *< 0) independent of the magnitude of 
the plastic strain and did not introduce any value of residual 
shear strength. •
For circular footings resting on or below the free surface 
of a saturated clay with eiastic-perfectly plastic stress-strain 
behaviour Hoeg used both the Von Mises and Tresca yield criteria 
and obtained virtually- identical •load-deformat ion curves. The 
bearing capacity, of a surface footing in a strain-softening clay 
v;ith H'/3G=-0.2 was found to be. reduced by approximately 40% 
with respect to the perfectly plastic soil. The results also 
indicated that there was a dramatic increase in plastic defor­
mations for only relatively modest amounts of strain-softening. 
Furthermore, it is intersting to note that Hoeg's results 
indicated that a circular footing in sensitive clay with strain- 
softening characteristics may not only have its bearing capacity 
reduced by 40%, but also that it would fail at much smaller 
settlements than the same footing in a non-sensitive clay of 
the same rigidity. Hoeg was able to demonstrate the last point, 
by comparing his results, with the. behaviour of a quick clay
under a test fill (Hoeg et al., 1969).
Toh and Donald (1977) using the finite element method 
presented results for both finite and infinitesimal deformation 
analyses of circular flexible footings on work-softening undrained 
clays yielding according to the Von Mises criterion. The effect 
of large deformation was considered by using an Eulerian rate 
formulation, with the current distorted configuration as the 
reference state. The numerical solution procedure adopted by 
Toh and Donald was an iterative, modified Newton-Rhapson 
technique, which was used within each time step to reduce all 
out-of-balance forces to an acceptable level, i.e. to equilibrate 
the system. Load-settlement curves determined from infinitesimal 
and finite deformation analyses are shown in Fig. 5.8 for two
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different values of softening slopes of H ?~~0.05E.and -0 .IE.The 
collapse loads obtained from finite and infinitesimal deformation 
analyses showed little difference and were about 20% and 35% 
below the theoretical collapse loads predicted by Cox (1962) 
solutions for an elastic-perfectly plastic undrained weightless 
clay. As discussed by I-Ioeg (1973)- and Toh and Donald (1977) the 
collapse load, in the case of strain-softening soil, is reached 
when the amount of energy released from the zone of. strain- 
softening plastic flow is larger .than the absorbing capacity of 
the unyielded zones * This occurred at a stage of deformation 
where the geometric non-linearities did not yet contribute to 
any.significant difference between the two forms of analysis.
Other attempts of treating bearing capacity problems of f 
footing on strain-softening soils in conjunction with the finite 
element method can be found in the works, of Sture. and Ko (1976) 
and Biondi et al. (1976) . t.
5.15 THE ROLE OP PROGRESSIVE FAILURE IN EJi'RTH' PRESSURE
PROBLEMS
In all limit equilibrium theories of lateral pressures it 
is assumed implicity that the shearing resistance is mobilized 
uniformly along the slip surface. For example, behind a wall 
subjected to passive loading this requires that all elements 
of the soil which, are resisting the motion mobilizef their maximum 
strength.at the same instant/ This is equivalent to .assuming 
that along the slip surface soil behaves as a rigid-perfectly. 
plastic material.
However, straining is never uniform in field problems and 
some elements reach their peak strength before others. Consider 
the case of a vertical wall which is pushed laterally against 
a bed of uniform drained dense sand where a curved slip path 
is known to occur, Fig. 5.9a. Failure on this path takes place 
progressively. Point A passes the peak just before”points B and 
C reach their peak. When B reaches the peak, point A has suffered 
a decrease in strength, (Fig. 5.9b). The mass at failure behaves 
as if it had a strength considerably less than that measured in a
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compression test on an element. The same applies to an over- 
consolidated clay with a stress-strain curve of the shape shewn- 
in Fig. 5.9b. Therefore, for dense sands and overconsolidated .
clays progressive failure is significant in reducing the available 
average shearing resistance and it makes illogical the application 
of-limit equilibrium methods to problems involving dense sand and 
many stiff clays. In practice, the logic is recovered through a 
judicius choice of the factor of safety.
Rowe and Peaker (.1965) have described a series of carefully 
performed passive earth pressure measurements on a dry sand. They 
translated a rigid vertical wall instrumented with earth-pressure 
cells), at various angles to the horizontal into dry sandr observing 
the mobilized angle of wall friction (6), the normal pressure dis­
tribution, load-desplacement relationships and modes of failure.
The distribution of pressure on the translating measuring wall was 
essentially linear at all deformations up to failure, but the tests 
demonstrated that the peak values of the angles of shearing resis­
tance and wall friction should hot necessarily be inserted into 
theoretical expressions for earth pressure.
Figures 5.10 and 5.11 illustrate the manner in which the pas­
sive earth pressure is mobilized as the wall is forced into the 
dense and loose sand respectively. In these figures m denotes the 
mobilized values of the parameters involved whereas z is the obser­
ved inclination of wall movement to the horizontal. The mobiliza­
tion of wall friction was found by Rowe and Peaker to be a function 
of relative density and wall movement. For example, for the dense 
sand the wall friction remained constant when the wall was pushed 
steeply downward while for more horizontal movement it increased 
steadily throughout the test. The movements necessary to mobilize 
the maximum value of the passive pressure coefficient, K^ ,were.' 4-5% 
of the wall height in the case of dense sand and in excess of 35% 
of the wall height in the case of loose sand. The larger the wall 
friction angle, the greater is the wall displacement necessary to
mobilize the maximum angle of shearing resistance, <j)1 „ Figs. 5.10max
and 5 ..1J, show that.quite dif ferent load-displacement relationships 
can be obtained for different directions of wall movement 
and that the value of maximum passive pressure
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coefficient, K , strongly depends on the direction of wall pmax
movement, i.e. the wall 'which was translated into the dense 
sand upwards at 45 to the horizontal has a peak passive earth 
pressure coefficient of only 3.0 whereas the wall translated 
approximately horizontaly gave a peak value of K ^  of appro­
ximately 7.4 (Fig. 5.10). For the loose sand, if large movements 
of the wall constitute failure, then only a portion of the 
shearing resistance of the sand would be mobilized at failure.
The results of the tests perforemd by Rowe and Peaker 
(1965) showed that the average theoretical values of (J>^ which
fit the observations at failure (K _ V for dense sand, decreasedpmax
as the wall friction was increased. It was noted above, that
increase in the applied wall friction leads to an increase in the
wall movement to mobilize the peak Value of K^, probably as a
result of an icnrease in the length of .the slip path. Fig. 5.12
summarizes these observations and shows that the average Coulomb
angle of friction which fits the observattion to theory at
failure decreases with increase in the wall movement or average
soil strain necessary to reach failure. In contrast, the value
of <f>^ at failure for loose sand does not appear to be a function
of wall displacement. , t
On Fig. 5.13 the theoretical relation between K and ta.n5
P
for (f) '—40^ and 34° is compared with, the observations. In the
case of loose sand it was not always possible to reach a Kpinax
value and the terminal values at between 25% and 35% wall height
movement have been plotted. Reasonable agreement between theory
and observations is obtained, but at wall displacements so large
as to be unacceptable in practice. For smaller wall movements,
the values of would bei less than those plotted. In constrast,
in the case of dense sand there is a marked disagreement between
theory and observation. In terms of the comments above, this
appears to be due to the fact that the the average value of
at the K decreases as the wall movement increases that is,pmax
for dense sand progressive failure of element in the mass leads 
to average maximum Coulomb values of cj>1 which are smaller than 
those predicted by compression tests.
Cl
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As a result of this work,.a new set of passive earth pressure 
coefficients were recommended by Rowe and Peaker (1965) after 
assuming that a wall displacement of 5% of its height represents 
failure.
On the basis of expreriments on medium scale model walls in 
botli active and passive states Rowe (1.969) has suggested that 
the influence of deformation on the failure state of sands in 
the mass may be summarized in terms of a progressivity index which 
relates the average strength in the mass to the plane strain peak 
and critical state values. The progressivity index, r, was defined 
. as
d ! - -<f>’ ~Y ps Y mass #r_ . . .
r,= ---- - (5.1b)
p s  ' C-V
where $ . is the maximum value in the mass in terms of currentmass
failure theory and ipS , 4>^ are the peak and critical state 
values of the sand element in plane strain at the. appropriate mean 
stress in the mass. For the same sand at the same density the index 
varies with the stress history, stress path, mean stress and 
boundary displacement to failure. For dense sands and at field 
scales Rowe.(1 969)., suggested,.that., .^asilong as classical failure 
theories are used in practice, it would be more rational to use 
plane strain parameters and apply a progressivity index of 0.4 
for active pressure (0 . 6  for bearing capacity), and 0 . 8  for passive 
pressure problems, in order to choose the appropriate value of 
<P' to apply to the mass. Progressive failure is less significant 
in active states.
The experiments from which these values are drawn were 
limited to translating walls. Quite different results may arise 
in the case of rotating walls. As noted by Rowe (1969), walls 
which tilt outward about the base might be expected to induce a 
more uniform strain distribution than in the case of .translating 
walls. Roscoe (1970), and Morgestern and Eisenstein .(1970) have 
summarized some of the results'obtained with passive walls at 
Cambridge University. When an initially vertical rough, plane 
wall is rotated about its toe into a mass of dry sand the 
development of rupture is found to* be substantially different
.from that which takes place when the wall is rotated about the 
top and the experimental data suggest that'the assumption of the• 
Sokolovski (1965) method that the mobilized value of <j) 1 .is 
constant (the whole mass of sand near the wall is■simultaneously.• 
failing according to the Mohr-Coulomb failure criterion) is . 
essentially true over a large region of the deforming mass of dense 
sand. But the assumption is not' .satisfied in loose sand.. In the 
case, of dense sand excellent agreement between the predicted 
principal stress directions of the. Sokolovski analysis and.the 
measured principal strain increment directions have been obtained.
The results of this section demonstrated that boundary 
deformations Influence considerably the maximum earth pressure 
that can develop and that the degree of progressive failure 
depends upon the direction of the boundary displacements, as well 
as the relative density.
5.16 ' TWO- 'FINITE ELEMENT' -TE’CHNT-QUES'- TOPf WOHif-SOFTElTlkG BEHAVIOUR ..
Desai (1974) has presented a hypothesis for defining the 
softening behaviour after the pea'k and an incremental finite 
element technique which was based on a combination of initial 
(residual) stress and relaxation procedures with an iterative 
scheme and nonlinear (elastic) stress-strain behaviour.
’In this approach, the material parameters for forming 
stiffnesses beyond the peak stress were defined as a function of 
a number of significant factors to be determined from laboratory 
tests. For example, the moduli for nonlinear elastic analysis 
such as E^ . (and tangent Poisson’s ratio v^_)were expressed as
E. = E (E . ,o ,o ,e ,z , 4>1 / d> 1 >A ,A _,a ) (5.17)t t i p .  r -p r p • r-- r si. m
in which E. is the initial modulus, the terms a- and o are the i . ' p r
stress at peak and the residual conditions, s and e are the
- • P r
strains at peak and residual conditions respectively, 4>' and (j)'
p ^
are corresponding angles of friction, Ar is the area of the 
stress-strain curve in the top zone enclosed by the curve,
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horizontal tangent at peak and vertical trough a final state of
parameters related to such factors as moisture content, relative 
density and overconsolidation.
procedure of modification (reduction) in strength of the soil 
rather than as a change in the. tangent; moduli of stress-strain 
curves as was done in other studies, 'the stress-strain response 
was assumed to be composed of two (or more) responses and 
therefore softening behaviour was divided into two or more 
components leading to a dual (or multiple), stiffness approach.
This approach was used for the solution of two example problems 
with good correlations.
Prevost and Hoeg (1975b, 1975c) have developed a formulation 
for modelling soils as elasto-plastic strain-hardening or strain- 
softening frictional materials. The formulation is based on the effec­
tive stress approach and incorporates most of the fundamental con— 
cepts of the "critical state" theory established by Roscoe and his 
coworkers at Cambridge University. This formulation links 
undrained and drained loading situations and nonlinear behaviour 
is accounted for by specifying appropriate yield functions and 
using an associated flow rule. The analysis presented is limited 
to nondilating soils even though the general formulation can be 
applied to contractive soils as well. The model developed is 
only applicable to isotropic materials.
For the undrained analysis of soil behaviour, which 
constitutes a special part of the more general effective • stress- 
strain -strength model, Prevost and Hoeg (1975a, 1975c) suggested, 
a Von Mises yield.surface and an empirical curve-fitting equation 
for the post-peak behaviour. The loading function for a soil which 
first strain hardens and subsequently strain softens. (Fig.5.14) 
was represented by
strain, A is the area below the vurve* c*
The distinguishing feature of the procedure proposed by Desai 
(1974) was that strain-softening behaviour was viewed as a...
F(q,e|) = q-F1 (e^ ) (5.18)
 ^/ :>
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where
q =  s;,s. . ) 1//2 = /3JT (4.25 6 bis)
^  2 13 13 2
de 5 = (-2 de . .de. .)  ^^ ^ (4.262 bis)CL ^ 1 3  1 3
= /de^ (4. 263 bis)'
1In equation (4.26 2) de.'.=de. .- — 6 . . (de, ') are the components
13 13 *5 13
of the incremental deviatoric strain tensor and the integration in 
equ. (4.263) is carried out over the strain path encountered. The 
peak strength, q^ ^) was determined by. putting e^ = c^(pe^)r 
which
e?, ' = B + A-+b Z. ' (5.19)d(peak)
and the residual strength qres as
• q = AB- (5.20)ures
In equ. (5.18) may be given as - a percentage or permill.
Let Q be a function of the stress invariants, p and q (or 
p 1 and q), representing the plastic potential surface, thus 
Q=Q(p/q). The flow rule or normality law may then be expressed 
as
di:v “ H S  . ' v  <5 ‘21>
deP = X | |  C5.22)
✓
in which de^ = de?. is the plastic volumetric strain increment v 1 1
and de^ is the plastic shear strain increment defined by equation 
(4.262). That is, the flow rule in terms of the stress invariants
r ■ ■
p and q and the corresponding plastic strain increment invariants 
de|^  and dej| still applies (see Appendix B) .
In the case of an associated flow rule, eq. (5.18) gives
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= x — —  = A, ~ a c (52^i j A -do. . 2 q ~ij
 ^D
whereas, according to eq. (4.78), X may be most generally 
expressed as
3F/ 8 eP dsP
A > - -------- a (5.24)
wherein A is a function of the hardening parameter Using eqs
(5.18) and (5.22), then
dF
_ de^ = — 1 ds^ =■ dg (5.25)p d * op d *
and
9ed ded
ded = A Iq = X (5.26)
Subtituting, eg.(5.24) gives
dF
d
and eg.(5.23) becomes
A = --  (5.27)
dep
-S1V-..P ,rP ;ded asd 3 dq 3
de. .-   -7T g s . . = -r- s. . (5.28)
V  dF./. p 2 ^  dP, 2q 13
1 de% — -
depd
Prevost and Hoeg used eg.(5.28) and applied their results 
to the analysis of the pressuremeter test in clay. Pressuremeter 
test data may also be used to backfigure stress-strain-strength 
parameters for strain-softening clays.
When the expansion of the cavity develops under plane strain
conditions then the following formula (Wroth, 1975) allows the
determination of the stress-strain curve of the soil and applies 
to the undrained expansion of an infinite vertical cylindrical . 
cavity in a saturated clay:
where or=radial stress equal to the major principal total stress 
which, at the cavitv boundary, is the applied internal radial 
pressure P; a^circumferential stress equal to the minor ' 
principal stress; and e^circumferential elongation at the edge
• Ar ■of the cavity equal t o —  (r =initial cavity radius, Ar=net
r 0
increase of the cavity radius due to applied internal pressure 
P) . When a small strain formulation is used, eq. (.5.28) reduces 
to the simple expression
T = 1 iar-°6) = s 0 §T0 (5’30) '
and the shear stress t is given by the sub-tangent TN of the
expansion curve/ Fig. 5.15. The undrained shear strength is 
the peak value of t and the undrained shear modulus G is equal 
to O.St /Sq . This approach has been used by Wroth and Hughes (1973) 
and others and generally leads to a certain scatter and some 
irregularities in the derived stress-strain relationship. According 
to the procedure suggested by Palmer (19 72) for the interpretation 
of the pressuremeter tests in saturated clays under undrained 
conditions in plane strain
T ° ai J w p  (5;31)
and t is represented by the slope of the curve resulting when
the pressure P applied to borehole wall is plotted against 
ln(AV/^), where AV is the volume change of the measuring cell 
which is measured from a reference state in which the cell 
pressure is equal to the total horizontal stress in the ground 
at the depth of the instrument and V is the current (in the 
deformed state) volume of the cell.
Using eqs. (5.18) and ( 5 . 2 8 ) the governing equilibrium 
equation of the pressuremeter and satisfying the boundary 
conditions an expression for the pressuremeter expansion curve can
be found as a function cf the experimental constants A and B of 
eg. (5.18) . The constants A and B can be determined by fitting the 
analytical expression describing the pressuremeter expansion 
curve to the experimental expansion curve data. Therefore, the 
real soil behaviour is forced to coincide with eq. (5.18); the 
experimental data are smoothed by interpolation which allows to 
express the stress-strain relationship by a continuous function. 
Such an approach has been followed by Jamiolkowski and 
Lancellotta (19 77) who determined A and B of eq. (5.18) by fitting 
the equation describing the pressuremeter expansion curve according 
to Prevost and Hoeg’s (1975a, 1975c) postulation to the experiments 
expansion curve ,by means of the least-square technique. They also 
evaluated the stress-strain curves obtained from some undrained 
self-boring pressuremeter tests on three Italian clays by Palmerrs 
.(1972) method and by the simplified sub-tangent method (eq.5.30) 
with the 'following main conclusions: (.1) The undrained shear
strength from the pressuremeter tests is considerably higher than 
the undrained shear strength obtained from laboratory and field 
vane tests. This conclusion;is in accordance with the results 
obtained by other investigators (.Wroth and Hughes, 19 73/ Ladd et 
al., 19771; (2). The three used methods for the derivation of
undrained soil ..stress-strain, curves lead to substantially 
identical answer, although a direct derivation of the stress- 
strain curves from the results of expansion tests will generally 
lead to. a more or less pronounced scatter in the results which 
makes it sometimes difficult to define the maximum shear strength, 
the corresponding strain at failure and the initial shape of the ■ 
stress-strain curves. In this respect, a smoothing technique as 
suggested by Prevost and Hoeg (1975a, 1975c) can lead to very 
satisfactory results; and (3) All stress-strain curves derived 
from the self-boring pressuremeter tests show more or less 
pronounced peaks and clearly exhibit strain-softening behaviour, 
sometimes in contrast with existing experience on laboratory 
stress-strain curves. This is in agreement with the most published 
stress-strain curves derived from undrained pressuremeter tests 
which do show strain-softening behaviour and the work of Prevost
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'(19.76) who maintains that even if the soil is actually strain- 
hardening for constant shear strain-rate loading conditions, 
the derived stress-strain curve from constant strain-rate 
pressuremeter tests will indicate strain-softening behaviour 
at conventional testing rates. Based on the work of Prevost (1976)  , 
Jamio,13cowski and Lancellotta (19 77) demonstrated that strain-rate 
effects may be the cause of all or part of the strain-softening 
features exhibited by the stress-strain curves derived from the 
pressuremeter.
5.17. THE HVORSLEV SURFACE
Since a change in void ratio or water content produces a 
change in the shear strength of a clay, the consolidation cha­
racteristics of a clay:' form a part of a complete expression of 
its shear strength. Tests on clay specimens loaded in an oedo- 
ineter show that for first-time loading there is a nearly linear 
relation between the void ratio Cel and the logarithm of the 
vertical component of. effective stress to') . This relationship 
may be expressed as •
where Cc is the compression index and e^ is the void ratio cor­
responding to any convenient value of the effective stress o ^ .
For any coid ratio e, the equivalent consolidation pressure c7 
is the value of o' on the virgin consolidation line corresponding 
to the void ratio e. Then
e = e0-Cc log(a’/O q ) eo - ~ In (o'/o') (5.32)
so that
ae = exp[B(e0-er| ( 5 . 3 3 )
Experimental studies by Svorslev(Hvorslev, 1960) and other
investigators have shown that the cohesive component of shear 
strength -of a saturated clay is a function primarily of the void- 
ratio in the plane of failure at time of failure, while the fric­
tional component depends on the normal effective stress on the 
plane of failure at failure. Therefore, the shear strength,s, of 
a clay at a particular failure void ratio can be represented lay 
the equation-,
s -■ c J-ai tand) (5.34)e f i e
where cg, the-effective cohesion component, is a function of the 
water content (or voids ratio) only, is the effective normal 
stress on the failure plane and ,<J> is the effective angle of 
interval friction. As suggested by Hvorslev, the cohesive contri­
bution increases linearly with the equivalent consolidation pres­
sure and stays unchanged as long as there is no change in waiter 
content, i.e.
c = ka' (5.35)e e
where k. is the constant of proportionality between c q and a^. The 
refore, the Hvorslev criterion of failure may be expressed as
s = ka^ -J-a^  tan^e (5.36)
By .using the expression . for the equivalent consolidation 
pressure at failure void ratio from eq. (5.33), the term kcf^  of 
eg. (5.36) can be written as
ka' = ka3 exp fB (e -e^p] = c exp(-Be^) (5.37-)e - u o jl z r
where
c = ko'exp(Ben) (5.38)z 0 0
is the cohesion component at zero void ratio obtained by aextra- 
polation when plotting logce versus e^ or water content at fai~
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lure,. V7^~ v Equation (5,36) can then be written in the alternate 
form
s - c_ (-Beia',tancp (5. 39)
u J. JL
This equation states that the sheeir strength can be expressed
as a function of the effective normal stress on, and the voids 
ratio e^ in, the plane of failure cit the moment of failure and
that this function is independent of the stress history of the
clay. Equation (5.39) is satisfied by all possible states of 
stress and void ratio when the soil has reached a state of failure 
in a drained shear test and was represented in space by Roscoe et 
al. (1958) ‘using the right-handed co-ordinate (o', e, x) axes.
In such a representation, equation (5.39)' defined a unique sur- 
facewhich has been called by.Roscoe et al. (1958)-the "Hvorslev 
surface" „■
5-18 THE STATE BOUNDARY SURFACE' IN THE "DRY" REGION
Several models that account for many of the stress-strain ; 
features of strain-hardening soils (normally and lightly over- 
consolidated soils) have been developed (e.g. Cam-clay, modified 
Cam-clay). To date there doe's not seem to be any comparable model 
for overconsolidated soils. The need for such a model is due to the 
fact that soil is encountered in an overconsolidated state much 
more frequently than in a normally consolidated state. Furthermore, 
progressive failure is mainly.associated with overconsolidated 
soils.
The state boundary surface for a normally consolidated soil 
lies wholly in the region outside (that is, further from the origin 
than) the projection of the critical state line on the o:p! plane. 
Drained tests result in compression (for normally consolidated spe­
cimens, compression during drained tests can be associated with 
positive pore pressures during undrained tests) in this region, 
and.the soil is termed "wet of critical",.for each sample has a 
higher water content than that of a sample on the critical state 
line at the same value of p*. Heavily overconsolidated specimens,
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on the other hand, have initial states on the opposite, or "dry" 
side of the critical state line. We must now consider
(a) wheather overconsolidated specimens eventually reach the 
same critical state as normally consolidated specimens, and
(b) whether we can extend the state boundary surface into 
the dry region.
These questions are not easy to answer experimentally, for 
the following three reasons: (1) In drained tests, heavily over-
consolidated soils soften after failure, so that the critical sta­
te strength is less than at failure; (2) Very large strains are ■ 
required to establish,the critical state, and these cannot be 
developed in the triaxial apparatus without excessive changes 
in the specimen geometry; and (3) as the strength reduces after 
failure, the strains are concentrated in narrow bands of weakened 
soil, and the specimen ceases to be homogeneous. There is, .there­
fore, uncertainty in the accuracy of stresses and strains cal­
culated by means of measurements made at the boundaries on the as­
sumption that conditions within the sample are uniform.
Due to difficulties in fixing the positions of the ultimate 
points the overconsolidated sample would have reached had the 
tests been continued to large shear strains, Parry .0 95 81 exa-^  
mined in which direction the samples were moving in (q, p 1, u) 
space at failure. He demonstrated that changes in volume or pore 
water pressure, at the time the tests were terminated, were in 
direction of the critical state line. For drained triaxial tests 
on fully saturated, remoulded London Clay and Weald Clay Parry 
studied the rate (and sign) of volume change at failure. The rate
of volume change expressed as a ratio of the increment of volu­
metric strain 5e,r to the increment of shear strain 6e has been
4#
plotted by Parry in Fig. 5.16 against P^/Pf/ where p^ is the mean
effective normal stress given by the critical state line at the
same specific volume as that of the sample at failure (.Fig. 5.17) 
and p£ is the actual mean effective normal stress at failure. In 
the semilogarithmic plot of Fig. 5.16 the plotted points which . 
represent conditions at failure for drained tests on London Clay
FIG.-5.
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fall close to a straight line and show a clear trend .towards a 
greater rate 6f volume increase with increasing values of P^/pi 
above unity, and towards a greater rate of volume decrease, with- 
decreasing values of p'/p^ - below unity. Samples which fail at the 
critical state (p^p^, point U in Figs. 5.16 and 5.17) have reached 
a condition of volume equilibrium and show a zero rate of volume 
change at failure, whereas initially heavily overconsolidated sam­
ples fail with P^Pf an<3 are expanding at failure. Thus, a sample 
with p^/p^>1 and a failure state represented by point A on the o: 
lnp' plot of Fig. 5.17 exhibits a volume increase at failure and 
moves towards the critical state line at a higher specific volume. 
Similarly, a sample which fails at point B with p^/p^<1 is decrea­
sing in volume at failure, and so moving down from B towards the 
critical state line at a lower specific volume. Similar observa­
tions were made by Parry for pore-pressure changes at failure in 
undrained tests- which clearly showed that the rate of pore water 
pressure change at failure increased with distance away from the 
critical state line, and that the sign of the pore-pressure change 
at failure was such at to move the sample towards the critical 
state line.
The work by Parry (195-8) , therefore, suggests that at failure 
both drained and undrained specimens are tending towards the cri­
tical state line at rates which increase as-the distance between the 
failure state of the specimen and the critical state line increa­
ses. It must be emphasized that this suggestion applies for all 
specimens regardless of their initial state, even though the po­
sition of the critical state line was established from the data of 
normally consolidated samples alone.Roscoe,Schofield and Wroth 
(1958) suggested that the state boundary surface in the "dry" re­
gion (Fig. 5.18) may be epxressed in a form similar to Hvorslev’s 
criterion of failure, as follows:
g f- hp'fSPg. (5.40).
where g and h .are constants and p^ is the equivalent spherical 
consolidation pressure. For any specific volume, u, p^ is the 
spherical effective stress at the normal consolidation line at
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that specific volume. This is similar in principle to the equiva­
lent one-dimensional consolidation pressure defined in section
5.17. The graphical determination of p^ is illustrated in Fig. 5. 
1.9 for the point A with stresses q , and specific volume u^. 
Then for any current value of o,
Hvorslev'-s surface as represented by Roscoe et al. (1958) in 
'.(<2/ P/ u) space passes through the critical state line given by 
equations (4.198) and (4. 200) in (q, p', u) space
u - N-Alnpe
so that
(5.41)
Substituting in equ. (5.40) gives
q = hp’+g exp jjN-u) /A] (5.42)
q = Mp,1 (4.198 bis)
v = r-llnp (4.200 bis)
Eliminating u from equs. (5.42) and (4.200)
(5.43)
This must be the same as equation (4.198), so that
g = (M-h) exp (^ j~) (5.44)
Then the equation of the Hvorslev surface is
q = hp* + (M-h) exp(^-^) (5.45)
It can be seen from equ. (5.45) that the deviator stress at
'292
Norm al conso lidation !in
r it ic a l s ta te  line
FIG. 5 .19  METHOD OF FINDING THE * EQUIVALENT (SPHERICAL) 
CONSOLIDATION PRESSURE p'0
q
C ritical s ta te  line
Impossible 
• s ta tes
x Slope , h
lio rm a l consolidation  
I line
Possible
s ta te sf Tension 
/ '" " c u t  - o ff
-4ft ■ ■
10 p'/p'e
FIG. 5 . 2 0  THE COMPLETE STATE BOUNDARY 
SURFACE IN q lp 'e : p'/p 'e SPACE
failure .of an overconsolidated sample is made up of two'-parts.- 
The first part (hp‘) depends on the mean effective stress p 1 and 
may be thought of as being frictional by.nature, and the second 
part is a function of the specific volume 0.
Since it is usually assumed that soil cannot withstand, ten-
sile effective stress, the state boundary surface is limited by
the condition that a! cannot be less than zero. When 01=0, a-o'o 3 ■* 1
and p*=a*/3;, - so that g/p’=3. The state boundary surface is there- 
fore limited by a plane inclined 3 to 1 to the p' axis, as shown 
in Pig. 5.18.
Fig. 5.18 illustrates the complete state, boundary surface 
in (g, p', u) space. All constant i> sections are of the same 
shape, although of different sizes. The full state boundary sur­
face may therefore be represent by a two-dimensional plot of 
Pf/pg and g/Pg. Such a plot is illustrated in Pig. 5.20, where 
the normal consolidation line is represented by the single point 
A where p 1/P0-1-0 and g/p0=O, and the critical state line is re­
presented by the single point B. For the state boundary surface 
for normally and lightly overconsolidated samples ("wet" region 
of the state boundary surface) a number of shapes have been pro­
posed. Of these, the most generally useful seems to be the elli­
ptical surface used in the "modified Cam-clay" model (Roscoe and 
Burland, 1968).
Undrained test paths must lie in planes of constant u and the 
expected undrained stress paths for samples at different overconso­
lidation ratios are illustrated in Fig. 5.21. Alternatively, if the 
initial specific volumes of the samples are slightly different, nor­
malized stress paths in g/p1 : p'/pf space can be plotted .(Loudon,
G 6
1967). For a normally consolidated specimen, the path passes from 
A on the normal consolidation line to C on the critical state line, 
and lies wholly on the state boundary surface. Assuming that the 
conditions within a sample are uniform, undrained tests on heavily 
overconsolidated samples follow paths which, rise vertically up to 
the state boundary surface, in the same way as observed for lightly 
overconsolidated samples, and then travel over it to the critical 
state line. Lightly and heavily overconsolidated, soils approach 
the critical state from opposite sides of the line, but in every
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case failure (defined by the maximum value of g) occurs at the 
critical state.
An elasto-plastic model in conjuction with the finite ele­
ment method has been used by Banerjee and Stipho (1979) to ana­
lyse the undrained stress-strain response of heavily overconso­
lidated clays. The model presented by Banerjee and Stipho was 
formulated within the general framework of critical state soil 
mechanics,. They adopted a yield surface of the form
F = q“ (Mp^-q0)p'/Pu“q0 = 0 (.5.46)
where p^ V is the value of p 1 at the critical state line, pg is 
the initial isotropic consolidation pressure and q^ is an ar­
bitrary variable parameter.
After the material reaches the peak strength on the initial 
yield surface for the first time, plastic volumetric and dis- 
tortional strains will develop. Owing to the developments of 
these plastic strains, Pg and q^ will change. The changes in 
Pg will allow the yield envelope to slide down along the critical 
state line, while the change'in qg will control the sliding along 
the q axis. Subsequently smaller sizes and different shapes of 
yield surfaces will be formed Fig. 5.22 illustrates the shape of 
the inital and subsequent yield surfaces proposed by Banerjee 
and Stipho (19 79).
The non-associated flow rule was used by Banerjee and Stipho 
and the choice of the plastic potential function was made on the 
basis that it must pass through the material points and must sa­
tisfy the critical state condition, i.e., at the critical state 
no plastic volumetric strain rate is allowed. The suggested pla­
stic potential function, Q, was in a form of a curved surface 
with its maximum point at the critical state, i.e.,
2
Q = q-2Mp1 +  N = 0 (5. 47)
Pu...
where N was an a arbitrary value determined by the material 
points (p1,q) on the yield surface.
The parameters qg and p^ were used as strain-softening pa-
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rameters and were chosen from purely experimental observations. 
Changes in these parameters were related to the changes in the 
plastic distortional and volumetric strains as described in de­
tail by Banerjee and Stipho (1977). They also described a series 
of comparisons between the theoretical stress-strain-pore pres­
sure response and laboratory test results for heavily overconso­
lidated clays of various overconsolidation ratios subjected to 
undrained compression and extension triaxial test. It was found 
that by using a consistent set of characteristic material pa­
rameters the experimental results agreed well with the theore­
tical predictions.
5.19 THE PROPAGATION OF SLIP SURFACES IN THE PROGRESSIVE FAILURE 
' OF HE AVILY OVE RCON SOLI DATE D CLAY
Skempton (1964) and Bishop (1967) among others have noted 
some similarities between typical slope stability problems and 
problems inlthe field of fracture mechanics. Appreciating the 
significance of comments relating to these similiraties, Palmer 
and Rice (1973) proposed a model on the basis of fracture me­
chanics concepts: to study the growth, of localized shear bands in 
the progressive failure of overconsolidated clay. Their model 
entails a gradual decay of strength, within the end zone of the 
shear band, from peak, to residual levels, with increasing .rela­
tive sliding displacement*. They derived conditions for propaga­
tion of the band by tf-integral methods of crack mechanics. The 
material surrounding the shear band was considered to deform 
so as- to involve- only relative sliding and no normal displacement. 
They considered the hypothetical case of a slip surface in a long 
shear box, as well as a slip surface starting from a step or cut 
in a long slope.
Burland et al. (1977) presented some evidence of shear band 
propagation. They studied the behaviour of the ground surrounding 
a 29 m deep pit (Saxon pit) in overconsolidated and highly bedded 
Oxford clay as it was progressively excavated. The cutting was 
instrumented and movements were observed during the process of 
excavation. The study indicated that the surrounding ground wi-
thin a distance of 60 m was affected by (measurable) movement.
The in situ stress release during excavation caused horizontal 
and vertical movements in the surrounding ground and heave of 
the base of excavation. Furthermore, the measurements which were 
recorded confirmed the concept of a propagating shear band on 
which the overlying mass appeared to move as a block, sliding on 
a horizontal shear band which developed by progressive failure 
as the maximum shear stress exceeded the peak shear strength along 
bedding planes near the base of the excavation. This observed 
behaviour was in broad agreement with the theoretical contribu­
tions of Palmer and Rice (1973) on initiation and propagation 
of shear bands.
The distribution of shear stress along a horizontal shear 
band emanating from, the face of an advancing excavation is shown 
in Fig. 5.23. Following horizontal stress release at the face of 
excavation, shear stress develop some distance awav from the face. 
As the face advances, the shear stress at a given location in­
creases until it becomes equal to the peak value of shear strength, 
s^, along a bedding plane. Relative displacement across the plane 
is then initiated. As the shear band propagates the relative dis­
placements across the band increase and the shearing resistance 
drops, eventually reaching the residual value, sr • :The zone of 
transition from peak, to residual strength close the tip of the 
shear band has been assumed by Palmer and Rice (1973) to be small 
in relation ot the length of the shear band and has been termed 
by then the i"end of region". A large increase in horizontal tes- 
nile strain is concentrated in the ground overlying the end re­
gion due to the rapid decrease in stress along it. Behind the end 
region, along the region closest to the excavation,the shear band 
is fully developed and the shear stress is constant . However, in 
order to overcome the residual shear resistance a steady decrease 
in horizontal stress takes place towards the excavation face re­
sulting in a steady increase in horizontal tensile strain as il­
lustrated in Fig. 5.23.
The distribution of shear stress and horizontal strain during 
propagation of the shear band shown in Fig. 5.23 was in accorda­
nce with, the field observations made at Saxon pit reflecting
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the existence and mode of propagation of a horizontal shear band 
near the base of the excavation. Direct drained shear tests car­
ried out on specimens taken from near the base of the excavation 
face and sheared parallel to the bedding indicated that the (lower) 
Oxford clay is very brittle and exhibits a large reduction in 
strength to values near residual at relatively small displacements. 
That is, the peaks of the stress-displacement curves were found to 
be very sharp and the residual strengths were reached after only 
3-4 mm relative displacement. Tests performed on specimens contai­
ning a prominent bedding plane on which shear was known to have 
taken place in the field indicated that the shear strength on the 
in situ plane was at or near the residual strength (identical to 
that of intact material) . Thus, the field measurements at Saxon 
pit indicated that horizontal stress release during excavation 
can cause a progressive slip surface having a strength at, or 
close to, the residual value.
5 - 2 0  CHAPTER SUMMARY
Progressive failure refers to the non-uniform mobilization of 
shear strength- along a potential slip surface. In practice, when 
dealing 1^ with a soil which has work-softening stress-strain chara­
cteristics, failure becomes progressive with certain soil elements 
reaching peak resistance before others and certain elements lo­
sing resistance with increasing strain while others approach the 
peak shear resistance. The net result is that the average shear 
strength available at failure is less than the peak shear strength. 
The general problem of progressive failure arises in problems of 
bearing capacity and earth pressure, as well as slope stability.
In slope stability problems, for example, studies in the dis­
tribution of stress in and beneath slopes, whether of excavations 
or embankments have shown that such distributions are likely to 
be very non-uniform, resulting in high stress concentration and 
local failure in some portions of the slope (See, among others, 
Bishop, 1967; Duncan and Dunlop, 1969: Dunlop and Duncan, 1970).
For such slopes in strain-softening soil, a soil element in the 
local failure zone will hence pass from the peak to the post-peak
state, thereby releasing and transferring a portion of its shear 
stress to neighbouring soil elements, which may in turn fail if 
the shear stresses transferred are large enough. This results in 
a spreading of failure in the slope, a process commonly known as 
progressive failure, which is a.direct.consequence of stress- 
strain non-uniformity in the slope and the post-peak strain-sof­
tening effect of the soil. A state of limiting equilibrium is at­
tained when the reduction in strength of the elements on a po­
tential slip surface which have passed the peak strength just 
begins to exceed the increase in stress taken by the elements 
that have not yet reached failure.
Consistent approaches to the solution of the problem of pro­
gressive failure require not only a thorough understanding of 
almost all basic soil behaviour but also a precise knowledge of 
the initial and long term conditions in the field. In most in­
stances, however, it is not possible to acquire all the informa­
tion necessary for a rigorous analysis. Detailed analytical stu­
dies are necessary to examine progressive failure and in order 
to obtain a solution mumerical methods, such as the finite ele­
ment technique, have to be used.
While the theories may handle strain-softening behaviour in 
a consistent manner, the postulated stress-strain relationships 
must be verified by improved exprerimental testing techniques 
to measure local concentrations of strains in progressive failure 
type situations. Present analytical handling of the important 
strain-softening phenomenon needs to be improved.
A theoretical approach based on concepts from fracture me­
chanics has been used by Palmer and Rice (1973) to study the 
growth of shear bands in heavily averconsolidated clays. Field 
observations described by Burland et al. (1977) gave some support 
to this approach which seems to be a promising way of treating 
the problem of the strain-softening plastic behaviour of overcon­
solidated clays in many cases.
c>u s.
CHAPTER 6
CQMPRUTATIQNAL STRATEGY- AND THE DISPLACEMENT 
CONTROL TECHNIQUE
6 . 1 TOWARDS MODELLING THE FULL LOAD--D IS PLACEMENT BEHAVIOUR
OF A LOADED SOIL.
The commonly employed methods for calculating the load- 
displacement relationship of the bearing capacity problems 
(and perhaps other elasto-plastic problems) normally use incre- 
mental loading techniques. These have been successfully applied 
to produce solutions for a load just below that necessary to 
induce collapse. These techniques are incapable of obtaining the 
load-displacement relationship up to and beyond the displacement 
corresponding to the peak load and therefore they do not provide 
a complete picture of the load-displacement behaviour« The prob­
lem is more acute in the case of strain-softening soil in which 
it is absolutely necessary to calculate the whole of the load- 
displacement curve far beyond the peak load obtained. In this 
case the incremental load approaches may break down completely.
An alternative approach in which the correct loading is 
calculated for a certain prescribed element of the displacement 
vector increment must be considered to be more appropriate In 
the current work. The implementation and application of the dis­
placement control method to the problem of the bearing capacity 
is described in this chapter.
6 >2 OUTLINE OF THE FIRST VERSION OF THE PROGRAM FOR THE ELAGTIC-
PERFECTLY PLASTIC SOIL
The basis of the method developed by the Author is better 
described in two parts used sequentially as follows:
A . Preparation
This part of the program calculates the forces on the no­
des due to the given uniform loading on the footing. It then 
proceeds to calculate the load factor on the given loading which 
will just cause yield in one element. It then calculates, for 
this load factor, the stresses and displacements and also an ap­
proximate displacement vector increment to be used as a starting 
displacement vector increment for the iterative solution in the 
next loading step. The programming procedure for this part is des 
cribed in section 6 .2 . 2  in more detail.
B . The Iterative Solution for One Loading Step
This part of the program calculates the correct increase 
of load factor and the correct displacement vector increment 
for one loading step. Furthermore, a given element (element No. 
ITD) of the. displacement vector increment (the controlled dis­
placement) is maintained equal to a previously specified cons­
tant value (stored in DITD) throughout the iterations. It starts 
by assuming that the displacement vector increment is equal to . 
the converged displacement vector increment of the previous loa­
ding step. This is progressively improved to take into account 
the nonlinear behaviour of the problem and a new load factor in­
crement is calculated with each improvement so as to limit the 
controlled displacement to the specified value. The procedure 
is repeated up to convergence when the load factor increment 
remains very nearly constant. Details of the programming pro­
cedure are given in section 6.2.3.
6.2.1 Basis for Iterations Within One Loading Step
If for a given increment in load factor DPFA the correct 
(converged) displacement vector increment {DDISP} is calculated 
then the relationship given below will apply exactly:
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[Kg] " 1 (DPFA x {P} + {dR}) = {DDISP} (6.1)
where {dR}=The load vector due to initial stress = f({DDISP}). 
If for a given DPFA an approximate value of {DDISP} is known 
then the following recursive formula may be used to obtain 
improved values of {DDISP}
{DDISP},i+1. = [ K j _ 1 (DPFA x  {P} + {dR}(i)) (6.2)
where suffix “i" denotes the iteration number.
This recursive formula is derived intuitively from 
equation (6 .1 ) and no proof regarding convergence is given.
In fact it can be proved that it. will diverge when DPFA brings 
the total loading above the collapse load. This difficulty 
has been commonly encountered by researchers in the field wheife 
they found it impossible to calculate the load-displacement 
part of the curve around the collapse load . In the initial 
stress method the load is applied in increments up'to the full 
value and if no convergence could be obtained within a reaso­
nable, number of cycles of operations then it is assumed that 
the state of steadily increasing deformations was reached.
In the strip footing problem for example the last point in 
the curve of applied pressure versus settlement of the point 
under the center of the footing before no convergence is 
indicated, is usuallyoised to represent a good approximation 
of the lower bound of the collapse load. This approach was 
used by Valliappan (1969), Zienkiewicz et al. (1969) and Boon- 
lualohr et al. (1974) among many others who actually underesti­
mated the collapse loads by different amounts.
The under estimation of the true collapse load and 
the poor representation of the load-displacement curve in 
the vicinity of collapse arise because DPFA is usually
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assumed fixed. It may be overcome by varying DPFA 
(which is the same as varying the load increment) 
in such a way as to keep constant a norm of {DDISP} . 
In this work DDISP (ITD) is maintained constant 
throughout. This method of displacement control, in 
a variant form, has been extensively used with suc­
cess in connexion with problems of stability in 
structural mechanics and appears to have great po­
tential for problems of elasto-plastic analysis.
In applying the displacement control with ela- 
stic-perfectly plastic soils the above recursive 
formula 6.2 is adjusted so as to keep DDISP (ITD) 
constant and equal to DITD at each stage. This is 
achieved by assuming that {DDISP} is proportional 
to DPFA and hence a factor DPFAC is calculated so 
that
DPFAC =  ------DDISP (ITD)
which insures that
new DPFA = DPFA x DPFAC (6.3)
new {DDISP} = { DDISP} x DPFAC (6.4)
This assumes a linear relationship between DPFA 
and {DDISP} . This assumption is not absolutely cor­
rect because some elements transit from elastic to 
plastic mode. However, even the method of tangent
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stiffness matrix suffers from this drawback and 
the process being iterative, the small errors invol­
ved are automatically corrected in the next itera­
tion .
6.2.2 Flow Sequence for the First Part of the Program
A simplified flow sequence for the first part 
of the program (preparation) developed by the Author 
is presented below:
1. Form starting load vector {P} due to the given 
external forces only.
2. Specify the degree of freedom to be used for the 
displacement control. This is achieved by giving 
as data an even integer number, called ITD, being 
the address in the displacement vector of the 6 y 
component of a joint under .the footing.
3. Form and reduce the overall elastic stiffness 
matrix [K ]
r T14. Solve problem elastically from LKe|{p} = {6 }
and for each element calculate an overstress ratio, r
amax
a•c
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where o_ and cr are the yield and maximum shearC ZUaX
stress respectively in each material element. Hence, 
find and store the maximum value of r.
5. The load which causes one single element to reach
the yield stress is given by {P}/r t and thus the load 
factor up to this point is given by PFA = j. Then, 
multiply the displacements obtained for the full starting 
load {P} by PFA and store them as {DISP} ={6_o}. The 
corresponding stresses {cTq}t = {crx ,ay, TXy}for each element 
are then similarly calculated and stored into matrix [DSTRS] 
whose the first three elements of each row represent the 
stresses for each fini*te element. Thus, stresses and 
displacements for loading which will cause yield in one 
element have been calculated and stored for future reference.
6 ; The value of the controlled displacement increment,
DITD, is based on this elastic solution. DITD is made 
equal to the value of element number ITD of vector {<5g} 
divided by a factor m. This factor, m, must be given as 
data and may be 5, 10 of 20 etc. depending on the accuracy 
required. Finally, the starting values of the displa­
cement vector increment and load factor increment for the 
next loading step (which is the first nonlinear loading 
step) are calculated as
{DDISP} = {DISP} /m 
and
DPFA = PFA/m
6.2.3 Iterative Solution for One Loading Step Using Displacement
Control
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A simplified flow sequence for the second part 
of the program is given below. In each loading step 
the following notation' is used.
a) NIT = Number of iterations performed to calcu­
late better values for DPFA and {DDISP}
V
b) PFA = Load factor for displacements at the
end of previous loading step.
c) DPFA = Change in load factor for current displa­
cement vector increment, and
d) DPFAC = Correction factor for DPFA in each ite­
ration (NIT). DPFAC is a multiplying 
factor to reduce element ITD of the 
displacement vector increment to the re­
quired constant value.
As a first approximation, DPFA and {DDISP} are set 
equal to their converged values in the previous loading 
step. Then, the iterative solution proceeds as follows:
1. From the approximate values of {DDISP} and DPFA 
calculate (using the initial elastic matrix)stres­
ses strains and hence initial stresses
{da" }={da' } -[d] {de}
Form bodyloads {dR} due to initial stresses from
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equation (4»i22)and add to the incremental load 
DPFA x {P} to obtain the puedo-ioad vector
{PS} = DPFA x {P} + {dR}
2. Solve to find a better approximation to the incre­
ment of displacements
{DDISP} = [K ]~1 '{PS}
3. Calculate the factor
DITD
DPFAC =  --— --- —
DDISP (ITD)
where DPFAC corrects DPFA so that to reduce the ele­
ment ITD of the current displacement vector increment 
to the required value.
4. Calculate new {DDISP} and DPFA as the old ones 
multiplied by DPFAC.
5. Convergence is achieved when DPFAC equals one or 
numerically when
0.95 < DPFAC <1.05
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If this criterion is not satisfied, the process is 
repeated (steps 1 to 5) . Furthermore, a minimum of 
six iterations is imposed.
6 . Having obtained a converged solution the results are 
updated. Add incremental stresses {do}, incremental 
displacements {d6 }and the increment in load factor 
DPFA to those existing at the start of loading step 
to obtain for the total load so far
new {ao}={°o} + 
new {6 q}={6 q} + {d6 } 
new PFA ,= PFA + DPFA
7. The current final (converged) values of {DDISP} and 
DPFA are preserved for use as starting values for 
the next loading step.
The loading steps are repeated as many times as 
necessary. The displacements and stresses etc. are 
printed out at regular intervals say, every 1 0  loading 
steps to be specified within the data. In addition 
the program incorporates a facility for dump and res­
tart .
6.3 TREATMENT' OF TRANSITION ZONE
Elements that undergo transition from the elastic
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to the elastic-plastic domain during a loading step 
require special care. Transition elements during 
a loading step have stress points that move beyond 
the yield surface along an elastic load line as 
shown in figure 6.1a. However, only a fraction of the 
load line should be transversed elastically.• The 
portion of the load applied after the stress point 
contacts the yield surface shouH cause elasto- 
plastic deformations.
During the loading step
{dar} = [d] {de} (4.120bis)
/F <{ao}) <0 ^ d  F({a0) + {dar }) >0 (6.5)
where {Oq } represents the initial stress state, and 
F ({a}); = 0 the yield surface. Equations (4.120) and 
(6.5) imply that the soil element which was original­
ly within the elastic region has become elasto-pla- 
stic during the increment{de}of strain. Obviously 
part of this strain is elastic and serves to bring the 
state of stress to the yield surface. The remainder 
is elasto-plastic and may be treated in the conven­
tional manner. Hence{de} may be expressed as
{de} = ' (delj + {<3e} 2 (6.6)
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where {de}^ is the strain^Celastic) to bring the ele­
ment to the yield surface and {de}2’ is the remaining 
elasto-plastic strain. A possible method of calculating 
{de}^ "is to introduce a factor b so that
{de) 1 = b {de}
and
{de> 2 = (1 -b) {de}
Hence
F ({o 0 } + [D] {dE}1) = 0 (6.9)
or
F({o0} + b [D] {de}) = 0 (6.10)
from which b can be calculated. The stress increment is 
then
{da} = [D] {de} 1 + [D] gp {de) 2
or
{da} = b [D] {de} + (1-b) [D] {de} (6.11)
P
An alternative approach for treating the transition 
zone is to assume that {de}^ is entirely derivable from 
the original state of stress {<3q }* The relationship 
between {de} and {Og} may be expressed in a form that 
is readily applied to the yield criterion employed.
In the present work treating plane strain problems with 
Tresca criterion
(6.7)
(6.8)
the obvious most convenient form of relation between {de}. and
rp • *
the state of stress {g q }"=.{g ^ ,  aoyf T0xy^ is
{de}. .= a[d] 1 {g} (6.12)
where a is a factor to bring the state of stress to the yield 
surface and
{a}
a0x ~a0 y
a0 y"a0x
Oxy /
(6.13)
The factor a is very easily calculated from the yield criterion
F ({aQ} + [D]{ds},,) = 0
OX
F ({aQ{ + a{g)) = 0
or (1 +a) !ox“°Ox) + 2 ..2 / Oxy uf
(6.14)
(6.15)
Hence as before
'{da} = [D] {de} 1 + [D] -{de} 2
a{g} + [D] ({de} - a[D] {g}) (6.16)
The latter method (see figure 6.1 b) was adopted in this 
work principally because the value of a is very easily calcula­
ted as opposed to the more complicated calculations necessary for 
estimating the value of b required with the former method. Under
normal circumstances where the strain increment {de} is small, 
there is practically very little difference between the two 
methods *
6 .4 COMMENTS ON THE F IRST VERSION OF THE PROGRAM
The first version of the program described in section 6.2 
was found to suffer a severe drawback. The results obtained, 
although reasonable, appear to overestimate the collapse load .
This is illustrated in figure 6.2 from which it can be seen that 
the load is still increasing even after considerable settlement. 
While'this rate of increase of load with settlement is very small 
it is sufficient to increase the total load to beyond what it is 
supposed to be the collapse load. On reflection it was suspected 
that the source of error is due to the accumulation of the out 
of balance forces. There are always out of balance forces which' 
remain at the end of each loading step. This version of the prog­
ram did not account for such forces as they continued to accumulate 
and built up a certain amount of non-equilibrating load. The 
build up of these forces appears to have a restraining influence 
on the total collapse load which is therefore overestimated „
If for a given increment of load factor DPFA an approxi­
mate value of the displacement vector increment {DDISP} is known, 
then the recursive formula (6.2) applies
{DDISP} j '= [Ke]~1 (DPFA x : {P} + ‘{dR} ) (6.2 bis)
where
{dR}(i) = f ({DDISP}) (i) (6.17)
At this stage the out of balance forces {dQ} due to the
increment of DPFA are given by
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{dQ}(i+l) {dR}(i+l) " {dR}(i) (6.18)
These forces are represented in a uniaxial loading context in 
figure 6.3.
It must be recognized that at convergence the iterative 
solution will reduce the out of balance forces to a certain 
very small amount which will never be exactly equal to zero.
With the first version of the program it was assumed that, when 
starting a new loading step, there were no out of balance forces 
in the previous loading steps. In other words, it was assumed 
that in the solution so far obtained the external loading was 
in exact equilibrium with the internal forces. As a consequence 
the out of balance forces arising from each loading step 
accumulated and grew as the number of loading steps increased 
which had an adverse effect on the final solution.
/
It may be argued that the out of balance forces in each 
loading step were large due to the very coarse convergence 
criterion used in the first version of the program, that is, 
DPFAC should be within 0.95 and 1.05 (0.95< DPFAC <1.05). 
However, in the majority of loading steps it was found that 
DPFAC was reduced to about 0.99 within two iterations and the 
minimum of six iterations applied. It was therefore decided 
that refining the convergence criterion further would serve no 
useful purpose but would only increase the computational time.
In addition, the program in its present form was not suitable 
for application to the strain-softening case.
. mui tJinuiiiai luctu
AR= increm ental in itia l load 
A5 = increm enta l d isp lacem ent 
A Q -o u t o f balance fo rces
BC=CD=AR1
ef= a r 2
EF=HM
ARAR AR
AP
A5
A5
FIG. 6.3 ILLUSTRATION OF THE OUT OF BALANCE FORCES IN A 
UNIAXIAL LOADING CONTEXT
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It was therefore decided to reduce the accumulation of 
the out of balance forces to minimum. This was achieved by 
calculating them at the end of each loading step and applying 
them together with the increment of loading vector in the 
next loading step.
6.5 TREATMENT OF THE OJT OF BALANCE FORCES WITH DISPLACEMENT
CONTROL
Before starting a loading step the accumulated out of 
balance forces {Q} are calculated as the difference between 
the external load so far and the forces that would be in equi­
librium with the recorded total internal stresses. In order 
to maintain equilibrium this vector{Q}is applied together with 
the increment of load vector DPFA x {P} so that a total loa­
ding of
{Q} + DPFA x {P} (6.19)
results in the current loading step. The iterative equation 
for the solution then bee ones
{DDISP} (i+1) = [Ke] “1 ({Q> + DPFA x {P}+ {dR} (i)) (6.20)
In order to maintain DDISP (ITD) constant a new disp­
lacement vector (DDISP1} is calculated which is the change 
of displacement vector increment {DDISP} due to a change 
in the loading of
ALPHA x {P}
where ALPHA is a very small value. The iterative solution 
for{DDISPl}is given by
{DDISP1} {i+1 [Kj 1 (ALPHA x {P}+ {dR1} (i) ) (6 .21 )
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where {dRl} is the load due to initial stresses for a chan­
ge of the displacement vector increment frcm {DDISP}to 
(d d i s p ) +(DDISP1)
The equation (6.21) is similar to the one used in the 
first version of the program and it is then amenable to the 
type of displacement control described in section 6.2.3. The 
value of ALPHA is varied so that
where n is usually taken as 1 0 .
Displacement control on {DDISP} is achieved by varying 
the load factor DPFA so that DDISP(ITD) = DITD. In this case
where DPFAC is here a small change in the increment of load 
factor DPFA. The resulting displacement vector icrement may 
be obtained by the appropriate linear combination of equa­
tions (6 .2 0 ) and (6 .2 1 ) which gives
DITD
DDISP1 (ITD) = (6.22)
new DPFA = old DPFA + DPFAC (6.23)
new {DDISP} = old{DDISP}+ DPFAC- • ALPHA x (DDISP1) (6.24)
The change’ DPFAC is calculated so as to keep in the 
new {DDISP} the correct.increment of the controlled displa­
cement, DITD /Thus,
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DITD = old DDISP(ITD) +• DPFAC -x DDISP1 (ITD) (6 . 25}
ALPHA
Hence
DPFAC = ALPHA DITD - old DDISP (IIP) 
DDISP1 (ITD)
(6.26)
The convergence criterion is prescribed as
DPFAC < 3% (6 . 27)
DPFA
This new version of the program was quite successfuly
applied and gave extremely reliable solutions. Figure 6.4 gi­
ves an example of a solution for a strip footing bearing on 
an elastic-perfectly plastic soil. The load-disp3.acement cur­
ve clearly indicates that the collapse load remains constant 
at a value of approximately, 635 kPa. The load-displacement cur 
ve obtained for the same bearing capacity problem using the 
first version of the program is also shown for comparison in 
figure 6.4.
tion appears to indicate collapse at a constant load of 635 
kPa in fact a very small fluctuation in the computed load about 
this mean was observed. This is shown more clearly in figure
6.5 which gives an enlarged plot of the load-displacement cur­
ve in the region of collapse. This indicated the presence of 
negligible random out of balance forces in the solution.
It is of interest to note that while the overall solu-
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6*6 CALCULATION OF THE CHANGE OF STRENGTH OF A 
STRAIN-SOFTENING MATERIAL DUE TO A SMALL 
INCREMENT,OF PLASTIC DEFORMATION
It is sometimes convenient to express, the increment 
of stress during plastic flow {da} in the form
{da} = [D]{de}e = [d ] {de} - [d ] {de}^ (6.28)
where {de} is the total increment of strain. A simplified 
expression for [d ] {de}^ may be derived as follows:
Fran the flow rule,equation (4.76),with Q=F (associated 
flow rule)
[D] {de}P = X [D]{|{^} (6.29)
Substituting in this equation the expression for X, equation 
(4.82), then
[D] (6.30)
\ d { o } \
[d ] {de}] _ f e i  L-i ( a '»
A + { § u
T
325
From equation (4.120) the stresses {do1} are given 
as
(da1)
da 'x ■'
da-y
L (3.x 1\Cl I Xyj
= [d] {de } (4 .1 20 bis)
and recalling equations (4.86) to (4.88)
8 F T
8 { o } ) uf
o - o  o - o
...-ft...: . ,.Y _Z x . 2t
2 ‘ 2 xy _ (4. 8 6 bis)
E
2 (l+v)sur
a - ax y
a ~ a
Y x
2 txy
(4.87 bis)
and
{Uf t-i lifer} ’ 2E(1 tv) (4.88 bis)
then an expression for [D]{d0 }^ can be obtained from 
equation (6.30) as follows
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[d ] {de}p =
2 (1 + v ) s
uf
'a - a  
__x y
'da' -da' '
• x Y
da/ \ Q 3 Q
x  ! I X  y
da' ( | a  - a
Y  ( y  x
d x r ) I 2t
x y  7 ' x y
+  T' d T ‘
. . xy. . xy
A (1+V} 
2 E + 1
a  - a  
x y
a  - a
T  *
. T\ xy
(6
Hence
{da} = {da7  - [d] {de}p (6.
The first term of the R.H.S of equation (6.32), {da(!- gives 
an expression for the change of stress that would occur if 
the material is elastic. The second term of the R.H.S of 
equation (6.32) [d ] {de}^ which subracted from the first gi­
ves the correction for plastic flow to bring back the stresses 
to the yield surface. It is worthwhile to note that when 
the strain hardening parameter "A" is equal to zero the 
expression (6.31) for [b] {de}^ brings the stresses back 
to the constant shear strength, su^ = const., yield sur­
face (elaptic-perfectly plastic condition).If A is not 
equal to zero, then a change in shear strength is implied.
This change is due to yield surface expanding (if A >0) or 
contracting (A < 0).
.31)
32)
The extra increase in stresses {da} that would imply 
an increase in shear strength ds^ is therefore given by
where
M =f1
(’ A (T+'v) 2 E + 1 uf
a -a 
x y
dar -daf -x y + T dT xy xy (6.3 4)
.
Hence, the state of stress fa} ' ={ a ,a ,a . } recorded assumingx y xy
a value of A - 0 changes to the corrected one for a non-zero 
value for A as follows:
corrected {a} = recorded {a} + {da} (6.35)
or . a -a
X Vcorrected a = recorded a + M — 5—X X £
a -a
corrected a = recorded a + M —
y y ^
(6.36)
(6.37)
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•corrected t  = recorded x r„ + M t  ■ (6.38)xy xy xy
From .(6.37). and (6.38) it can be easily, seen that
[a - a \ a - a r 
corrected ( ■ x——— ^ j = - x~— — •*- (1+M) (6.39)
and the new corrected strength will be
Su +dSu =\/(- * d + M ) 2 + T 2x y (1+M) 2 =SU (1+M) (6.40)
and the increase in strength ds^,
ds =M s (6*41)
u u
It can be seen from equations (6.36) to (6.38) that
while.t . and °x . a y must change due to strain- softening,
a to . ' 2x y remains tne same,
2
6.7 TREATMENT OF.STRAIN-SOFTENING
The shear strength s^ is reduced in this case from its 
peak-value s ^  to the residual shear strength su r ,as plastic 
deformation takes place. In this work, the triaxial stress-' 
strain curve is approximately represented as shown in figure 
6 .6 . It is composed of three regions. The first ascending por­
tion represents initial elastic behaviour of the soil in which 
the load rises linearly with a slope of ' E* up to the pe a k - 
strength.The second region is a descending straight line, in which
01 ” O3
2S Uf
FIG. 6 .6  R E P R E S E N T A TIO N  OF THE STRESS - STRAIN 
CURVE
Assumed elastic-perfectly plastic 
behaviour during a loading step2 S,
-----C
B
FIG. 6 .7 PROCEDURE FOR THE TREATM ENT OF  
THE STRAIN - SOFTENING CASE
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the strength is reduced from peak to residual linearly with 
increased plastic deformation. The third region is a constant 
strength s^r, region where the stress remains Constant with 
further plastic deformation.
A somewhat simplified approach was adopted for the treat­
ment of the strain-softening case. At the start of a loading 
step, the strength of each element, which is known frcm the 
previous deformation history, is assumed to remain constant 
throughout that step. Under these conditions the load-defor­
mation characteristics of an element which has previously, under­
gone plastic deformation is as shown with the dashed.lines of 
figure 6.7. Line AB represents elastic unloading of the element 
whereas line AC represents constant strength elasto-perfectly 
plastic loading. This way the problem is reduced to the elastic- 
perfect ly plastic problem treated in the revised version of the 
program described in section 6.5.
When a converged solution at the end of each loading step
is obtained the new (reduced) strength s of each yieldedunew
element is calculated as described in section 6.6. This implies 
that the maximum shear stress suo^/ given by
’uold "  - ' ' * ~» (6-42)
is higher than the new maximum allowed shear strength s ^ J unew
Steps are then taken to reduce the maximum shear stress to the 
allowed maximum as follows:
s
unew n , t r  Ar>\
new Tx y =  i  77 x old Txy (6-43)2 uold 2
and
a - a s a - ax y _ unew ^-i^x y tr a a \new ---~— — - -----  x old --- ~— •*- (6.44)
2 suold
It follows then that
(6.45)
(6 .46)
The drop in strength fran s ,, to s as it is treated* 3 uold unew
here introduces some further out of balance forces which are 
taken into account automatically in the next loading step.
This method of treatment may be open to objections because 
the external loading is not usually in exact equilibrium with 
the internal stresses. However, it is possible to reduce these 
out of balance forces to a minimum by reducing the magnitude 
of the controlled displacement DITD . A number of solution were 
obtained using various values of DITD varying from 1/5 to 1/3 0 
of the displacenent that produced- one yielded element. No signi­
ficant variation in the computed load-deformation curves was 
found. It was therefore concluded that this approach was quite 
satisfactory for the treatment of the undrained strain-softe­
ning soil behaviour.
6 . 8  ADAPTATION OF* THE PROGRAM FOR THE TREATMENT OF RIGID
FOOTINGS
The program described in the previous sections of this 
chapter is capable of dealing with the general type of flexible 
footing. It was applied in conjuction with a perfectly flexible 
footing in which the load distribution ranains uniform irrespec­
tive of the differential settlement of different parts of the 
footing. However, it was also desirable to use the program with 
minor modifications to deal with the problem of a perfectly 
rigid footing. In this case the footing is constrained to move 
vertically downwards into the underlying soil without any dif­
ferential settlement between different parts of the footing.
(a + a \ a - aX £— ^ / + new ' *"~2— ^
/a + a \ a - a
new = old ^ ^ J ~ new — — ^
This type of footing is approximated by a footing whose stif­
fness is very large compared to that of the soil underneath. 
The solution of this problem is obtained by solving the stif­
fness equations for rigid uniform imposed displacements under 
the footing. Techniques for obtaining this type of solution 
are well established and need no further clarification. Having 
obtained a solution for the displacement vector due to a spe­
cified rigid displacement under the footing the stress dist­
ribution and hence the contact pressure between footing and 
soil may be calculated. The total load on the footing and 
hence the average contact pressure may than be derived.
The application of the displac orient control method to 
the problem of the rigid footing is simpler than that of the 
flexible, because in this case the footing displacements are 
to be specified rather than the loading. It was found that 
only one vector of displacement incr orient is required in a 
loading step as opposed to the two vectors necessary for 
the solution of the flexible footing.
The preparation part of the program is basically the 
same as in the case of flexible footing with the exception 
that a uniform displaconent is imposed under the footing, 
instead of a uniform loading. The settlement required to 
induce one element to yield is then calculated. Thereafter 
the procedure described in the previous sections is followed 
to calculate displac orients, stresses, strains and the total 
loading on the footing u^ to this point.
The iterative solution for one loading step is obtai­
ned for an imposed uniform increment of footing settlement 
of DITD under the footing together with the out of balance 
forces on the internal nodes that accumulated in all the 
previous loading steps. Having obtained an approximation to 
the incronent of displacement vector -jDDISPj the initial body 
forces jdRj- and the new stress increments are then calculated. 
The incroriental total loading on the footing is then assessed
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and compared with that obtained in the previous iteration. 
Convergence is assumed to occur when the current incronent 
of total loading is within 5% of the previous one. A minimum 
of six iterations is again imposed. .
The extension of the program to treat strain-softening 
with a rigid footing is similar to the previous case of the 
flexible footing in which the strength of each yielded ele­
ment is assumed to remain constant within a loading step.
Later when a converged solution for that loading step is 
obtained new reduced strength of each element is calculated 
and the internal stresses are reduced accordingly as descri­
bed before. This automatically induces out of balance forces 
which are taken into account in the next loading step.
As a matter of interest the loading that induces a sin­
gle yielded element was found to be much lower than in the cor­
responding case of the flexible footing. This was to be expec­
ted from the inherent behaviour of the rigid footing where the 
contact pressure at the edge is theoretically very high. The 
net effect of this was to produce smaller values of DITD and 
hence much finer loading steps than in the case of the flexible 
footing.
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CHAPTER 7
THE EFFECTS OF SOIL STRAIN-SOFTENING ON BEARING CAPACITY
7.1 INTRODUCTION
The linear portion of the curves shown in Fig. 6.4 where 
settlement is proportional to load can be obtained from an elastic 
analysis, requiring only the elastic undrained Young's modulus 
E and the problem geometry. The point A at which first yield 
occurs can be estimated by determining the applied foundation 
stress required to induce failure at some point within the soil 1 
mass. It can be seen from equations (4.9 2) and (4.93) and the 
expressions for shear and bulk moduli >G and K  respectively that 
the incremental stress-strain relations for an elastic-perfectly 
plastic material that yields according to the Tresca criterion 
can be written as
{Aa} = E[ C ]{Ae} (7.1)
in which {Aa} and {Ae}=the incremental stresses and strains,
[C] = a matrix that contains the current values of stress and E is 
the Young Vs modulus. Because E can be factored out of the incremental 
relations the settlement at any load up to failure is inversely 
proportional to the elastic value of Young's modulus. Therefore, 
provided that all other parameters being constant, increasing.
Eu by a factor of two will decrease the settlement by a factor 
of two at any load up to bearing capacity failure (D'Appolonia 
and Lambe, 1970; D'Appolonia et al., 1971). As displacements 
are proportional to Young's modulus over the full range of loading, 
the success of the finite element method in load-deformation 
predictions rests crucially on the use of appropriate values of 
the undrained Young's modulus, E .
Values of undrained modulus E^ (in subsequent sections of 
this Chapter E^ is simply denoted by E) are commonly evaluated 
from the initial tangent modulus of the stress-strain curve from 
triaxial compression or unconfined compression tests. Alternately
a secant modulus is used, at one-third to one-half of the applied 
stress change causing failure.
The modulus of the undrained loading is not a unique property 
but depends very much on a number of factors, the most important 
being soil type, stress history, shear stress level (i.e. level 
of shear stress relative to undrained shear strength), time, type 
of loading and soil disturbance. Use of appropriate values of 
the undrained modulus is difficult, because soil is not a linear- 
elastic material and because soil deposits generally exist under 
a system of anisotropic stresses. Sample disturbance is known 
to reduce undrained stiffness and strength. The modulus E^ is . , 
one of the most sensitive parameters to disturbance effects.
Sample disturbance can be partly overcome by proper reconsolidation 
in the laboratory, although opinions differ on what consolidation 
stress system should be used.
Several factors should be considered when using consolidated- . 
undrained tests to estimate undrained deformations, the measured 
values vary with: (1 ) the consolidation stress and whether 
isotropic or anisotropic; (2 ) the amount of aging allowed prior 
to shear testing (i.e., aging increases the time allowed for 
"secondary" consolidation); (3) the rate of strain that is applied 
during undrained shear; and (4) the type of stress system imposed 
during shear, i.e. direction of applied Ac^ and magnitude of Ac^ 
(D'Appolonia et al., 1971; Simons, 1975).
In general the undrained Young's modulus of a soil decreases 
with an increase in deviator stress and soil disturbance and 
increases with: (1 ) and increase in consolidation stress; (2 ) an 
increase in overconsolidation ratio; (3) an increase in aging; 
and (4) an increase in strain rate.
In view of the many difficulties involved in selecting a 
modulus value from the results of laboratory tests, it has been 
suggested that empirical correlations relating undrained modulus 
measured in field tests to a more readily measured soil parameter, 
such as undrained shear strength, may provide a basis for a 
settlement calculation. Different authors have quoted different
values for the'ratio ■ E / s u , for example Bj err uni (1 972) , 500-1 500.
In general, the ratio Eu/Su decreases with increasing plasti­
city. A review of case studies by D'Appolonia et a.1. (1971) where 
the was backfigured from field loading tests showed that:-(l)’-'Eu/s = 
=1000 to 1500 for lean inorganic clays of moderate to high sensiti­
vity; and (2).Eu/su was appreciably lower for highly plastic clays 
and for organic clays. Simons (1975) summarized values of the ratio 
Eu/su for a number of structures on normally and slightly overconso­
lidated clays. This ratio was found to vary between 40 to 3000. Low 
values of Eu/Su would be expected for highly plastic clays with a 
high shear stress level, and higher values for lightly-loaded clays 
of small plasticity.
A summary of test results both in situ and in laboratory (Butler, 
1975) shows that for overconsolidated clays, such, as London clay, 
Eu/su varies between 140 to 830. Various authors have determined va­
lues of the ratio Eu/Su from plate bearing tests in the London clay 
which vary between 600 to 830 .Their results indicated for larger va­
lues of the ratio E^/s^ than values which have been obtained in the 
laboratory, which are typically about 150. Wroth (1972) reconside­
ring the published•data of Bishop, Webb and Lewin (1965) established 
for the London clay at Ashford Common the relationship Eu=150 s^.
It has been shown by Marsland (1972a) that the effect of length 
of time between excavation and loading can have an important effect 
on the moduli determined from in-situ plate tests. The plate test 
values of Eu are considerably reduced by delays in testing. For 
plate load tests at Ashford Common, Marsland (1972a) showed that 
about ten hours after excavation the modulus had been reduced to 
half. Values of the field E^ may be obtained by analysing, by means 
of the finite element method,the measured displacements of structures 
(i.e., the deflections of a retaining wall, Cole and Bur l a n d , 1 972') . 
Such analyses for structures in the London clay have shown that E 
increases with depth, and that Eu/su is in the range from . 200 to 500 
that is; somewhat between the laboratory and plate test results. The 
results of this type of back-analysis, where available, will gene­
rally yield the most reliable values of Eu »
The shear failure underneath a footing may be obtained by a
general shear failure, by jpeal., shear or by punching (Vesic, 1 973) . • 
The appearance of one of these modes of failure depends oh a number 
of. factors the most, important being relative density and overburden 
pressure. A footing on saturated, normally consolidated.clay 'will 
fail in general shear if it is loaded so that no volume change can
take place (Vesic, 1973). In the case of general shear of a loaded 
footing.there is no difficulty in determining the peak (ultimate) 
load, but.in the case of local shear and punching it becomes dif­
ficult to define clearly the value of the ultimate bearing capacity. 
According to ultimate load criterion suggested for general use by 
Vesic (Vesic, 1973). the ultimate load can be obtained as the point 
on the load-settlement curve where the slope first reaches zero 
or a steady minimum value.
Brinch Hansen (1963) has defined the ultimate bearing capacity 
as the load at which the settlement is twice the settlement at 90% 
of the ultimate bearing capacity. The criterion suggested by 
Christiaens (De Beer, 1970) is in close relation with the criterion 
proposed by Brinch Hansen and defines the ultimate load at the point 
of break of the load-settlement curve on a double log scale. Both 
criteria require, however, that the loading test be carried to 
very large displacements, preferably of the order of 50% of the 
foundation size (Vesic, 1973) .
The main-factor governing the design of a foundation is.often 
the permissible settlement. The settlement at failure depends on 
the soil properties, the overburden pressure, depth of the 
foundation and size of the footing. The relative settlement (ratio 
between settlement and footing width) at rupture can be used as 
an ultimate load criterion. According to Vesic (1973) the normal 
range for relative settlement at rupture is 5 to 15% for surface 
footings in sand. The corresponding settlement for deep footings 
can be as high as 25% (Meyerhof, 1951; De Beer, 1970; Vesic, 1973). 
Field data on ultimate bearing capacity of saturated clays 
analysed by Skempton (1951) indicated that settlements needed to 
mobilize ultimate loads were about 3 to 7% of the footing width 
for surface footings and increased up to about 15% for deep 
footings.
Marsland (1972b) analysed the results of in situ plate tests 
in lined and unlined boreholes in London clay and emphasized-the 
difficulty of defining the ultimate bearing pressure. Various 
investigators have rather arbitrarily defined ultimate bearing 
pressures at settlement-plate diameter ratios of between 1 0 % to 
20%. After studying the bearing pressure-settlement curves 
obtained by previous investigators, Marsland (1972b) concluded 
that for tests in London clay the 90% of the ultimate . bearing 
capacities was not mobilized until the penetrations exceeded at 
least 15% of the plate diameter.
For the finite element solutions, bearing capacity failure 
is usually defined as the point where the load-displacement curve 
undergoes a significant change in slope. This definition is 
somewhat arbitrary. In the present work, when dealing with an 
elastic-perfectly plastic soil, the load-settlement curves give 
always well defined constant loads at and after complete collapse 
has taken place. This naturally is taken to be the ultimate bearing 
capacity.for the footing on this type of soil. The settlement at 
which complete collapse first occurs is not so clearly defined. 
However, this settlement may be estimated as the one at which 
the load first becomes constant.
The Tresca yield criterion used in this work is only 
appropriate to a purely cohesive material i.e. to a material whose 
strength is constant and independent of stress level. Soil may 
exhibit this property under certain well defined conditions which 
must ensure that the initial state of effective stress is 
unchanged by loading. For example, a saturated soil tested in the 
unconsolidated-undrained triaxial compression test has a strength 
which is insensitive to changes in ambient pressure. In soil 
mechanics parlance this is known as "$=0 " condition implying that 
there is no change in strength with change in total normal stress.
In this test this occurs because the initial state of effective 
stress is unchanged by cell pressure change because the test is 
undrained (i.e. no volumetric strain can occur and thus Poisson's 
ratio is 0.5 for an isotropic soil) and the isotropic stress
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change does not produce any shear strain*. Accordingly, the "$=0" 
condition corresponds to a "no change in the initial state of 
effective stress" condition where the soil behaves as a purely 
cohesive material to which the Tresca yield criterion applies. In 
the field, this condition is simulated at shallow depth beneath 
the middle of a wide embankment rapidly constructed on a saturated 
soft clay.
In metals and like materials such as rock the Tresca yield 
criterion may be appropriately used in conjunction with Poisson*s 
ratios which are less than one half. This is not the case for 
soils, however, where both elastic and plastic volumetric strains 
must be zero for an undrained "c})=0" condition and hence Poisson's 
ratio must be 0.5. Accordingly, it is inappropriate to model real 
soil problems by using the Tresca yield criterion in conjunction 
with Poisson's ratios less than one half because to do so is to 
imply elastic volume change with corresponding change in the state, 
of effective stress and hence change in strength whence the purely 
cohesive condition implied by Tresca criterion is violated. Such 
models have been studied, however, and the results are available 
in the literature (e.g. Hoeg et al., 1968; Lambe and Whitman,1969).
In order to enable comparisons to be made with such existing 
work, and for the method to be generally applicable to other 
materials apart form undrained soil, a value of Poisson's ratio 
of v=0.3 has been studied in this work as well as v=0.48. This 
gives rise to an anomaly of nomenclature which may be clarified 
as follows. For the case of v=0.48 (corresponding to the undrained 
condition), s^^ and s^''denote peak and residual undrained shear 
strengths respectively of real soil such as undrained clay. For 
the case of v<0.48 (v=0.3 is actually considered), s ^  and sur 
denote constant peak and residual shear strengths respectively 
for a theoretical soil where elastic volumetric strain does not 
cause a change in the state of effective stress.
5*"The sufficient and necessary condition for there to be a change in the 
state of effective stress is that the soil structure deforms. Deformation may 
occur by volumetric strain or by shear strain of by both" (Simons and 
Menzies, 1974).
7.2 STRIP FOOTING ON ELASTIC-PERFECTLY PLASTIC MATERIAL
7.2.1 First Problem-Typical Results for a Flexible Footing
One of the first papers t o .treat soil as an elastic-per- 
fectly plastic material for the purpose of obtaining the complete 
load-displacement response of a strip footing was published by 
Hoegand al. (1968). A shallow layer of undrained clay was analysed 
using a finite difference like technique. The Tresca yield 
criterion and its associated flow rule were utilized and the 
footing load was assumed to be uniformly distributed.
The same plane strain problem is solved herein using the 
finite element method and the Tresca criterion. This problem 
constitutes the first basic problem of this work. It consists 
of a 3.04 m wide flexible strip footing resting on the surface 
of a weightless linearly elastic-perfectly plastic soil.The soil 
was assumed to have a Young's modulus of 20 6,850 kPa, a Poisson's 
ratio of 0.3, a constant shear strength of 120.66 kPa and to be 
isotropic and homogeneous.
Two different finite element meshes were utilized to solve 
this problem. One mesh was fairly uniform, while the other was non- 
uniform. Boundary conditions in both meshes were identical to 
those used by Hoeg et al.. The base of the soil (clay) stratum was 
rigid and perfectly rough, while the vertical boundary was assuned 
to be rigid and perfectly smooth. These finite element meshes, 
the boundary conditions and dimensions used in the analysis are 
shown in Fig. 7.1 and 7.2 . The more uniform mesh as shown in Fig. 7.1 
consists of 291 nodes and 511 constant strain triangular elements. 
Since the mesh below the footing is uniform a loading width of 
3.10 m was considered rather than 3.04 m as used by Hoeg et al..
This was assumed to be of minor importance in the solution and sub­
sequent results showed this to be the case.
The results for this problem using the more uniform mesh 
are given in Fig. 7.3 where the applied strip pressure is plotted 
against the vertical displacement of the surface point on the
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centerline of the footing. The curve obtained is linear (indica­
ting purely elastic behaviour) up to a load of 301 kPa when 
yielding first occurred below the centre of the footing. Increasing 
the load resulted in. a spread of the plastic zone until finally 
a collapse situation was reached. The load-settlement curve which 
had already started to steepen after first yield has occurred 
became finally clearly horizontal (at least for all practical pur­
poses) and gave a very well defined ultimate failure load of 
635 kPa. For the same problem Hoeg et al. reported that yielding 
first occurred at a load of 293 kPa and a failure load of 620.55 
kPa. .
Prandtl1s solution for the failure pressure of a punch into 
a perfectly plastic purely cohesive material is q^= ( 2 + ti)k,where 
q^=the ultimate failure pressure and k is the yield stress in 
simple shear. Accordingly, for k=120.66 kPa, qf should be 620.20 
kPa. Thus, the computed value of 635 kPa of the ultimate failure 
load as well as that reported by Hoeg et al.are in remarkable 
agreement with the exact value of 620.20 kPa. However, it should 
be emphasized that the ultimate load obtained by Hoeg et al.was 
not so clearly defined in their paper since their analysis obviously 
stopped short of full plastic collapse. On the other hand the 
present analysis is capable of obtaining the load-settlement re­
lationship far beyond the point at which collapse initially oc­
curred.
Valliappan (1969) also solved the same problem using the 
modified Von Mises yield criterion proposed by Drucker and Prager 
(1952) and a finite element mesh of 94 nodes and 150 triangular 
elements. The^initial stress^method was employed as the iterative 
technique and the last load at which this iterative technique 
converged was 537.8 kPa (78 psi). The load at which yielding first 
occurred was reported by Valliappan to be 331 kPa. Fraser (1971) 
employing the Von Mises yield criterion and the initial stress 
method found for the same problem a collapse load of 552 kPa. 
Davidson and Chen (1977) used the finite element method and an
345
incremental variable stiffness technique (mid-point integration 
rule) to solve the same bearing capacity problem. Their finite 
element mesh was composed of 120 nodes and 98 rectangular elements. 
Each rectangle was defined by four constant strain triangles. The 
collapse load was found by Davidson and Chen to be 634.34 kPa (92 
psi). Hunpheson (1976) used ; a visco-plastic method and a finite' 
element mesh of 32 parabolic isoparametric elements to study the 
same problem. In his work both Tresca and Von Mises yield criteria 
were utilized and the load-deformation curves,obtained with the 
two criteria were virtually identical giving a collapse load of 
627.45 kPa (91 psi). First yield was found by Humpheson to have 
occurred at a load of 276 kPa.
Figure 7.4. gives a general comparison of the various load- 
settlement curves obtained so far by different investigators who 
solved the above mentioned problem. It is clear from this figure 
that the method of displacement control used in the present analy­
sis is far superior to the previously used methods of solution.
This method is capable of obtaining the complete load-settlement 
relationship. On the other hand the preexisting methods usually 
failed to converge at a point before complete collapse. It is 
therefore evident that the displacement control method Is extre- 
mely powerful and may be used for calculating the load-displace- 
ment relationship after collapse has occurred. This property is 
particularly useful for evaluating the behaviour of a footing on 
a strain-softening soil, a problem which previously used methods 
are rather incapable of dealing with.
It must be mentioned that, as expected and reported by many 
authors in the general field of the finite element analysis, the 
results were found to be sensitive to the actual finite element 
mesh used. The results reported above were those obtained using 
am e s h  which was found to be more suitable for the problem, namely 
using a mostly uniform mesh in the vicinity of the expected plastic 
flow. It was found that more irregular finite element meshes.gene­
rally give higher and less well defined ultimate failure loads. *
The more nonuniform finite element mesh shown in Fig. 7.2
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consists of 271 nodes and 486 triangular elements was also used 
to analyse the above mentioned first basic problem. This gave 
nearly identical results with those obtained by the more uniform 
mesh in the early portion of the load-settlement curve and before 
the ultimate failure.load was reached. Near the failure load the 
nonuniform mesh overestimated the exact limit load by about 7%.
This can be seen in Fig. 7.5. Furthermore, another nonuniform mess, 
shown in Fig. 7.6, with dimensions 8.78 m x 8.78 m rather than 
3.66 m x 7.32 m gave almost identical results with the nonuniform 
mesh shown in Fig. 7.2.
7.2.2 Development of Plastic Zone and Displacement Field
Zones of yielding as determined herein are shown in Figs.
7.7 and 7.8 for loads of 373 kPa and 635 kPa respectively. These 
zones agree fairly well with those presented for the same problem 
by Hoeg et al. for loads of 365.4 kPa (53 psi) and 620.55 kPa (90 
psi) .
As it has been noted by Hoeg et al. (19 6 8 ) the plastic zone 
does not much resemble that used to derive the Prandtl failure 
load. The analysis shows that the plastic zone extends far below 
the Prandtl zone early in the loading history and starts to move 
laterally only in the final stages of loading and before the col­
lapse load is reached- At least part of this dissimilarity stems 
from the proximity of the bottom rigid boundary which was not 
considered in Prandtl's solution. It must be noted, however, that 
Prandtl1s solution is solely concerned with the active plastic zone 
in which a mechanism (that is, a velocity field) is formed. There­
fore, a study of the full extent of the plastic zone in isolation 
of the actual field of displacement increment at failure is of no 
significance whatsoever. The displacements as shown in Fig. 7 . 9 - change 
direction during plastic flow and they have large lateral compo­
nents at the region of collapse load- This displacement field is 
indeed very close to the field predicted by Prandtl, although with 
probably not yet fully developed purely plastic deformations. The
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displacement field corresponding to Hill's solution, which requires 
the displacements to form an angle ti/ 4  with the horizon immediately 
below the strip load is quite different to the field predicted by 
the finite element.solution.
The gradual development of the zone of plastically yielded 
material as the applied load increases obtained by different aut­
hors using different yield criteria and numerical processes is 
shown in Fig. 7.10 and 7.11. The dissimilarity between the final 
plastic zones obtained by different authors may be due to the dif­
ferent yield criteria adopted and different presumed collapse loads 
reached.. However, all these plastic zones differ very much from the 
one indicated by the Prandtl theory. This may well prove that the 
conventional limit theorems of plasticity in :soil mechanics do not 
prescribe a unique failure mechanism, that is the limit analysis so­
lution is unique with respect to loads at failure and not with res­
pect to the exact mode of failure.
7.2.3 Computed Soil Stresses
Consider an elastic-perfectly plastic soil which yields accor­
ding to the Tresca yield criterion. Even after a local point (ele­
ment) yields, there continue to be changes in the stresses at that 
point resulting from stress changes in the surrounding elastic points. 
The sum of. principal stresses can change, thus causing elastic vo­
lume changes. During local yielding the directions of the principal 
stresses.can also change thus altering the elastic portion of the 
shear distortion. However, after the maximum shear stress at the 
point becomes equal to the shear strength, no further increase in 
shear stress can occur. As a result,after local yield the increment 
in minor principal stress Ao^ must be equal to the increment in major 
principal stress Ao^.
Stress contours at the point of first yield and at collapse 
are plotted for a flexible footing in Figs.' 7.12 through 7.17. The 
stresses have been normalized by dividing them by the applied 
surface loading intensity.Fig. 7.12 and 7.13 show that the norma­
lized vertical stresses are remarkably similar in these two figures,
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indicating that the normalized vertical stress distribution 
remains relatively unchanged even during the development of . 
plastic flow. This result has also been noted by Hoeg et al.
(1968) using the same yield criterion and byMorgenstern and 
Phukan (1968) and Naylor and Zienkiewicz (1972) for other stress- 
strain relations. Thus, the vertical stress distribution be­
neath a vertically loaded foundation is insesitive to the stress- 
strain relations employed and this accounts in part for the 
widespread use of simple elastic vertical soil stress compu­
tations .
As can be seen in Figs. 7.14 to 7.17 the distribution of 
the normalized horizontal stresses and normalized shear stresses 
on the horizontal plane changes markedly as the loading is inc­
reased from elastic conditions through to conditions approaching 
collapse when significant local failure has developed. Thus, 
the effect of plastic yielding is to change the pattern not 
of the vertical stress distribution but of the other components 
of stresses. Therefore, the distribution of horizontal and shear 
stresses can not be satisfactorily derived from the elastic 
theory once plastic yielding has begun.
The conclusion that the. vertical stress distribution may 
still be determined with fair accuracy from simple elastic theory 
even after plastic yielding has started and irrespective of the 
stress-strain relations used suggests that the following useful 
simplification can be made. Suppose it is desired to determine 
the total stresses when local yielding occurs beneath the cen­
terline of some surface load. Vertical stresses are not much 
affected by the nonlinear behaviour and can be readily calcula­
ted from one of the numerous elastic solutions available. The 
horizontal stresses would then be computed from the same elastic 
solution. If the difference between the two is greater than 
twice the undrained shear strength, su^, plastic flow will 
occur and the stresses will be distributed . When yielding occurs 
in an element no more shear stress can be carried by that element.
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Since the vertical stress is not much influenced by the onset 
of plastic yield a revised horizontal stress for the yielded 
element can be estimated by subtracting twice the undrained 
shear strength from the vertical stress. This procedure has 
been followed by Hoeg et al. (1969) and Burland (1972) in cal­
culating the stresses beneath the centre of loaded areas.
An alternative consequence of the fact that plastic yiel­
ding does not much affect the distribution of vertical stress 
is in the plot of the horizontal stress versus applied pressure 
under the centerline of the load. In the preyield stage the 
horizontal stress increases at a rate somewhat lower than that 
of the vertical stress. After yielding has occurred the vertical 
stress will continue to increase at approximately the same rate, 
as before, whereas'the horizontal stress increases more rapidly 
than before and at the same as the vertical stress rate, thus 
keeping the level of maximum shear stress at the shear strength. 
Consequently, a plot of horizontal stress for an element under 
the centerline of the load against the applied pressure can be 
expected to show a sharp break when yielding starts and this 
is illustrated in Fig. 7.18.
Furthermore, for saturated clays the change in pore water 
pressure, Au,due to changes in the three total principal stresses 
of Ao^, Ao £ and A c a n  be expressed by the following equation 
(Skempton, 1960; Henkel, 1960)
Au = Aa + 3cxAt , (7.2)m oct
where
Aam =  1  < A < V A < V A a 3> =  I  ( A a + A a y+ A a z )
AToct = ^[(Aa^-A^) 2+ (Aa2 “Aa3) 2+(A^-Aa.j) 2 ] 1y/2
and a is the ratio between the dilatancy caused by pure shear 
and the compressibility of the soil skeleton. Assuming that a=0
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(i.e. using the assumption of the elasticity theory-there are 
no volume changes due to pure shear) equation (7.2) becomes
Au = Act (7 .3-)m
Based on the observations made under two test fills Hoeg 
et al. (1969) have suggested the following method for estimating 
excess pore pressures. Prior to local yield, the excess pore 
pressure is. approximately equal to the change in the mean normal 
stress, Au=ACTm . When the applied shear stress, locally reaches 
the undrained shear strength of the clay, contained plastic flow 
develops and any further increase in the applied stress will 
result in an equal increase in octahedral normal stress at 
constant shear stress if the clay is assumed as perfectly plastic 
(i.e. no strain-softening). After yield for points on the center- 
line (where Act^ =Act2 , and also after yielding, and if the soil 
maintains a constant shear strength with further straining, 
Act^ A ct^ ) the incremental change in pore pressure is equal to the 
incremental change in major principal stress, Au=Act/j . Therefore, 
as the mean (octahedral) normal stress is increasing more rapidly 
after yielding the rate of the increase in Au with increasing 
foundation pressure is much more rapid than in the elastic range. 
Thus, one would expect that a piezometer at a location under the 
centerline of a strip load (i.e. embankment on a soft clay) to 
show a steady rise in pore pressure during loading (increase of 
embankment height) until local yielding occurred at that point, 
when the induced shear stress reached the local undrained shear 
strength, at which point the rise in pore pressure would become 
much steeper.
This phenomenon has. been observed in the field and has 
been used to interpret the results of field load tests by using 
the abrupt change in slope of the observed pore pressures versus 
applied pressure curves to identify the point at which local 
yielding first occurred and in combination with simple elastic
computations backfigure the in situ local undrained shear strength 
(Hoeg et al., 1969). The backfigured value of the undrained shear 
strength depends on the accuracy with which the value of Kg  is 
known.- The initial shear stress level, i.e. the value of Kg may 
be particularly important in soft clays where the initial shear 
stresses’ represent a significant part of the available shear 
strength.
The procedure suggested by Hoeg et al. (1969) applied stric­
tly to the case where no rotation of the principal stress axes 
occur, i.e. below the center line of the loaded area. The appli­
cation to other points should normally result in wrong pore 
pressure estimates, since, as shown by several investigators 
stress axes rotation has a strong influence on the pore pres­
sures. Generally, there is no significant difference in orienta­
tion of the final principal stresses from the elastic and the 
elastoplastic analyses in the region of the soil situated ver­
tically below the loaded area.
7.2.4 Effect of Pooting Rigidity
Finite element analyses can be used to determine the effect 
of foundation rigidity on load-settlement behaviour. Uniform 
pressure or displacements can be applied directly to simulate 
perfectly flexible or rigid footings. The behaviour of a rigid 
footing was simulated by imposing uniform, vertical, rigid dis­
placements at all surface nodal points under the footing. Fig.
7.19 shows the load-settlement curve of a rigid footing having 
identical soil properties with the flexible footing of the first 
basic problem. The applied footing pressure referred to in Fig.
7.19 is taken as the total force against the footing resulting 
from the specified displacements, divided by the area of the 
footing. As in the case of the flexible footing a clearly defined 
failure load of 676.5 kPa is obtained.
Fig. 7.20 compares the load-deformation curves for the 
rigid and flexible footing. The load-settlement curves are seen
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from this figure to be quite similar, the rigid footing predic­
ting a collapse load which is 6.4% higher than that of the fle­
xible footing. Hoeg et al.(1968) also found that the load-set­
tlement behaviour of the rigid footing closely follows the load- 
settlement behaviour of the flexible footing. On the other hand, 
they found that the collapse load was the same for both the 
rigid and flexible footing. However, there are substantial dif­
ferences in the stresses and yielding patterns of the two types 
of loading as it has been pointed out by several investigators. 
For the rigid footing the yielded zone started at the corners 
and spreaded downward and toward the footing centerline, whereas 
in the flexible footing yielding started below the centerline 
of the footing. Fig. 7.21 shows the spread of plastic zone around 
the corner beneath a rigid footing at a footing pressure of 3 36 
kPa, whereas Fig. 7.22 and 7.23 compare the development of plas­
tic zone at a load of 425 kPa for both a flexible and a >rigid 
footing. It can be seen from Fig. 7.23 that in the case of the 
rigid footing the footing and an adjacent elastic wedge (which 
makes nearly a .45° angle with the base) are separated by a band 
of yielded material from the remainder of the elastic stratum. 
Furthermore, yielding is still concentrated around the footing 
corners, whereas in the case of the flexible footing yielding 
is mostly spread out below the footing and around the centerline. 
By the time the collapse load has been, reached for a rigid foo­
ting, all of the soil directly beneath the footing has yielded. 
The extent of plastic zone at collapse for a rigid footing was 
found to be almost identical with that of the flexible footing 
(Fig. 7.8).
7.2.5 Effect of Poisson's Ratio
Fig. 7.24 shows the effect of Poisson's ratio.on the 
predicted load-settlement behaviour of a flexible strip footing. 
The load-settlement curves shown in Fig. 7.24 were obtained using 
different values of Poisson's ratio while holding all other 
soil parameters constant. The load-settlement curves of Fig.7.24
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were obtained using the finite element mesh shown in Fig. 7.25 
This mesh (mesh 4) is quite similar to the more uniform mesh 
(mesh 1 ) used almost exclusively so far in the elastic-perfectly 
plastic analyses associated with the first basic problem,but 
it is of dimensions 8.78 m'x 4.39 m rather than 7.32 x 3.66 m. 
This finite element mesh (mesh 4) is used exclusively in the 
strain-softening analyses of problems related to the soil pro­
perties (E, suf) of the first basic problem. -
It can be seen from Fig. 7.24 that increasing the value 
of Poisson's ratio initially results in smaller downward dis­
placements under the footing although the ultimate failure load 
reached is practically the same. The only stress distribution 
which is greatly influence by changes in Poisson's ratio is 
that of horizontal stress in the elastic range. Fig. 7.26 to 
7.31 give the normalized distribution of vertical, horizontal 
and shear stress under a flexible footing having reprectively 
values of Poisson's ratio 0.3 and 0.48. It can be seen from these 
figures that although the normalized vertical and shear stress 
distribution are almost identical in both cases the distribution 
of horizontal stresses is quite different.
The effect of increasing the value of Poisson's ratio also 
resulted in an increase of the value of load at which yielding 
first took place. Thus, as It can be seen in Fig. 7.24 the load 
which produced first yield.increased from 289.73 kPa for Poisson' 
ratio v=0.20 to 345.16 kPa for the nearly incompressible clay 
with Poisson's ratio of 0.48.
Fig. 7.32 compares the load-settlement curves for the rigid 
footing for two cases whose only difference was the magnitude 
of Poisson's ratio. As in the case of the flexible footing the 
load-settlement curves approached practically the same ultimate 
failure load although before collapse the settlement under the 
footing was smaller for the soil with the greater Poisson's ratio
7.3 SECOND PROBLEM-TYPICAL RESULTS
The second basic problem used throughout this work was of
FI
G
. 
7.2
5 
ST
RI
P 
FO
OT
IN
G 
ON
 
EL
A
ST
IC
-P
LA
ST
IC
 
SO
IL
. 
FI
NI
TE
 
EL
EM
EN
T 
ME
SH
 
AN
D 
TH
E
 
BO
UN
DA
RY
 
C
O
N
D
IT
IO
N
S,
 
ME
SH
 
4
3 7b
h-
o
CD
ID
CM
ID
CO
F
IG
.7
.2
6 
NO
RM
A
LI
ZE
D 
VE
R
TI
C
A
L 
ST
RE
SS
 
DI
ST
RI
BU
TI
O
N 
AT
 
FI
RS
T 
YI
EL
D 
FO
R
 
FL
EX
IB
LE
 
FO
O
TI
NG
 
ON
 
EL
A
ST
IC
-P
ER
FE
C
TL
Y 
PL
AS
TI
C 
S
O
IL
377
CD
O
CM
O
lO
LU
CD
X
UJ
_l
LL
dco
LL
UJ
>■
teoc
LL
<  O
LO
z:
o  o
I— br
Z>
m
DC
co
Q
CO
CO<
_]
CL
5
I—
CO O  
CO UJ 
LU LL
cr oc
UJ 
CL
-J o
o  fc
h- <  
DC -1  
LU LU 
>
s  °
g  §
<  ?
^  fcr 
DC O  
O  OZ  LL
Is-
OJ
sr
6
LL
378
o
m
F
IG
.7
.2
8 
N
O
RM
A
LI
ZE
D 
H
O
R
IZ
O
N
TA
L 
ST
RE
SS
 
DI
ST
RI
BU
TI
O
N 
AT 
FI
RS
T 
Y
IE
LD
FO
R 
A 
FL
EX
IB
LE
 
FO
OT
IN
G 
ON
 
E
LA
S
TI
C
-P
E
R
FE
C
TL
Y
 
PL
AS
TI
C 
SO
IL
379
h- CD
o 0
10
CO
o
CVJ
^  CL
CM
LU
_]
CQ
X
LU
QC
OLl
UJ
>-
I— 
CO
DC
£
<
H
DC
O
X
o
coO
I—
3eg g
oc 
1—CD 
Q
CO
<
>3
I—
C D  
C D  
LU
£  b
fe is
, X  
LU 
C L
o  S2
N  H
CO
<
3
LU
0  X  
LU O  
N
— 1 CD
<  X
1  b
i 2
0 )
CM
CD
LL
20
6.
85
0 
kP
a
380
o
CL
CD
CD O  
O  «
FI
G
.7
.30
 
NO
RM
AL
IZ
ED
 
SH
EA
R 
ST
RE
SS
 
DI
ST
RI
BU
TI
O
N 
ON
 
HO
RI
ZO
NT
AL
 
PL
AN
E 
AT 
FI
R
ST
YI
EL
D 
FO
R 
A 
FL
EX
IB
LE
 
FO
OT
IN
G 
ON
 
EL
A
ST
IC
-P
ER
FE
C
TL
Y 
PL
AS
TI
C 
SO
IL
J O i
in
LO co 
co cq co
DCo
LL
Q
_J
UJ
te
DC
L_
t i
UJ
z
<_l
CL
<  
I—zo
N
DCo
X
o
x
<
LU
X
CO
N
<
o
to
o
1—; 
CO 
<
_I
X
I-
X  m  
CQ l l  
X  DC 
I— UJ 
CO x
Q  
coCO <  
UJ 5  
DC uj
CO ^
I
o
o
CO
I—o
Q  O  
LU X
LU
_J
CQ
fr x
o  3
Z  Ll
00
K
CD
X
382
•H
• se
X
O) o  
LO CO
■5 00 CO
O CO o' 
Li- O  (N
CM t- 
TD „
■5 1 !!
•H
1—I
” 06
" S2
" 0 2
" ST
" 0 1o
1
0
I— 
CO 
<
LU
LU
>
DC
=)
O
H
Z
LU
LU
_J
H  
1— 
LU 
CO
1
Q
<
O
LU
X
H
Z
o
o
£
x
CO
z
o
CO
CO
O'
X
LL
o
h-
o
LU
LL
LL
LU
CM
CO
0
LL
o
CO
O
I— 
CO 
<
X
o
LU
X
X
LU
X
£ Bd>i  ^ © J n s s e j d  dx^ iq .©  p e t  ^ d d y
a 4.40 m wide flexible surface strip footing supported on a 
homogeneous, isotropic soil layer of finite thickness. The 
soil was assumed to have a Young's modulus of 34,495 kPa, a 
Poisson's ratio of 0.3 and an undrained shear strength of 
167*. 59 kPa. This is exactly the same problem which had been 
solved by Lambe and Whitman (1969) using a lumped parameter 
model and their textbook was the source of the data to define 
the problem.
The configuration of the finite element mesh is shown 
in Fig. 7.33. It consists of 289 nodes and 513 constant strain 
triangular elements. The base of the soil stratum is rigid 
and perfectly rough, while the vertical boundary is assumed 
to be rigid and perfectly smooth. The boundary conditions 
and dimensions used in the analysis are also shown in-Fig.
7.33. , ;
Boonlualohr, Valliappan and Lee (1974) used an elastic- 
perfectly plastic model and the yield criterion due to Drucker 
and Prager (1952) to determine the load-displacement behaviour 
and the ultimate bearing capacity of shallow foundations on 
single and two layered clay deposits. They repeated the prob­
lem previously analysed by Lambe and Whitman (1969) using 
finite element analysis and the initial stress method as the 
iterative technique. For this particular problem they used 
both the Drucker-Prager and Von Mises yield criteria.
Fig. 7.34 shows the plot of the applied pressure-set- 
tlement curve for the flexible footing for this problem. Again 
a clearly defined ultimate failure load of 897 kPa is obtained 
whereas the exact load according to Prandrl .should be 862 kPa. 
Thus the agreement between Prandtl's failure load and that 
computed with the finite element method using the displacement 
control technique is remarkable. For this problem Lambe and 
Whitman (1969) reported a failure load of 862 kPa but again 
this was somewhat not clearly defined. First yield for this 
problem was reached in the present work at 437.4 kPa whereas
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Lambe and Whitman reported that first yielding occurred at 
432.8 kPa.which are in very good agreement. The load-settle- 
ment curve for the same problem but with a Poisson's. ratio 
v=0.48 is shown in Fig. 7.35. In this case the calculated 
ultimate bearing pressure reached was found to be 904 kPa.
Fig. 7.36 compares the load-settlement curve obtained 
in the present analysis (v=0.3Q) with the corresponding curves 
obtained by Lambe and Whitman (1969) and Boonlualohr et al.
(1974). The predicted ultimate bearing capacity by Boonlualohr 
et al.using the Drucker-Prager criterion was 828.32 kPa whereas 
a higher estimate of the ultimate bearing capacity of 957.6 kPa 
was obtained when the Von Mises yield criterion was used. It 
must be recognized that the initial stress method, as applied 
by these authors, always underestimates the true ultimate failure 
load because it assumes that a collapse load is reached at the 
last load increment for which convergence is obtained. Thus, 
the value of 828.32 kPa calculated by Boonlualohr et al.rep­
resents a lower bound solution to the correct plasticity solu­
tion.
It must be noted that the curves obtained when dealing 
with the second basic problem and are shown in Fig. 7.3$ and 
Fig. 7.3 5 are rather unrealistic with regard to the excessive 
settlements for which the loading is calculated after initial 
collapse. The analysis was carried out that far in order to 
emphasize the point that with the displacement control method 
the whole view of the load-settlement curve can be obtained 
as far as desired after collapse has occurred.lt is clear that 
at the final stages of calculating the above load-settlement 
relationships the large settlements which have taken place 
have radically changed the geometry of the soil stratum and 
consequently would affect the results. In this case, a "large 
deformation" analysis which reflects the changing geometry of 
the stratum would be probably more appropriate, especially after 
collapse. Davidson and Chen (1977) who have considered the 
effect of large deformations on the load-settlement response
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• of a strip footing bearing on an undrained clay have shown 
that changes in geometry caused by deformation of the soil 
are such as to affect the load-settlement relationship only 
near the ultimate (limit) load. They further concluded that 
even near the ultimate failure load the differences between 
small and large deformation solutions are small and for all 
practical computations negligible.
The gradual development of the zone of plastically yiel­
ded elements as the applied load increased is shown in Fig. 7.37. 
For the same second basic problem Fig. 7.38 shows the spread 
of plastic zones obtained by Lambe and Whitman (1969) and by 
Boonlualohr et al.(1974) for the Drucker-Prager criterion 
for various ratios of the applied uniform strip pressure, p, 
to the pressure required to produce first yield in the idealized 
supporting soil, Pe-^- The spread of plastic zones obtained with 
the initial stress method by Boonlualohr et al. using the nine 
isoparametric quadratic quadrilateral elements shown in the 
right-hand half of Fig. 7.3 8 agrees well with the development 
of plastic zones calculated by Lambe and Whitman with the lumped 
parameter solution. The extent of plastic zones obtained in the 
present analysis and which have.been plotted at ratios P/Pei 
of 1.49 , 1.93 and 2.05 compares also well with the corresponding 
spread of plastic zones found by Lambe and Whitman and Boonlualohr 
et al..
As remarked earlier in connection with the first basic 
problem the development of the plastic zone is not usually of 
great interest. The development of the collapse mode is better 
described by the incremental displacement field. Fig. 7.39 gives 
for sl flexible . strip footing (v~0.48) the displacement paths 
of various nodes in the continuum, at every 1 0  "loading" steps 
over the whole range of the calculated load-settlement curve.
The distance between any two consecutive points on any one dis­
placement path represents (to a convenient scale) the total dis­
placement increment of the node during the relevant 1 0 "loading"
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steps. Figure 7.39 indicates that the displacement paths change 
direction during loading and consequent, plastic flow up to the 
point where the full collapse load is reached. Thereafter, the 
directions of the displacement paths remain approximately the 
same as those indicated by Prandtl1s solution.
Fig. 7.40 to 7.45 inclusive give the contours of norma­
lized stress at first- yield and at failure for the flexible 
footing under consideration. These indicate the same trends 
encountered in the first basic problem, namely that while the 
normalized vertical stresses remain relatively unchanged, the 
normalized horizontal and shear stresses change considerably 
during plastic flow.
Fig. 7.46 and 7.47 show that the value of Poisson's 
ratio has the same effect on the load-settlement relationship 
of this footing as in the case of the first basic problem in 
which the Young's modulus of the material was much higher. In 
addition, referring to figure. 7.48 the ultimate bearing capa­
city of the rigid footing was again found to be about 6.5% 
higher than that of the flexible footing.
7.4 STRIP FOOTING ON A TWO-LAYERED SOIL SYSTEM
An investigation of the bearing capacity of a. surface 
rigid strip footing on a two-layered clay system was also carried 
out. The cohesive strength of the top layer was taken as half 
the strength of the lower layer. Details of the soil parameters 
used and the resulting load-settlement curves are given in 
Fig. 7.49. These solutions were obtained for various ratios of 
/B' , where is the thickness of the top layer and B1 is the 
half-width of the strip footing. The results indicate, that 
for the range of values of the ratio H^/B' used, the ultimate 
bearing capacity of the strip footing is governed by the 
strength of the top layer. Furthermore, provided that H^/bV1.0, 
the ultimate bearing capacity of the layered clay system is 
almost exactly equal to that of a strip footing resting on a
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deep single clay layer with. a. strength equal to the strength 
of the top layer. For a value of H^/B=0.59 the ultimate bearing 
capacity is approximately 6 .8 % higher due to the influence 
of the stronger lower layer. However, the settlement at which 
the ultimate bearing capacity is obtained appears to decrease 
as the ratio of H^/B* decreases. This is attributed to the arti­
ficially small zone of failure imposed by the smaller thickness 
of the softer top layer.
Button (1953) and Reddy and Srinivasan (1967) have consi­
dered the case of . a surface strip footing on a two-layered 
cohesive subsoil. In their analyses, bearing capacity factors we­
re obtained for the cases of constant and variable cohesive 
strength in the soil layers, using the Fellenius circular-arc 
method. The ultimate bearing capacity, q^, was given as
qf = suf1 Ncd (7-4)
in which s ^  is the undrained shear strength of the top layer 
and N ^ is a bearing capacity factor. The factor, N depends 
on the ratios of the cohesive strengths of the two layers s ^ sllf 1 '
the ratio of the depth of the top layer to the half-width, of
the footing, H^/B*, and the coefficient of undrained strength 
anisotropy, K. Button (1953) also observed that for a ratio of 
/B' greater than 1.3 the lower layer will have no effect on 
the ultimate bearing capacity of the system as the slip circle 
will be entirely confined to the top layer.
Considering a strip footing 3.10 m wide, and using the
related factors for the problem in this study, suf^/suf2 = ^'
/B=1.3 , 1.0 and 0.59 and K=1.0, figure 2 of Button's (1953) 
paper gives values of Nc^=5..51, 5.70 and 7.1 corresponding to the 
values of /B=1 ;3 , 1 . 0 and 0.59. From equation (7.41 the cor­
responding ultimate bearing capacities are respectively 332.4 kPa, 
343*9 kPa and 428.34 kPa, whereas the finite element solutions 
gave values of ultimate bearing capacity 339.4 kPa, 342 kPa and 
361.3 kPa. The value of the ultimate bearing capacity of a single
405
layer with a strength equal to the strength of the top layer was 
found to be 338.3 kPa. As to be expected the values obtained by 
using a single circular failure surface are in excess of the 
assumed correct solution and can be used to establish upper 
bound solutions. The slightly higher value of the finite element 
solution at a value of H,j/B=1.3 is due exclusively to the already 
noted small overestimation of the bearing capacity by the rigid 
footing.
7.5 EFFECT OF THE VALUE OF THE CONTROLLED DISPLACEMENT INCREMENT
As indicated in section 6.2.2 the controlled displacement 
increment, DITD, is based on the elastic solution. In fact DITD 
was made equal to the element ITD of { 6 q} divided by a factor 
m, { 6 q> being the elastic displacement vector for a load which 
would cause yield in one element and ITD is the component number 
of { 6 q} which is to be controlled. Clearly a high value of m 
leading to a small controlled displacement increment per loading 
step may give a more accurate solution than that given by a low 
value of m. However, the number of loading steps required for a 
complete solution to a given problem is inversely proportional 
to the value of the controlled displacement increment, DITD, and 
hence is directly proportional to m. That is,the smaller the 
value of DITD is, the larger the number of loading steps required. 
It is therefore advantageous to investigate the effect of the 
value of m on the solution obtained. This would facilitate the 
choice of the optimum value of m that would give a reasonably 
accurate solution for the lowest possible computational cost.
Fig. 7.50 and 7.51 compare the load-settlement curves for 
a rigid and a flexible footing respectively using values of m,
10 and 5. It is evident from these figures that the results 
obtained are almost identical apart from the fact that the curve 
for m = 1 0  required twice the computational effort to evaluate. 
Solutions were also obtained for values of m=20 and 30. These 
were identical to the ones shown in the corresponding figures.
It was therefore decided to use m=5 for almost all the solutions
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of this work. It was not deemed necessary to reduce m further 
because the computational cost for this value of m was consi­
dered to be quite reasonable.
7.6 STRIP FOOTING ON STRAIN-SOFTENING SOIL
7.6.1 Characteristics of Strain-Softening Soils
In order to characterize the brittleness of a material, both 
the total reduction in strength and the rate of reduction of strength 
between the peak and the residual state should be considered. Two 
parameters are introduced-here in order to describe the softening 
of the soil. The extent of strain-softening is described by the 
brittleness index, 1^, introduced by Bishop (1967) as
s ^ - sT uf ur
b = — 5-:—  ■ <7 -3>uf
where s ^ and s^r are the peak and residual shear strengths respec­
tively. The rate of strain-softening is described by the ratio H^E, 
h 'being the slope of the axial stress-axial.plastic strain curve 
in a uniaxial.test‘ (H=A<0), and E is the Young's modulus of the 
soil. The yield condition is described by the Tresca criterion. The 
treatment of strain-softening was considered in detail in Section 
6.7.
7.6.2 Cases Solved
Several cases were solved in order to study the variations 
in settlement, stresses, and the expansion of plastic zone which 
correspond to the changes in brittleness, Poisson's ratio, footing 
rigidity and rate of strain-softening. Table I presents the cases 
solved. All the analyses were performed for an isotropic initial 
stress state.
Cases of Table I which correspond to the soil properties 
(E, s^f) of the first basic problem were analysed using the finite 
element mesh (mesh 4) shown in Fig. 7.25. Cases which correspond 
to soil properties (E, suf) of the second basic problem were ana-
409
TABLE I. Cases Studied Strain-Softening Analyses
Case E
(kPa)
s - uf
(kPa)
H^E
XB
V
(Poisson's
Condition of Foo 
Ratio)‘ ting Rigidity.
1 206,850 1 2 0 . 6 6 0 0.30 Flexible
2 206,850 1 2 0 . 6 6 -0 . 0 1 40% 0.30 i
3 206,850 1 2 0 . 6 6 -0.025 40% 0.30 i
4 206,850 1 2 0 . 6 6 -0.05 40% - 0.30 H
5 206,850 1 2 0 . 6 6 - 0 . 1 40% 0.30 ii j
6 206,850 1 2 0 . 6 6 -0.3 40% 0.30 H
7 206,850 1 2 0 . 6 6 —oo 40% 0.30 H
8 206,850 : 72.40 0 ’ - 0.30 it
9 206,850 1 2 0 . 6 6 0 - 0.30 '.Rigid
1 0 206,850 1 2 0 . 6 6 -0 . 0 1 40% 0.30 ii
1 1 206,850 1 2 0 . 6 6 -0.025 40% 0.30 H
1 2 206,850 1 2 0 . 6 6 -0.05 40% 0.30 ii
13 206,850 1 2 0 . 6 6 -0 . 1 40% • 0.30 H
14 206,850 1 2 0 . 6 6 -0.3 40% 0.30 H
15 206,850 1 2 0 . 6 6 —CQ 40% 0.30 ii
16 206,850 72.40 0 - 0.30 ii
17 206,850 1 2 0 . 6 6 0 - 0.48 Flexible
18 206,850 1 2 0 . 6 6 -0 . 0 1 40% 0.48 ii
19 206,850 1 2 0 . 6 6 -0.025 40% 0.48 H
2 0 206,850 1 2 0 . 6 6 -0.05 40% 0.48 ti
2 1 206,850 1 2 0 . 6 6 -0 . 1 40% 0.48 H
2 2 206,850 1 2 0 . 6 6 -0.3 40% 0.48 ii
23 206,850 1 2 0 . 6 6 —oo 40% 0.48 it
24 206,850 72.40 0 - 0.48 ii
25 206,850 1 2 0 . 6 6 0 - 0.48 Rigid
26 206,850 .1 2 0 . 6 6 -0 . 0 1 40% 0.48 ii
27 206,850 1 2 0 . 6 6 -0.025 40% 0.48 ii
28 206,850 1 2 0 . 6 6 -0.05 40% 0.48 it
29 206,850 1 2 0 ; 6 6 -0 . 1 40% 0.48 i
30 206,850 1 2 0 . 6 6 -0 . 2 40% 0.48 it
31 206,850 1 2 0 . 6 6 -0 . 6 40% 0.48 ii
410
TABLE I. (continued)
Case E s f H^E I V Condition of
(kPa) v (Poisson's Ratio) Footing Rigidity
32 206 850 1 2 0 . 6 6 —oo 40% 0.48 Rigid
33 206 850 72.40 0 - 0.48 ii
34 206 850 1 2 0 . 6 6 0 - 0.48 ii
35 206 850 1 2 0 . 6 6 -0 . 0 0 1 54% s 0.48 ii
36 206 850 1 2 0 . 6 6 -0.025 54% 0.48 ii
37 206 850 1 2 0 . 6 6 “0.05 54% 0.48 ii
38 206 850 1 2 0 . 6 6 “0 . 1 54% 0.48 H
39 206 850 1 2 0 . 6 6 -0.3 54% 0.48 ii
40 206 850 1 2 0 . 6 6 —OO .54% 0.48 H
41 206 850 1 2 0 . 6 6 0 - 0.30 H
42 206 850 1 2 0 . 6 6 -0 .0 1 ' 6 8 .6 % • 0.30 ii
43 206 850 1 2 0 . 6 6 -0.025 6 8 .6 % 0.30 H
44 206 850 1 2 0 . 6 6 -0.05 6 8 .6 % 0.30 ii
45 206 850 1 2 0 . 6 6 - 0 . 1 6 8 .6 % 0.30 ii
46 ? 206 850 1 2 0 . 6 6 -0.3 6 8 .6 % 0.30 it
47 206 850 1 2 0 . 6 6 . —oo 6 8 .6 % 0.30 ii
48 206 850 37.92 0 - 0.30 ii
49 206 850 1 2 0 . 6 6 0 - 0.48 H
50 206 850 1 2 0 . 6 6 -0 . 0 1 6 8 .6 % 0.48 H
51 206 850 1 2 0 . 6 6 -0.025 6 8 *6 % 0.48 ii
52 206 850 1 2 0 . 6 6 -0.05 6 8 *6 % . 0.48 it
53 206 850 1 2 0 . 6 6 -0 . 1 6 8 .6 % 0.48
ii
54 206 850 1 2 0 . 6 6 -0_. 3 6 8 -6 % 0.48 i
55 206 850 1 2 0 . 6 6
\—oo 6 8 ,6 % 0.48 ii
56 206 850 37.92 0 - 0.48
57 37 475 167.59 0 - 0.30 Flexible
58 . 37 475 167.59 -0 . 0 1 50-6% 0.30 ii
59 37 475 167.59 -0.025 50.6% 0.30 ii
60 37 475 167.59 -0.05 50.6% 0.30 ii
61 37 475 167.59 -0 . 1 50.6% 0.30 it
62 37 475 167.59 -0.3 50.6% 0.30 ii
63 37 475 167.59 — OO 50.6% 0.30 H
64 37 475 82.74 0 - 0.30 H
65 34 475 167.59 0 - 0.30 Rigid
TABLE I. (continued)
Case E
(kPa) Suf(kPa)
e '/e IB V
(Poisson1s
Condition of 
Ratio) Footing R-igidity
6 6 34,475 167.59 -0 . 0 1 50.6% 0.30 Rigid
67 34,475 167.59 -0.025 50.6% 0.30 ii
6 8 34,475 167.59 -0.05 50.6% 0.30 H
69 34,475 167.59 -0.07 50.6% 0.30
70 34,475 167.59 - 0 . 1 50.6% 0.30 ii
71 34,475 167.59 -0.3 50.6% 0.30 ii
72 34,475 82.74 0 - 0.30
lysed using the same exactly finite element mesh as in the elastic- 
perfectly plastic analyses (mesh 5, Fig. 7.33).
7.6.3 Load-Settlement Relationship for a Strain-Softening Soil
The load-settlement curves for a rigid/surface, strip footing 
resting on a nearly incompressible clay (v=0.48) which exhibits 
a strain-softening behaviour are illustrated in Fig. 7.52. The cur­
ves in this figure have been obtained for a brittleness index of 
40% and each corresponds to a different rate of softening which 
is characterized by the parameter H^E. The strain-softening clay 
is assumed to possess an undrained peak shear strength of 1 2 0 . 6 6  
kPa and a residual shear strength of 72.40 kPa. The load-settlement 
curves for the elastic-pfefectly plastic clay having constant 
shear strengths of 120.66 kPa and 72.40 kPa respectively are also 
shown in Fig. 7.52.
After a common initial elastic portion, the load-settlement 
curves for the strain-softening clay rise to a peak value (peak 
ultimate load) which is less than the collapse load for the elastic- 
perfectly plastic clay having a constant shear strength equal to 
the peak shear strength of the strain-softening clay. After rising 
to a peak, the load-settlement curves exhibit a descending portion 
and finally approach the ultimate residual load at larger settle­
ments .
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The peak ultimate load clearly depends on the rate of strain- 
softening, h '/E, when the other parameters are held constant/ It 
is greater for the case of a light degree of strain-softening and 
gradually drops for moderate and severe rates of strain-softening. 
The lowest peak ultimate load was obtained in the case of the 
abrupt decrease in strength from peak to residual (that is for 
H'/E=-°°) as is shown in curve No. 7 of Fig. 7.52. These results em­
phasize the point that the assumption of elastic-perfectly plastic 
behaviour with strength fixed at the peak stress level without 
softening after the peak, could.considerably overestimate the bea­
ring capacity of the footing resting on a strain-softening clay.
The value of the residual ultimate bearing capacity of a foo­
ting on a strain-softening clay, is on the other hand, practically 
independent of H'/E as it is illustrated in Fig. 7.52. The load- 
settlement curve, after passing the peak load approaches the ulti­
mate failure load of a footing on an elastic-perfectly plastic clay 
which has a strength equal to the residual shear strength of the 
clay.This way the footing is liable to catastrophic failure if the 
actual loading is increased to or exceeds the peak ultimate load. 
However, the actual settlement at which the residual ultimate load 
is obtained does in fact vary with H^E. Referring to the same figu­
re curves-4, 5, 6 and 7 which represent values of u'/E in the range 
of -0.1 >H/E>-°°, reach the ultimate residual load at relatively 
moderate settlements. For values of H^E which are closer to zero, 
i.e. curves 1,2,3 which represent very small to moderate rates 
of strain-softening, the same ultimate residual load is reached 
at significantly greater settlements. It is also important to note 
that curve No.1 relating to HyE=-0.01 is incomplete since it does 
not describe the load-settlement behaviour up to and Including the 
residual load. It does however indicate that the correct residual 
load would have been obtained at much larger settlement than the 
one at which the curve was truncated.
It is quite clear from Fig. 7.52 that for a strip footing 
on an elastic-perfectly plastic soil the settlement at which 
the ultimate failure load is obtained depends on the ratio £/suf r
414
the larger value of E / s ^  being related to smallervalue of set­
tlement to reach collapse. With a strain-softening soil having 
a constant E value and a given peak shear strength, suf/ an(^  a 
residual shear strength sur, the settlement at which the peak 
ultimate load occurs is always less than the settlement required 
to obtain the collapse load of a footing on an elastic-perfectly 
plastic soil (clay) having a constant shear strength, s equal 
to the peak shear strength of the softening soil (clay). Similarly 
it is always greater than the settlement at which the collapse load 
is reached for an elastic-perfectly plastic clay with a constant 
shear strength equal to the residual shear strength of the softe­
ning clay (see Fig. 7.52). Furthermore, this settlement of the 
footing at which the peak ultimate load is reached generally dec­
reases as |h'/e| increases (as the numerical value of H^E dec­
reases;:). The last statement refers to a general trend rather 
to a specific conclusion. This trend is apparent from figures 
7.52 to 7.60 but is violated in a very few cases,uas for example 
with curve No. 3 in Fig. 7.60 where the peak ultimate load is obtai­
ned at a lower settlement than in curve No. 4 which is associated 
with a smaller value of tt'/E.
Similar conclusions can be drawn from the results of the 
other analyses considered in this work and which are plotted in 
Figs. 7.53 to 7.60.
7.6.4. Development of Plastic Zones and Displacement Field
In the case of strain-softening, the strength of any given 
element is a function of its previous deformation history. It is 
therefore evident that those elements which are subjected to re­
latively large plastic distortions will suf fer appreciable drop 
in strength compared with the elements that do not have appre­
ciable distortions. An additional important factor governing the 
loss of strength is of course, the rate of strain-softening H^E. 
Therefore,the extent of the plastic-zone in the case.of .a strain-sof­
tening soil is expected to be different from that of the elastic- 
perfectly plastic soil. It will also depend on the value of H^E.
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Fig.7.61' illustrates the spread of plastic zones at peak and 
residual load for the case 18 of Table I. In this case the plas­
tic zone at peak load is approximately the same as that of the 
elastic-perfectly plastic soil at the same load. The extent of 
plastic zone is slightly greater in the softening soil. At large 
settlements, the plastic zone is on the other hand largely 
concentrated in the vicinity of the footing. It appears that 
the very slow rate of reduction in strength (h'/E) associated 
with this problem tends to reduce the strength in the vicinity 
of the footing where the most of the plastic flow occurs. The 
elements which are far away from the footing do not suffer ap­
preciable plastic deformation and do not lose strength. These 
will therefore revert to the elastic state, as the loading on 
the footing is reduced according to the post-peak load-settle­
ment relationship of the footing.
The effect of a more severe rate of softening is to inc­
rease generally the rate at which the shear strength is reduced. 
This leads to a larger plastic zone at residual load than in the 
previous case, as can be seen from Fig.7.62 for Hj/E^-O . 05. Fig. 7 .63 
which describes the spread of plastic zone with H/'Es-«> (an abrupt 
reduction in strength) indicates a plastic zone at residual load 
which is more extensive than that of its peak load and also than 
the corresponding zone for a very slow rate of strain-softening 
as in case 18. At the residual ultimate load, the extent of 
plastic zone for any strain-softening soil is always less than 
that of the corresponding elastic-perfectly plastic soil, at 
its ultimate bearing capacity.
The displacement paths obtained in the cases of strain-sof­
tening soils are also of special interest. These paths up to 
peak load, are given in Fig.7.64 forrcase No 18 (Flexible footing 
with su£=120. 6 6 , kPa, IB=40%, v=0.48, H/'E^-0.01) and in Fig. 7.65 
for case 20 (Flexible footing, suf=/l20.66 kPa, IB=40%, v=0.48, 
H/'E=-0.05). Case No 20 which is for a higher rate of strain- 
softening exhibits more pronounced changes in the direction of the 
displacements than case No.18, even at this early stage of set­
tlement. Moreover, the active plastic flow appears extended fur-
424
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ther. in case No. 18 than in case No. 20-. The whole displacement 
path for-case. No. 20 is given in Fig* 7 V6 6  as representative of the 
behaviour of strain-softening soils under load. It shows clearly 
that the displacement paths change direction as the displacements 
increase from zero to those corresponding to peak ultimate load 
and subsequently as the load is gradually reduced to the residual. . 
This is characteristic of the behaviour of a footing on a strain- 
softening soil and is associated with the progressive failure of 
foundation as the settlement increases.
7.6.5 Comparison of Results with Those of Previous Investigators
The results of the present investigation are in accordance 
with the results obtained by Davis and Booker (1975) using a box 
model (inset to Fig.7.67). It was suggested that this model allows 
one to explore, semiquantitavely the effects of strain-softening 
on the bearing capacity of a strip footing on a purely cohesive ma­
terial. Fig.7.67a shows the load-deformation. curves calculated by 
Davis and Booker for a material which softens slowly, i.e. it has- 
a slope for its softening stress-strain curve which is only 1/50th 
of the initial elastic slope. The ratio of the peak shear strength 
to the residual is taken as 4. Three analyses were carried out for 
three different values of. the initial stress state before loading 
was applied. It can be seen, from this figure that the initial state 
of stress as described by the parameter f (=Kq ) has practically no. 
influence in the calculated load-settlement curve. All the curves 
show a peak ultimate load which is little smaller than the collapse 
load for a perfectly plastic material with a shear strength equal 
to the peak shear strenth of the strain-softening soil. Furthermore, 
all the curves reach an ultimate residual load which is equal to 
the collapse load for a simple plastic material having a costant 
strength equal to the residual strength.
For a severe rate of softening of a material,i.e. at a slope 
almost as steep as the elastic slope, the box model predicted the 
load-deformation curves shown in Fig .'7.67b. ; it can be seen from 
this figure that the initial stress state has a major influence 
in the peak bearing capacity of this material and that this peak
Collapse load for simple e ias to -p las tic  
cohesive so il.w ith  Su=1The peak u nd - 
rained shear strenth.Sy^.
f=ini.tial stress state
t
Collapse load for simple eiasto-. 
plastic cohes'ive soil w ith  S y -S y r
— i I
Deform  a t i o n
,1,25.1.0.1.25. 
r— i~p|— |
! ^Smooth 
walled box
/ /
Smooth membranes
Iope = -G /5 0
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FIG /7. 6 7  a LOAD-DEFORMATION CURVES OBTAINED FROM THE BOX 
MODEL FOR A STRIP FOOTING ON AN ELASTO-PLASTIC 
PURELY COHESIVE SOIL WHICH SOFTENS SLOWLY (AFTER 
DAVIS AND BOOKER.1975) <
Collapse load for simple 
elasto-piastic cohesive 
SOil With Sy=Syj
Collapse load fo r simple e lasto- 
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D e f o r m a t i o n
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Strain Ce
FIG. 7 . 67  b LOAD-DEFORMATION CURVES OBTAINED FROM THE BOX 
MODEL FOR A STRIP FOOTING ON AN ELASTO-PLASTIC 
PURELY COHESIVE SOIL WHICH HAS A RAPID SOFTENING 
BEHAVIOUR (AFTER DAVIS AND BOOKER, 1975)
is significantly lower than the collapse load for a simple plastic 
material having a constant strength equal to the peak strength. 
However, the calculated ultimate residual load was again found 
to be the collapse load of a perfectly plastic material with a 
constant shear strength equal to the residual one. The predictions 
given by this very simple model, for values of f=0 , are in remar­
kable agreement with the current investigation using the corres­
ponding value of Kq=1 , or y=0 .
It must be emphasized that the results of the analysis given 
herein appear to be in close agreement to the expected behaviour 
of the soil, especially for cases of strain-softening clays. This 
is due to the correct application of the displacement control tec­
hnique in which special care is taken to limit the magnitude of 
the accumulated out of balance forces in each loading step. There 
are many workers in this field who still report results of numeri­
cal analyses which are obviously not in agreement with the logical 
behaviour of the soil. A marked example of inadequate implementa­
tion of the theoretical behaviour of a general elastoplastic mate­
rial was recently given by Cavounidis and Maistros (1979). Some of 
the results given therein are reproduced in Fig. 7.68 This figu­
re shows the load-settlement curves for a flexible, surface strip 
footing on a strain-softening clay foundation. Curve 2 refers to 
an elastic-perfectly plastic clay while curves 3,4,5, 6 refer to 
strain-softening clays of varying magnitudes of brittleness index 
and rate of strain-softening. It can be seen from this figure 
that, after a common initial elastic portion, all the curves give 
a load which increases monotonically as the settlement increases, 
so that there is no apparent peak failure load even for the foo­
tings on the strain-softening clays. Similar results appear in a 
paper published by Biondi et al. (1976) concerning the ultimate 
bearing capacity of a circular surface footing on a strain-softening clay.
7.6.6 Design Chart for Estimating the Effect of Strain-Softening 
on the Ultimate Bearing Capacity.
It is of special interest to investigate the variation of
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the ultimate peak load with the brittleness index IB and the 
ratio H 1/E. In Fig.7.69 the actual bearing capacity (peak ultimate 
load) obtained from strain-softening analyses and denoted by q^g 
is shown as a fraction of the value q^, obtained from elastic- 
perfectly plastic analyses by assuming the soil to have a constant 
strength equal to the peak shear strength of the softening soil. 
The extent of strain-softening is represented by the brittleness 
index, 1 ^, and its effect on the ultimate bearing capacity of 
the strip surface footing considered in this work is illustrated 
in the above figure for different values of the rate of strain- 
softening H'/E. The figure includes most of the strain-softening 
analyses carried out for both the rigid and flexible footing and 
with values of Poisson's ratio 0.48 and 0.30.
It can be seen from this figure that for the range of values
of I_. studied strain-softening may cause a maximum reduction of a
52% to the ultimate bearing capacity obtained by assuming an 
elastic-perfectly plastic clay with a constant shear strength 
equal to the peak shear strength of the softening clay. Values of
IB larger than 6 8 .6 % will induce even larger reductions on the
peak ultimate bearing capacity. This clearly demonstrates the 
danger of neglecting the strain-softening behaviour and of assum­
ing the peak shear strength to be maintained at large strains.
The effect of the value of Poisson's ratio on the ultimate 
peak load may also be seen with reference to Fig.7.69.Poisson's 
ratio appear to have a marginal effect on the peak ultimate load 
which is generally lower for the value of Poisson's ratio v=0.3 
than the corresponding load for Poisson's ratio v=0.48. However, 
the difference is negligible for most cases.
The effect of the value of Young's modulus "E" or more 
precisely the effect of the ratio E / s ^  on the peak ultimate load 
of a strain-softening soil (clay) was examined and found insig­
nificant. Fig.7.69 includes points of the results of the second 
basic problem which has a value of E/su^=205 as opposed to the 
value of E/su£=1714 -of the first basic problem. These points which
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correspond to the peak points of the ioad-settlement curves: of 
Figs. 7.59 and 7.60 have been plotted in-Fig. 7.69 at the approp­
riate value of brittleness index 1^=50.6%. It can be seen from 
this figure that these points lie almost exactly.on the correspon­
ding lines of H'/E, which was traced on the basis of the results 
using E/s f=171 4.
Furthermore, the results obtained for the flexible footings 
appear to follow the same lines derived from the results of the 
rigid footing. The latter point is -also clearly indicated by the ' 
relevant, points for the flexible footings which again almost coin­
cide with the corresponding points of the rigid footings.
It appears therefore that the lines given in Fig. 7.69 may
be generally applicable to all cases of a strip surface footing on
a strain-softening clay within the limits of the brittleness index
considered (40%<I*<68.6%), and of course when an initial isotropic
stress state prevails in the soil foundation. It may be intuite-
vely expected that the continuation of the lines of different Il/E
values obtained, outside the range of I 'values considered and as£>
shown in Fig. 7.69, can be used as a useful guide to estimate the 
effect of strain-softening on the ultimate bearing capacity for 
values of IB not included in the range of values- used in the . 
present work. Such an extension is assumed to induce relatively 
small errors.
7.7 MAIN CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH
7.7.1 Conclusions
A very useful method of nonlinear analysis, namely the dis­
placement control method, was developed and applied to study the 
behaviour of surface strip footings bearing on idealized elastic- 
plastic soils. The displacement control technique was found to be 
capable of giving the complete picture of the load-settlement be­
haviour of the strip footing near, at, and after collapse has oc­
curred .Although it was considered in the solutions given herein 
with the second basic problem that no significant change in geo-
4 3 7
metry has taken place,.the method can be easily adopted to be 
incorporated in a"large strain formulation". The displacement 
control technique used with an elasto-plastic finite element 
model in which the yield condition was described by the Tresca 
yield criterion was employed to simulate both the elastic-per- 
fectly plastic and strain-softening behaviour of a soil founda- 
ti6 n. The soil was considered to be homogeneous,isotropic and - 
having an initial isotropic stress state (or-to be weightless) .
The main conclusions of this study are:
1) Strip Footing on Elastic-Perfectiy Plastic' Sbilr
The ultimate failure load (collapse load) was always 
clearly defined. For a flexible strip footing,'this load was 
found to be in very close agreement with that given by Prandtl's 
solution.
Distributions of vertical, horizontal and shear stress 
contours were presented as normalized stress contours, in the 
case of a flexible footing. Normalized stresses were obtained 
by dividing the induced stresses by the applied vertical intensi­
ty of loading at the point of first yield and at the end of loa­
ding pattern. The normalized vertical stress was found to be lar­
gely independent of plastic yielding, whereas the normalized ho­
rizontal stresses and the normalized shear stresses changed sig­
nificantly as a result of plastic yielding. This insensitivity 
of the normalized vertical stress seems to explain the widesp­
read use of simple elastic theory in vertical stress computations.
The load-settlement behaviour of the rigid footing is 
quite similar to that of a flexible footing having identical soil 
properties. The collapse load predicted by the rigid footing was 
about 6.5% higher than that predicted by the flexible footing. 
However, the development of plastic zone beneath a rigid footing 
is quite different from the pattern under a flexible footing.
Changes in Poisson's ratio mainly affect the horizontal 
stress distribution in the elastic range. Increase of Poisson's 
ratio significantly reduces the settlements under the footing 
but increases the vertical upward motion of the points outside
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the loaded area. If other soil parameters are held constant the 
collapse load of a flexible or rigid footing is independent of 
the value of Poisson's ratio. The settlement at which collapse 
takes place is greater as the value of Poisson's ratio decreases.
The results obtained from the finite element analyses of 
a strip footing on a two-layered clay system indicate, that in the 
case of a weaker top clay layer the ultimate bearing capacity of 
the footing is practically not influenced by the presence of the 
lower stronger layer, provided that the half-width of the footing 
is greater than the thickness of the top layer. In cases where 
the ultimate bearing capacity is affected by the lower layer, this
I
is reached at a settlement which decreases as the ratio H^/b'dec­
reases.
2) Strip Footing on"Strain-Softening Boil
Many of the clays found in nature exhibit a certain deg­
ree' of strain-softening. This has led several researchers to at- . 
tempt to model such kind of behaviour for applications to founda­
tion problems using the finite element method. However, some resear­
chers (e.g. Hoeg, 1972) did not take into account that the resi­
dual shear strength poses a limit to the softening of clay, or more 
important they sometimes obtained an apparently false load-set­
tlement behaviour for a foundation on a strain-softening clay soil 
which is contrary to the intuitively expected behaviour. It is 
believed, as far as the author is aware, that the present attempt 
gives the first representation of the complete load-settlement cur- • 
ve of the strain-softening behaviour of a soil foundation obtained 
with elasto-plastic finite element analysis.
In general, the load-settlement curve of a footing on .a 
strain-softening soil rises to a peak (peak ultimate load) and 
subsequently drops to a residual value (residual ultimate load).
The residual ultimate load is nearly equal to the ultimate col­
lapse load of an elastic-perfectly plastic soil with shear st­
rength equal to the residual shear strength of the strain-softe­
ning soil. For the purpose of design, failure is normally assumed 
to occur at the peak ultimate load. This peak load is definitely 
less than the collapse load for an elastic-perfectly plastic soil
4 3 9
. with shear strength equal to the peak shear strength of the sof­
tening soil. Its value, and thus the effect of strain-softening, 
is a function of both the brittleness index I„ and the rate of
■ D
strain-softening, H^E. It decreases as 1^ increases and as the 
absolute value of H/'E increases (i.e. as H^E decreases towards 
-«>) .
The effect of stain-softening is not only to reduce the 
ultimate bearing capacity of the soil foundation, but also to 
give always a peak uJ timate load in a smaller settlement as com­
pared to the settlement required to reach the collapse load when 
an elastic-perfectly plastic soil with a shear strength equal 
to the peak shear strength of the softening soil is assumed. For 
a strain-softening soil with a peak shear strength, su£/ snd a 
residual shear strength, .s. , the peak ultimate load is reached 
at a settlement which seems to depend on the rate of strain-softe­
ning. The results of the present analyses indicate that there 
is a definite trend for the settlement in a strain-softening 
soil required to reach the peak ultimate load to become lower as 
the rate of softening H/'E decreases (|H^E| increases). This sett­
lement is always greater than the.settlement at which collapse 
occurs in an elastic-perfectly plastic soil with constant shear 
strength equal to the residual shear strength of the softening 
soil. Furthermore, for a strain-softening soil with a given peak 
shear strength, suf ' a given residual shear strength, s.ur, and 
a given rate of softening, H/^ E, the settlement at which the peak 
ultimate load is reached depends on the value of Poisson's ratio. 
The lower the value of Poisson's ratio, the greater the settlement 
required to obtain the peak ultimate load.
The design chart given in Fig. 7.69 may have useful appli­
cation in assessing the ultimate bearing capacity of strip foo­
tings resting on strain-softening soils. It must be emphasized, 
however, that owing to the decrease in load in the post-peak re-, 
gion of the load-settlement curve, a footing which is designed 
on this basis may be subjected to catastrophic failure if the 
peak ultimate load is accidentally exceeded.
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As indicated in Fig. 7.69 cases with a value of Poisson's 
ratio v=0.48 appear to have pnly marginally higher peak ultimate 
loads than the corresponding cases.with Poisson’s ratio v=0.3. 
Similarly, cases with a flexible footing give nearly identical 
peak ultimate loads with the corresponding rigid footings. That 
is, in a strain-softening soil (clay) with given values of brit­
tleness index I_ and rate of strain-softening H^E, the ultimate
ID
bearing capacity, expressed as a fraction of that for an elastic- 
•perfectly plastic soil, is approximately the same for both the 
rigid and flexible footing and regardless of the value of Poisson's 
ratio.
For given values of parameters 1^ and H^E the value of E/su^ 
has very little effect on the peak ultimate load of a strain-softe­
ning soil.
7.7.2 Suggestions for Further Research
It is clear that for the results of this work to be. of 
practical value in geotechnical engineering design, the engineer 
requires a simple design aid like the chart given in Fig.7.69 
together with typical values of Brittleness Index and rates of 
strain softening for a wide range of soils. It is believed therefore 
that Fig. 7.69 (reproduced below) which shows the effect of strain- 
softening on traditional bearing capacity computations represents 
an important first step in imparting a form of analytical similitude 
to desk studies of real geotechnical stability problems without 
the design engineer abandoning established limiting equilibrium 
techniques. Accordingly, simple stability calculations may be 
retained and readily corrected for lack of analytical similarity 
with real soil behaviour.
It is interesting to note in passing therefore that numerical 
techniques such as those described in this thesis which may appear 
complex or even unintelligible to a busy engineer in a design office, 
can have a readily applied result which improves considerably routine 
design calculations. To this end, therefore, the basic ideas and 
techniques developed herein need to be expanded to give more general 
application. In particular, the effects of the real soil (clay)
a Flexible ) .
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FIG.7.69 EFFECT OF STRAIN-SOFTENING AS A FUNCTION OF BRITTLENESS INDEX (Ig) 
AND RATE OF STRAIN-SOFTENING (H'/E)
characteristics of strength non-homogeneity and strength anisotrppy 
(Sections 4.14 and 4.15) need to be*incorporated in the undrained 
analysis. This study should then be enlarged to consider the 
influence of consolidation history (the variation of strength and 
deformation moduli with dissipation of excess pore pressures caused 
by construction). This may then be followed by examining the 
stability of cut slopes where soil parameters vary with time owing 
to soil swelling. This, of course, raises the consideration of 
other yield criteria.
The displacement control technique used in this study shows 
great potential and further consideration should be given to other 
yield criteria and to higher order finite elements.
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APPENDIX A
DERIVATION OF ELASTO-PLASTIC STRESS-STRAIN RELATIONS FOR
A VON MISES MATERIAL
According to the Von Mises criterion, yielding begins un­
der any state of stress when the effective (or equivalent) 
stress a exceeds a certain limit, where
-  1o=
2 2 2 0 0 9 
(g -ct 5 + (a -a ) + (a -a ) + 6 (x + x +x )
/2 L x y Y z Z X  
1/2
xy yz zx _
V  ■ 2 ■ 7 2 2 2 2-^K- (s '+s +s +2x + 2x +2t )* 2 x y z xy yz zx
where
a  ,+a + a  ^
s -a ^— - = o(2a -a -a ) , etc.x x 3 3 x y z
1/2
(A.1 )
(A.2)
If {de}^ denotes the plastic strain increment, then by the 
normality principle
1 {ffsr} (A.3)la{a}
where A is a proportionality constant.
For work-hardening materials the amount of plastic work 
done during plastic deformation is
dW^={a}T {de}^={ X (A.4)0{ a}
By differentiating equation (A.1) and multiplying by {o} 
one obtains the following:
T
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or
The plastic work done in terms of effective stress 
and effective strain de^5 would be
dW^ = ode^ * (A .7)
By substitution of equation ■ (A.6) into (A.4)
dWP ~ oX (A,8)
From equation (A.7) and (A.8)
A =■ de-3 (A.9)
.If we differentiate both sides of equation (A.1) we
obtain
do = } — — | {do} (A.1 0)
(9{ ct} )
The Prandtl-Reuss relations state that -
{ d s } P = { f r W } dEP ( A - 1 1 )
A strain increment {delis the sum of its elastic and
plastic components. Hence, from Hooke's law,
{dc} =[d ] {de}0 [d ] ({de} - {de}p) (A.12)
where [b] is the conventional symmetric matrix of elastic con­
stants. A relation that yields de^ from the total strain incre­
ment is obtained by substitution of equation (A.11) into equation 
(A.12) and then premultiplying both sides of the result by
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l ^  — 'iT
{rr-ri . The resulting equation is
{ f e i ) T {do}= { i W } T  K  0 d e > - { | r ^ } } d 5 P ) ( A -13)
Equation (A ,10) yields
{da}=H'dep (A.14)
VO i °  j j
where H ‘ is the slope of the uniaxial stress-plastic strain cur1 
ve. Substituting equation (A,14) into equation (A.13) gives
a p i s g )} [°] ----- Ms) (a. 15)
An incremental stress-strain relation is obtained by 
substitution of equation (A.15) into equation (A.11) and the re­
sult into equation (A.12). The relation is
a a i q  _ V ,  « ■ « )
'  “'-{fra-l M {fftrr
or
{da}=[D] ep {de) (A.17)
The elasto-plastic stress-strain matrix [d] is symmet­
ric and is easily expressed in explicit form when some simpli­
fying features of the matrix products appeared in parenthesis 
of equation (A.16) are noted as it follows:
Firstly, we obtain
i \ =—  [s s s 2t 2t 2t I (A.5bis)
1 0-{ a} J 2- L x y z xy yz zxj
and
{ffsrf r0] ^  rsx sy sz v  v (A.1 8 )
4 8 1
where [Dj is the isotropic symmetric matrix of eia.stic cons­
tants which can be written
[D] =— zG
1 - v V V
0 .0 >0
1 - 2 v 1 - 2 v 1 - 2 v
V 1-v V
0 0 0
1 - 2 v 1 - 2 v 1 - 2 v
V V 1 - v
0 0 0
1 - 2 v 1 - 2 v 1 ~ 2 v
0 0 0
1
-2 0 0
0 0 0 0
1
2
0
0 0 0 0 0
1
(A.1 9)
Noting that
{|fsT}=transPose of
and using equations (A.5), (A.18) and (A.1) we obtain after
the multiplications /sx
(d2 _ l T mi  t — 1 - 3
I 3{o}/ L J (9{a}/
3Gs s s 2 t 2 t 2 t 1 L x y z. xy yz zxJ - yc za J a 1 xy
/
3 2 2 2 2 2 2(s +s +s +2t +2t +2t )=3G
9 “ 2 x y z xy yz zx
zo . (A .20)
Furthermore x
3G
a I?X sy Sz Txy Tyz Tzx]
. /
and carrying out the multiplications we find the expression 
for the L.H.S. of the above equation as follows:
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x
{If-o-r} ^ 2
sx
s s 
X y
2
sy
s s x z s sy..
S Xx xy s Xy :
s X x yz s Xy :
S X X zx S Xy :
S X
z x y
s T 
z yz
S X 
z ZX
xy
T Txy yz
X Xxy zx
SYMMETRY
yz
T Tyz zx X
(A . 21 )
Substitution of equations (A.20) and (A.21) into (A-16) yields 
the following relation for the Von Misels isotropic material:
{da} = [D]ep {de} (A.17bis)
wher e
{ d a }-(da^ \
. f
\d xzx
{de}=/dE  ^x
d^ Y i v zx7
and
[D ]ep=2G x
x
1 -v 
1 -2 v
v
1 - 2  v 
v
x
S
s s 
X y
s s
X z
1 - 2  v
S T 
_ x xy
S
S T
_ x yz 
S
S X 
X ZX
where
v
1 -v _y 
1 -2v “ S
s sy z
1 -2 v S 
s x 
_ _£J£Z
S T
-  y yzs
S T_ y zx 
S
S = j o 2 ( 1+HY3G)
1 -v ^z 
1 ~2v ~ S 
s t
- 2 *y s
s x^ 2 y2 s
S X
z zx
2
i - V z
2 S
X X
xy yz
X Xxy zx 
S
2
1  Ty 22 s
X X yz zx
SYMMETRY
zx
S
(A.22) 
(A . 23)
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as shown by Yamada et al. (1 9 68).
A form of [b] ep applicable to axisymmetric problems (the 
only type of stresses involved are a , a , a and t ) is ob-
Z 1C U 2T Z
tained by deleting the -two rows and two columns corresponding
to dt n=dT. --dy a=dYci —0 . The relationship between incremen- z8 6r 20 0r ^
tal stress and incremental stress and incremental strain is:
I da \r
da
2G
da,
dirZi
1 -v 
1 ~2v
v
1 -2v
v
1 -2v
ard
°rd azd
rd 0d
ord rz
.where
a ..-a rd r
a -fa +CTc r z t
1-v
1-2v
v
1 -2v
azd
-=a -a r m
zd 0d
a , tzd rz
a .=a ~a zd z m
S Y M M E T R Y
1-v
1-2v
a6d
C~ -j T0d r z 
S
aQ T=aQ -a 9d 0 m
.2
rz
de
de
de
S
(A. 24) 
(A.25)
dY.
and
S=f a2 (1+H* /3G)
A similar modification produces a 3 by 3 matrix [d] ep
for plane strain problems. In the case where der =0 (dY =dY =0)z yz zx
the elasto-plastic matrix [D] is obtained by deleting theep
rows of da , di =dx =0 as well as the columns corresponding z yz zx
to de =dY =dY =0. z yz zx
484
APP E N D I X  B
F L O W  RUL E  IN T E RMS OF I N V A RIANTS
The flow rule in tensor notation, equation (4.16), is
de?. = X |2—  (B.1)in 3a..
13
Assuming the plastic potential Q to be a surface of revo­
lution about the space diagonal in principal stress space it can 
be fully defined by the stress invariants p and q, given by
p = I (°ii) = 5 (°i+c,2+a3> (B-2)
q = (~ s . . s . .) (B . 3)
in which s..- o . -6..p, and 6, . is the Kronecker delta (i=j,
1 3 13 13 13
6 . .=1; i^j , 5 . . = 0) .
1 j ' J 1 3
.By the chain rule of differentiation
= + £0. = 1 5, £2 + I _  3Q (B 4)
3ai;. 3p 3aij 3q ' 3a.,_. 3 ij 3p 2q ij 3q
Adding the three direct strain components of eq.(B.1) and 
noting that s^i= 0 / the expression for the plastic volumetric 
strain increment becomes
dep = de?. = X —  = \( 1 5 .. |Q + . s .. ) = A (B.5)
v 1 1  ii 1 1  p q 1 1  q
The deviatoric plastic strain rate invariant de^ is defi­
ned in tensor form as
de? = ( | de?. de? . ) 1 / 2 (B,6)d ' 3  1 3 1 3 '
1in which e.. =e.. - 6 . . e13 13 3 . 1 3 v
*1Subtracting ^rom both sides of eq.(B.1) and using
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-eq.(B.5) on the right hand side gives
de?, = X( | 2---|-i |S )ij do . 3 3p
Expanding —  and cancelling the |~ terms leads to
de?4 = X f- s.. |2 (B.7)13 2g 13 9q.
and the expression for de^ becomes
ds^ = ( |  de?.deP.)1/2 = ^  IS ( |  s . . s . .)1/2 
d 3 13 13 q 9q 2 13 13
or
deP = X-|2 ' (B.8 )
Equations (B.5) and (B.8 ) define the flow rule in terms of 
invaariants for a plastic potential which is a surface of revolu­
tion about the space diagonal.
